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PREFACE TO THE SECOND EDITION. 


| Ne book attempts to teach those portions of the 
Calculus which are of primary importance in the 
application to such subjects as Physics and Engineering. 
Purely analytical developments, and processes, however in- 
genious, which are seldom useful in practice, are for the 
most part omitted. 

Although the author has had in view the needs of a 
special class of students, he has not scrupled to discuss 
questions of theoretical interest when these appeared to him 
to be at once simple and relevant. He trusts therefore 
that the book may be acceptable also to mathematical 
students who desire to take a general survey of the subject 
before involving themselves deeply. in any of its more 
elaborate developments. 

The arrangement is substantially that which has been 
adopted for a long series of years in lectures at the Owens 
College. As far as possible, priority is given to the simpler 
and more generally useful parts of the subject; in particular, 
the Integral Calculus is introduced at an early period. An 
attempt is made, as each stage in the subject is reached, to 
bring in applications of the theory to questions of interest. 
Thus, after the rules for differentiation come the applications 
of the derived function to problems of Maxima and Minima, 
and to Geometry; the rules for integration are followed by 
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the application to areas, volumes, &c.; and so on. Moreover, 
in the exposition of the theory, dynamical and physical, as 
well as geometrical, illustrations have been freely employed. 

The demands made on the previous knowledge of the 
student are not extensive. He is of course assumed to be 
familiar with the elements of Geometry, Algebra, and 
Trigonometry, and with the fundamental ideas of Analyti- 
cal Geometry, but not necessarily with such things as the 
theory of Infinite Series, or the detailed theory of the 
Conic Sections. Imaginary quantities are nowhere em- 
ployed in the book. The introductory Chapter will supply 
what is required outside the above range’; but its main 
object is to establish carefully the fundamental notions of 
continuity, and of limiting values, on the basis of the geome- 
trical conception of magnitude. 

In this edition the book has been carefully revised, and 
a number of errors have been corrected, principally in the 
Examples. A few paragraphs in the latter portion of the 
book, relating to Infinite Series, have been amplified. 

The author is much indebted to various friends, and in 
particular to Professor W. F. Osgood, who have kindly 
favoured him with criticisms and corrections. 


1 Except, to some extent, in the latter part of the book, where the 
curvature and related properties of special curves are investigated. 

2 In particular, the hyperbolic functions, direct and inverse, whose sys- 
tematic employment in the Calculus Prof. Greenhill has done sc much to 
promote, are here introduced and studied. 


September, 1902. 
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CHAPTER I. 
CONTINUITY. 


1. Continuous Variation. 


In every problem of the Infinitesimal Calculus we have 
to deal with a number of magnitudes, or quantities, some of 
which may be constant, whilst others are regarded as variable, 
and (moreover) as admitting of continuous variation. 


Thus in the applications to Geometry, the magnitudes in 
question may be lengths, angles, areas, volumes, &c.; in Dynamics 
they may be masses, times, velocities, forces, Xe. 


Algebraically, any such magnitude is represented by a 
letter, such as a or a, denoting the ratio which it bears to 
some standard or ‘unit’ magnitude of its own kind. This 
ratio may be integral, or fractional, or it may be ‘incom- 
mensurable,’ 7.e. it may not admit of being exactly repre- 
sented by any fraction whose numerator and denominator 
are finite integers. Its symbol will in any case be subject 
to the ordinary rules of Algebra. 

A ‘constant’ magnitude, in any given process, is one 
which does not change its value. A magnitude to which, 
in the course of any given process, different values are assigned, 
is said to be ‘variable. Thé@ earlier letters a, b, c,... of the 
alphabet are generally used to denote constant, and the 
later letters ...u, v, w, x, y, 2 to denote variable magnitudes. 


Some kinds of magnitude, as for instance lengths, masses, 
densities, do not admit of variety of sign. Others, such as 
altitudes, rotations, velocities, may be either positive or negative. 
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When we wish to designate the ‘absolute’ value of a magnitude 
of this latter class, without reference to sign, we enclose the 
representative symbol between two short vertical lines, thus 


[x]; |sin «|, | log a|. 
It is important to notice that, if a and 6 have the same sign, 
fot} =| a} 4 |B]. .n cede s ee tens (1), 
whilst, if they have opposite signs, 
Crates eats (2). 


A geometrical representation of any class of magnitudes 
is obtained by taking an unlimited straight line X’X, and in 
it a fixed origin 0, and by measuring lengths OM propor- 
tional on any convenient scale to the various magnitudes 
considered. In the case of sign-less magnitudes (such as 
masses), these lengths are to be measured on one side only 
of O; in cases where there is a variety of sign, OJ must be 
drawn to the right or left of O according as the magnitude 
to be represented is positive or negative. To each magnitude 
of the kind in question will then correspond a definite point 
M in the line X’X. 


x’ oO M x 
Fig. 1. 


When we say that a magnitude admits of ‘continuous’ 
variation, we mean that the point M may occupy any 
position whatever in the line X’X within (it may be) a 
. certain range. 

It will be observed that two things are postulated with 
respect to the magnitudes of the particular kind under 
consideration, viz. that every possible magnitude of the kind 
is represented by some point or other of the line X’X, and 
(conversely) that to every point on the line, within a certain 
range, there corresponds som magnitude of the kind. 
These conditions are fulfilled by all the kinds of magnitude 
with which we meet, either in Geometry, or in Mathe- 
matical Physics. It will be found on examination that these 
all involve in their specification a reference, direct or indirect, 
to linear magnitude, 
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2. Upper or Lower Limit of a Sequence. 


Suppose we have an endless sequence of magnitudes of 

the same kind 
Wr gy. gs Keath ates wea scedus vs (1), 
each greater than the preceding, so that the differences 
@— 2, L3— Xz, Ly — Xz). 

are all positive. Suppose, further, that the magnitudes 
(1) are all less than some finite quantity a. The sequence 
will in this case have an ‘upper limit, 7.¢. there will exist a 
certain quantity mw, greater than any one of the magnitudes 
(1), but such that if we proceed far enough in the sequence 
its members will ultimately exceed any assigned magnitude 
which is less than p, 


In the geometrical representation the magnitudes (1) are 
represented by a sequence of points 
el OS Poon Snr rere Oe 


each to the right of the preceding, but all lying to the left 
of some fixed point A. Hence every point on the line X’X, 


ie) : My M. M3M4A x 
Fig. 2. 


without exception, belongs to one or other of two mutually 
exclusive categories. Hither it has points of the sequence (2) 
to the right of it, or it has not. Moreover, every point in 
the former category lies to the left of every point of the 
latter. Hence there must be some point I, say, such that 
all points on the left of M belong to the former category and 
all points on the right of it to the latter. Hence if we put 
p=OM, p fulfils the definition of an ‘upper limit’ above 
given. 


In a similar manner we can shew that if we have an 
endless sequence of magnitudes 


MTT APES ceo te, Recast we sees se Cook (3), 
each less than the preceding, so that the differences 
Wy, Wy— Hy, Wy— 4,00. 

1—2 
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are all positive, whilst the magnitudes all exceed some finite 
quantity b, there will be a lower limit v, such that every mag- 
nitude in the sequence is greater than v, whilst the members 
of the sequence ultimately become less than any assigned 
magnitude which is greater than vp. 


3. Application to Infinite Series. Series with 
positive terms. 

The above has been called the fundamental theorem of 
the Calculus. An important illustration is furnished by the 
theory of infinite series whose terms are all of the same sign. 
In strictness, there is no such thing as the ‘sum’ of an 
infinite series of terms, since the operations indicated could 
never be completed, but under a certain condition the series 
may be taken as defining a particular magnitude. 


Consider a series 


Uy tle A Ug He cani-b Ug HH xes) | netcntcaceus (1) 
whose terms are all positive, and let 
Siw So == Ula geen sas Sn = Uy t Ugt ... F Up, wee eee (2). 
If the sequence 
a Se ea Sig's Sha “oases (3) 


has an upper limit S, the series (1) is said to be ‘convergent? 
and the quantity S is, by convention, called its ‘sum.’ 
Ex. 1. The series 
1+44+44+3+... 
If in Fig. 2 we make OM,=1, OA =2, and bisect M,A in M,, 
M,A in M,, and so on, the points M,, M,, M,;, ... will represent 
the magnitudes s,, 8, 8;,.... And since these points all lie to 
the left of A, whilst 1/4 =1/2"-1 and can therefore be made as 
small as we please by taking nm large enough, it appears that the 
sequence has the upper limit OA, =2. 
Lx. 2, The series 
ee NRE 
ee Pane te ee 
If we write this in the form 
feet 
n ne. 2 


0-2+ Gf) ome 
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n+l? 

which has evidently the upper limit 1. 


we see that 8,=1— 


Hx. 3. Further illustrations are supplied by every arithmetical 
process in which the digits of a non-terminating decimal are 
obtained in succession, For example, the ordinary process of 
extracting the square root of 2 gives the series 

1:414213... 
vel ae ee 
10 * To#* To#* 1o!* Toe To8* 


Since s, is always less than 1°5, there is an upper limit. 


or 1 


Again, if (1) be a convergent series of positive terms, and if 
ADP Aie st Ah A a -P Dg A Sau — wet baseen ese (4), 

be a series of positive terms which are respectively less than 
the corresponding terms in (1), 7.€. Un’ < wy for all values 
of n, then (4) is also convergent. For if s,’ be the sum of 
the first n terms in (4), we have s,’<s,, and since the magni- 
tudes s, have by hypothesis an upper limit, the magnitudes 
Sy, will have one @ fortiori. 


Thus the terms of the series 


es eee a 
2! °-3! n! 
are (after the first three) respectively less than those of the series 
Laat 1 
1+14+2+ Pose 


9 gto ton 


The latter series is convergent and has the sum 3. Hence the 
former is also convergent, and its sum is less than 3. 


4. Perimeter of a Circle. 


Another important example occurs in the definition of 
the ‘perimeter’ of a circle. 


If we have any number of points on the circumference 
of a given circle, then by joining them in order we obtain 
an inscribed polygon, and by drawing the tangents at the 
points we obtain a circumscribed polygon. Let II, be the 
perimeter of the former polygon, and II,’ that of the latter. 
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It is plain that I,< Tl. By taking additional (intervening) 
points on the several arcs we can form another inscribed 


Fig. 3. 


polygon of perimeter IT, (say), and a corresponding circum- 
scribed polygon of perimeter II,’; and it is evident that 
II, > II,, whilst TI,'< I,’.. The process can be continued to 
any extent, and if we imagine it to be followed out according 
to some definite law, we obtain an ascending sequence of 
magnitudes 

T,, OU, My,..., 
and a descending sequence 

Th) Dae 
Also, every member of the former sequence is less than every 
member of the second. Hence the former sequence will have 


an upper limit II, and the latter a lower limit II’, and we 
can assert that IT + II’. 


We can further shew that if the law of construction of 
the successive polygons be such that the angle subtended at 
the centre by any two successive points on the circumference 
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is ultimately less than any assignable magnitude, the limits 
II and II’ are identical. For, let PQ be a side of the 


y 


Fig. 4. 


inscribed polygon, PT and QT the tangents at P and Q. 
If PQ meets OT in N, we have 
eee es. 
Pee Tee Lee UL. 
Now if = be a symbol of summation extending round the 
polygons, we have 
= 2(7Q) 1, =a(7P +7). 
Hence, by a known theorem, the ratio 
i, __ =(PQ) 
WV 2 P + 18): 
will be intermediate in value between the greatest and least 
of the ratios 


ON 
OFF 
But in the limit, when the angles POQ are indefinitely 
diminished, each of the ratios ON/OP becomes equal to 
unity. Hence the limit of II, is identical with that of 
Nie wor. Li = IT’. 
Finally, whatever be the law of construction of the 
successive polygons, subject to the above-mentioned condition, 
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the limit obtained is the same. For suppose, for a moment, 
that in one way we obtain the limit II, and in another the 
limit P. Regarding II as the limit of an inscribed, and P 
as that of a circumscribed polygon, it is plain that II + P. 
In like manner, regarding P as the limit of an inscribed, and 
II as that of a circumscribed polygon, it appears that P > II. 
Hence II = P. 


The definite limit to which, as we have here proved, the 
perimeter of an inscribed (or circumscribed) polygon tends, 
when each side is ultimately less than any assignable 
magnitude, is adopted by definition as the ‘perimeter’ of 
the circle. The proof that the ratio (7) which this limit 
bears to the diameter is the same for all circles is given in 
most books on Trigonometry. 


In a similar manner we may define the length of any 
arc of a circle less than the whole perimeter, and shew that 
the length so defined is unique. 


5. Limiting Value in a Sequence. 
Suppose that we have an endless sequence of magnitudes 


ys ig, Wigs e Wcidcaecewnd- aaa cis. 


arranged in any definite order, and that a point in the 
sequence can always be found beyond which every member 
of it differs from a certain quantity « by a quantity less (in 
absolute value) than o, where o may be any assigned mag- 
nitude, however small. The sequence is then said to have 
the ‘limiting value’ yp. 

We have had particular cases of this relation in the 
upper and lower limits discussed in Art. 2, but in the 
present wider definition it is not implied that the members 
of the sequence are arranged in order of magnitude, or that 
they are all greater or all less than the limiting value p. 


The point in the sequence after which the difference of 
each member from y is less (in absolute value) than o will in 
general vary with the value of o, but it is implied in the 
definition that, however small o be taken, such a point 
exists. 
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Fx. Let the sequence be that obtained by putting n=0, 1, 
2, 3, ... in the formula 
1. +1 
et 2 
The sine is alternately equal to +1, whilst the first factor 
diminishes indefinitely. The limiting value is therefore zero. 


Te. 


6. Application to Infinite Series. 


If in the infinite series 
eA Ua bey Un swe) “eteetststowene: (1), 
whose terms are no longer restricted to be all of the same 
sign, we write 
Bi 1,, So= Uy t Up, 20000. Baby athe ona 1 Gla, agecns (2), 
and if the sequence 


Bibs te odes ee Ae eee (3) 
has a limiting value S, the series is said to be ‘convergent, 
and S is called its ‘sum,’ 

The most important theorem in this connection is that if 
the series 

[Ua |+ | to[t eee +] Un| eee cescceceees (4), 

formed by taking the absolute values of the several terms of 
(1), be convergent, the series (1) will be convergent. If (4) 
be convergent, the positive terms of (1) must @ fortiori form 
a convergent series, and so also must the negative terms. 
Let the sum of the positive terms be p and that of the 
negative terms be —qg. Also, let s_4n, the sum of the first 
m+n terms of (1), consist of m positive terms whose sum is 
Pm, and n negative terms whose sum is — dp. 


We have, then, 
(Pp — 4) —Sm+n = (p — 9) — (Pm Qn) 
= (P — Pm) — (I — Qn) vvreeees (5). 


If m+n be sufficiently great, p—pm and g —q» will both 
be less than o, where o is any assigned magnitude, however 
small; and the difference of these positive quantities will be 
a fortiori less than o in absolute value. Hence s,,,,, has the 
limiting value p— q. 
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When the series (4), composed of the absolute values of 
the several terms of (1), is convergent, the series (1) is said 
to be ‘absolutely, or ‘essentially,’ or ‘unconditionally’ con- 
vergent. 


It is possible, however, for a series to be convergent, 
whilst the series formed by taking the absolute values of the 
terms has no upper limit. In this case, the convergence of 
the given series is said to be ‘accidental,’ or ‘conditional.’ 

The following very useful theorem holds whether the 
series considered be essentially or only accidentally con- 
vergent : 

If the terms of a series are alternately positive and 
negative, and continually diminish in absolute value, and 
tend ultimately to the limit zero, the series is convergent, 
and its sum is intermediate between the sum of any finite 
odd number of terms and that of any finite even number, 
counting in each case from the beginning. 

Let the series be 

A, — A+ eS Ae eeeresee eeeeeee (6), 
where, by hypothesis, 
A > Ag > Ag > wave 
In the figure, let 
OM, =%, M,M,=, M,M, = 4, M,M,= 4, oace 


te) My M4M, M M;Ms3 Mi x 
Fig. 5, 


It is plain that the points M,, M;, M,, ... form a descending 
sequence, and that the points M,, M,, M,,... form an 
ascending sequence. Also that every point of the former 
sequence lies to the right of every point of the latter. 
Hence each sequence has a limiting point, and since 


Mon Mon4r = Cons, 
and therefore is ultimately less than any assignable magni- 


tude, these two limiting points must coincide, say in M. Then 
OM represents the sum of the given series (6). 
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Ex. The series 
1-34+23-44+... 
converges to a limit between 1 and 1 —- }. 

This series belongs to the ‘accidentally’ convergent class. It 
is shewn in books on Algebra that the sum of m terms of 
the series 

1434+ 544+... 
can be made as great as we please by taking n great enough. 


It cannot be too carefully remembered that the word 
‘sum’ as applied to an infinite series is used in a purely 
conventional sense, and that we are not at liberty to assume, 
without examination, that we may deal with such a series as 
if it were an expression consisting of a finite number of 
terms. For example, we may not assume that the sum is 
unaltered by any rearrangement of the terms. In the case 
of an essentially convergent series this assumption can be 
justified, but an accidentally convergent series can be made 
to converge to any limit we please by a suitable adjustment 
of the order in which the terms succeed one another. For 
the proofs of these theorems we must refer to books on 
Algebra; they are hardly required in the present treatise. 

We shall, however, occasionally require the theorem 
that if 

Ee, Oe Te Rig eee 2) i Ak ea a es (7) 
and RA Gy ae iy Ug ee dat ca Lege abageene (8) 
be two convergent series whose sums are S and J’, respec- 
tively, the series 
(Uy + Uy’) + (Ug + Ue’) +210 + (Un $ Un’) +... «..(9), 
composed of the sums, or the differences, of corresponding 
terms in (7) and (8), will converge to the sum S+S’. This 
is easily proved. If sy, s,’ denote the sums of the first n 
terms of (7) and (8) respectively, the sum of the first n terms 
of (9) will be s, + s,;. Now 
(S + 8’) — (Sn + Sn’) = (S — 8n) + (S’ — Sn’) ...(10). 
By hypothesis, if o be any assigned magnitude, however 
small, we can find a value of n such that for this and for all 
higher values we shall have 
|\S—sa|<4o, and |S’—s,’|<4$o...... (11), 
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and therefore 1(S + 8’) — (Sn En) |< o .os.000e0e- (12), 


which is the condition that s, +s,’ should have the limiting 
value S + 8’. 


7. General Definition of a Function. 


One variable quantity is said to be a ‘function’ of 
another when, other things remaining the same, if the 
value of the latter be fixed that of the former becomes 
determinate. 


The two quantities thus related are distinguished as the 
‘dependent’ and the ‘independent’ variable respectively. 


The notion of a function of a variable quantity is one which 
presents itself in various branches of Mathematics. Thus, in 
Arithmetic, the number of permutations of objects is a function 
of »; the number of balls in a square or a triangular pile of shot 
is a function of the number contained in each side of the base ; 
the sum (s,) of the first m terms of any given series is a function 
of the number 7; and soon. In some of these cases there are 
definite mathematical formule for the functions in question, but 
it is to be noticed that the idea of functionality does not neces- 
sarily require this; for example, the sum of the first terms 
of the series 

Liv ila Leras 
LP + Re ae 33 ot: Bp + vee 


is a definite function of m, although no exact mathematical 
expression exists for it. So, again, the number of primes not 
exceeding a given integer n is a definite function of n, although 
it cannot be represented by a formula. 


In these examples, the independent variable, from its nature, 
can only change by finite steps. The Infinitesimal Calculus, on 
the other hand, deals specially with cases where the independent 
variable is continuous, in the sense of Art. 1. For instance, 
in Geometry the area of a circle, or the volume of a sphere, 
is a function of the radius; in theoretical Physics the alti- 
tude, or the velocity, of a falling particle is regarded as 
a function of the time; the period of oscillation of a given 
pendulum as a function of the amplitude; the pressure of 
a given gas at a given temperature as a function of the 
density; the pressure of saturated steam as a function of 
the temperature; and so on. Here, again, the existence or 
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non-existence of a mathematical expression for the function is 
not material; all that is necessary to establish a functional 
relation between two variables is that, when other things are 
unaltered, the value of one shall determine that of the other.” 


In general investigations it is usual to denote the 
independent variable by x, and the dependent variable by 
y. The relation between them is often expressed in such a 
form as 

Y=$(2), or y=f(2), &e, 
the symbol ¢(«), for instance, meaning ‘some particular 
function of «.’ 


When a quantity varies from one value to another, the 
amount (positive or negative) by which the new value 
exceeds the former value is called the ‘increment’ of the 
quantity. This increment is often denoted by prefixing 6 or 
A (regarded as a symbol of operation) to the symbol which 
represents the variable magnitude. Thus we speak of the 
independent variable changing from w to + 6a, and of the 
dependent variable consequently changing from y to y + dy. 


Hence if SUN CG Serine cec tery Siar One (1), 
we must have fF OY = (E+ 02), osseccuneseceeees (2), 
and therefore y= (a + 2) — P(L) .orseeee. (3). 


At present there is no implication that dx or dy is small ; 
the increments may have any values subject to the relation 


(2). 
Ex. If y=2', then if x=100, da=1, we have 
dy = (101)* — (100)? = 30301. 


8. Geometrical Representation of Functions. 


We may construct a graphical representation of the rela- 
tion between two variables a, y, one of which is a function of 
the other, by taking rectangular coordinate axes OX, OY. 
If we measure OM along OX, to represent any particular 
value of the independent variable x, and ON along OY to 
represent the corresponding value of the function y, and if 
we complete the rectangle OMPN, the position of the point 
P will indicate the values of both the associated variables. 
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Since, by hypothesis, M may occupy any position on 
O.X, between (it may be) certain fixed termini, we obtain 


in this way an infinite assemblage of points P. A question 
arises as to the nature of this assemblage; whether, or in 
what sense, the points constituting it can be regarded as 
lying on a curve. 


Spaces 
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In many cases, of course, there is no difficulty about the 
answer. For example, if, to represent the relation between 
the area of a circle and its radius, we make OM proportional 
to the radius, and PM proportional to the area, then 
PM « OM, and the points P lie on a parabola. The same 
curve will represent the relation between the space (s) 
described by a falling body and the time (¢) from rest, since 
so t= See Fig. 7. 


The general question must, however, be answered in 
the negative. The definition of a function given at the 
beginning of Art. 7 stipulates that for each value of « 
there shall be a definite value of y; but there is no necessary 
relation between the values of y corresponding to different 
values of x, however close together these may be. 


Without some further qualification the definition refer- 
red to is indeed far too wide for our present purposes, the 
functions ordinarily contemplated in the Calculus being 
subject to certain very important restrictions. 


The first of these restrictions is that of ‘continuity.’ 
This implies that, as M ranges over any finite portion AB 
of the line OX, N ranges over a finite portion HK of the 
line OY, 2.e. NV occupies once at least every position between 
_H and K. Further, that if the range AB be continually 
contracted, the range HK will also contract, and can be 
made as small as we please by taking AB small enough. 


Since, as we shall see in Art. 10, the second of the above 
properties includes the first, it is adopted as the basis of 
the formal definition of a ‘continuous function, to which we 
now proceed. 


9. Definition of a Continuous Function. 


Let # and y be corresponding values of the independent 
variable and of the function. Let d” be any admissible 
increment of a, and dy the corresponding increment of y. 
Then if, c being any positive quantity different from zero, 
we can always find a positive quantity e, different from zero, 
such that for all admissible values of 6x which are less (in 
absolute value) than ¢ the value of dy will be less in absolute 
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value than oc, the function is said to be ‘ continuous’ for the 
particular value « of the independent variable. 


Otherwise, if ¢(#) be the function, the definition requires 
that it shall be possible to find a quantity e such that 


| b (ah) — (a) |< as. .sseceeeeeseenes (1), 


for all admissible values of h such that |h|<e. The value 
of e will in general be limited by that of o, but it is implied 
that the condition can always be satisfied by some value of e, 
however small o may be. The restriction to ‘admissible’ 
values of 6x (or h) means that «+ 6x must be within the 
range of values of the independent variable. 

The above definition is sometimes (imperfectly) summed 
up in the statement that an infinitely small change in the 
independent variable produces an infinitely small change in 
the function. 

It follows from the definition that if 2, 2, %3,... be any 
sequence of admissible values of the independent variable 
having # for its limit (Art. 5), the sequence y,, y2, y3,... of 
the corresponding values of the function will have the limit 
y. Conversely, if this hold for every admissible sequence 
&,, L2, @3,... having & for its limit, the function will be contin- 
uous at a. 


Ex. 1. To shew that the function 
b (6) Boast ete eens (2) 


is continuous, according to the above definition, for all values 
of a. 
We have 
(xo + A)? — ch DON A. vaiines <> oe savanee (3). 
Now, « being fixed, and o being any assigned positive quantity, 
however small, we can always find a positive quantity e« such that 


This is in fact a quadratic equation to find e, and it is easily seen 
that one root is positive. And it is evident that if || be less 
than the value of « thus found, we shall have 


I$ (e+h)— (a) |<. 
A general investigation of the continuity of rational algebrai¢ 
functions will be given later (Arts. 14, 15). 
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Ex. 2. Let 
OGL) ccam ere ses aecehscacines (5), 
a function only defined (so long as we recognize only ‘real’ 
quantities) fora+1. We have 


$(1—h) = J (A), 


which can be made less than any assigned quantity o by making 
h<o*. The function is therefore continuous for «= 1. 


10. Property of a Continuous Function. 

If $(«) be a function which is continuous from «=a to 
«=b inclusive, and if ¢(a) and ¢$(b) have opposite signs, 
there must be some value of x between a and b for which 
$(2)=0. 

For definiteness we will suppose that ¢ (a) is positive and 
$(b) negative. Let A, B be the points of the lme X’X for 


Y 


Fig. 8. 


which =a, «=b, respectively; and let HA, BK represent 
the corresponding values of the function. In virtue of the 
continuity of ¢(«) there is a certain range extending to the 
right of A for every point of which the function differs (in 
absolute value) from HA by less than HA, and is therefore 
necessarily positive. Since this range does not extend as far 
as B, it will terminate at some point C between A and B. 
Moreover the value of the function at the point C itself 
must be zero. For if it were positive, then (in virtue of the 


ie 2 
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continuity) there would be a certain range extending to the 
right of C for every point of which the function would be 
positive; and if it were negative there would be a certain 
range extending to the left of C for every point of which the 
function would be negative. Either of these suppositions is 
inconsistent with the above determination of C. 


We may express this theorem shortly by saying that a 
continuous function cannot change sign except by passing 
through the value zero. 


It follows that if ¢(x) be a function which is continuous 
from «=a to «=b inclusive, and if (a), $(b) be unequal, 
there must be some value of a between a and b, such that 
(x)=, where 8 may be any quantity intermediate in 
value to @(a) and ¢(b). For, let 

f(@)=$(@)-B; 


since 8 is a constant, f(a) also will be continuous. By 


hypothesis, 
p(a)—B8 and $(6)—-8 

have opposite signs, and therefore f(a) and f(b) have 
opposite signs. Hence, by the above theorem, there is 
some value of x between a and b for which f(«)=0, or 
$(z) = B. 

In other words, a continuous function cannot pass from 
one value to another without assuming once (at least) every 
intermediate value. 


11. Graph of a Continuous Function. 


It follows from what precedes that the assemblage of 
points which represents, in the manner explained in Art. 8, 
any continuous function is a ‘connected’ assemblage. By 
this it is meant that a line cannot be drawn across the assem- 
blage without passing through some point of it. 


_ For, denoting the function by ¢ (x), and the ordinate of any 
line by f(a), then if #(«) and f(x) are both continuous the 
difference 

$ (x) —f(@) 


will be continuous (Art, 13), and therefore cannot change sign 
without passing through the value zero. 
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The question whether any connected assemblage of points 
is to be regarded as lying on a curve is to some extent a 
verbal one, the answer depending upon what properties are 
held to be connoted by the term ‘curve.’ We shall have 
occasion (in Art. 32) to return to this question; but in the 
meantime it is obvious that a good representation of the 
general course or ‘march’ of any given continuous function 
can be obtained by actually plotting on paper the positions 
of a sufficient number of points belonging to the assemblage, 
and drawing a line through them with a free hand. A figure 
constructed in this way is called a ‘ graph’ of the function. 


The figure shews the method of constructing a graph of the 
function y=2"; the series of corresponding values of # and y 
employed for the purpose being as follows: 

x=0, +5, +1, +15, #%¢+2, +425, 
ty = 0, "25, 1, 2°25, 4, 6°25. 


Fig. 9. 
It will be noticed that different scales have been adopted for 
x and y, respectively. This is often convenient ; indeed in the 
__ physical applications of the method the scales of « and y have to 
be fixed independently. 


2—2 
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The method of graphical representation is often used in 
practice when the mathematical form of the function is un- 
known; a certain number of corresponding values of the dependent 
and independent variables being found by observation. An 
example is furnished by the annexed diagram, which represents 
the pressure of saturated steam as a function of the temperature 


(Centigrade). 


7. 4 
a 
no 
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Fig. 10. 


‘The reader may also be reminded of the meteorological charts 
which exhibit the height of the barometer or thermometer as a 
function of the time. 


_ The substratum of fact underlying a graph constructed 
in the above manner is of course no more than is contained 
in a numerical table. giving a series of pairs of corresponding 
values of # and y; but the graphical form appeals far more 
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effectively to the mind, by helping us to supply, in imagina- 
tion, the intermediate values of the function. 


The graphical method will be freely used in this book (as in 
other elementary treatises on the subject) by way of illustration. 
It is necessary, however, to point out that, as applied to 
mathematical functions, it has certain limitations. In the first 
place, it is obvious that no finite number of isolated values can 
determine the function completely; and, indeed, unless some 
judgment is exercised in the choice of the values of x for which 
the function shall be calculated the result may be seriously 
misleading. Again, the streak of ink, or graphite, by which we 
represent the course of the function, has (unlike the ideal mathe- 
. matical line) a certain breadth, and the same is true of the streak 
which represents the axis of x; the distance between these 
streaks is therefore affected by a certain amount of vagueness. 
For the same reason, we cannot reproduce details of more than a 
certain degree of minuteness; the method is therefore intrinsically 
inadequate to the representation of functions (such as can be 
proved to exist) in which new details reveal themselves ad 
infinitum as the scale is magnified. Functions of this latter class 
are not, however, encountered in the ordinary applications of the 
Calculus. 

In the representation of physical functions, as determined 
experimentally, the vagueness due to the breadth of the lines is 
usually no more serious than that due to the imperfection of our 
senses, errors of observation, and the like. 


12. Discontinuity. 


A function which for any particular value («,) of the 
independent variable fails in any way to satisfy the condition 
stated at the beginning of Art. 9 is said to be ‘discontinuous’ 
for that value of za. 


Functions exist (and can be mathematically defined) 
which are discontinuous for every value of # within a certain 
range. But ordinarily, in the applications of the Calculus, 
we have to deal with functions which are discontinuous (if at 
all) only for certain isolated values of a. 

This latter kind of discontinuity, again, may occur in 
various ways. In the first place, the function may become 
‘infinite’ for some particular value («,) of z, The meaning 
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of this is that by taking « sufficiently nearly equal to 2, the 
value of the function can be made to exceed (in absolute 
value) any assigned magnitude, however great. 


Examples of this are furnished by the functions 1/z, which 
becomes infinite for 2 =0, and tanz, which becomes infinite for 
x=4r, &e. See Fig. 19, p. 34. 

Again, the time of oscillation of a given pendulum, regarded 


as a function of the amplitude (a), becomes infinite fora=7. A 
graph of this function is appended. 


Periods 


gb----------- 22-22 eenee------------- 


5 7 
Amplitudes 


Fig. 11. 


Again, it may happen that as # approaches 2,, the 
function tends to a definite limiting value » (see Art. 26), 
whilst the value actually assigned to the function for «=a, 
is different from i. 


Consider, for example, the function defined as equal to 0 for 
x = 0 and equal to 1 for all other values of a. 


Moreover if x, lie within the range of the independent 
variable, it may happen that the function tends to different 
limiting values as x approaches a, from the right or left, 
respectively. In this case the value of the function for 
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«=a, (if assigned) cannot be equal to both these limiting 
values, and there is necessarily a discontinuity. 


An illustration from theoretical dynamics is furnished by the 
velocity of a particle which at a given instant receives a sudden 
impulse in the direction of motion. In this case the velocity at 
the instant of the impulse is undefined. 


Velocities 


Times 


Fig. 12. 


Other more general varieties of isolated discontinuity are 
imaginable, but are not met with in the ordinary applications 
of the subject. 


A sufficient example is afforded by the function 
sin -. 
x 


This is undefined for x=0, but whatever value we supply to 
complete the definition, the point «=0 will be a point of dis- 
continuity. For the function oscillates between the values +1 
an infinite number of times within any interval to the right or 
left of 2=0, however short, since the angle 1/# increases in- 
definitely. 


13. Theorems relating to Continuous Functions. 


We may now proceed to investigate the continuity, or 
otherwise, of various functions which have an explicit 
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mathematical definition, and to examine the character of 
their graphical representations. 


For this purpose the following preliminary theorems will 
be useful: 


1°. The swm of any finite number of continuous functions 
is itself a continuous function. 


First suppose we have two functions u, v of the indepen- 
dent variable Then 


S(u+v)=(ut du+v+ &)—(u+v) 
= du + dv. 


From the definition of continuity it follows that, whatever 
the value of o, we can find a quantity e such that for | da|<e 
we shall have | 6u|<4o and | v|<4o, and therefore (Art. 1) 


|du+ dv|<o. 
Hence the function w+ is continuous. 


Next, if we have three continuous functions u, v, w, then 
u+v is continuous, as we have just seen, and consequently 
(w+v)+w is continuous. In this way the theorem may be 
extended, step by step, to the case of any finite number of 
functions. 


2°, The product of any finite number of continuous 
functions is itself a continuous function. 


First, take the case of two functions u,v. We have 
8 (uv) = (u + Su) (v + bv) — wv 
= vdu + udu + dudv. 


By hypothesis we can, by taking |éa| small enough, make 
|u| and | dv| less than any assigned quantity, however small. 
Hence, since u and v are finite, |vdu| and |udv| can be 
made less than any assigned quantity, however small. The 
same is evidently true of |dudv|. Hence, also, the value of 


| vdu + udu + dudo | 


can be made less than any assigned quantity, however small, 
That is, wv is a continuous function, 
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Next, suppose we have three continuous functions w, v, w. 
We have seen that wv is continuous; hence also (wv) w is 
continuous. And so on for the product of any finite number 
of continuous functions. 


3°. The quotient of two continuous functions is a con- 
tinuous function, except for those values (if any) of the 
independent variable for which the divisor vanishes. 


We have 5(x)- tte 2 
_ vdu — udu 
~ v(v+6v)’ 


By hypothesis v+0; there is therefore a lower limit M, 
different from zero, to the absolute magnitude of v(v+ 6v). 
he ore 


This makes 
U 
3 (=) M M 


Since v/M and u/M are finite, we can, by taking da small 
enough, make | v/M/. du| and | u/M. 6v| less than any assigned 
magnitude, however small. The same will therefore be true 
of 5 (u/v)|; te. the quotient w/v is continuous. 


< 


4°. If y be a continuous function of uw, where wu is a 
continuous function of w, then y is a continuous function 
of x. 


For let 6” be any increment of xz, du the consequent 
increment of u, and dy the consequent increment of y. Since 
y is a continuous function of u, we can find a quantity e’, such 
that if 

|du|<e’, then |dy|<a, 
where o may be any assigned quantity, however small. And 
since w is a continuous function of x, we can find a quantity e, 
such that if 

|Sa|<e, then |du|<e’. 


Hence if |da|<e, we have |dy|<a, 


which is the condition of continuity of y, considered as a 
function of a. 
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14. Algebraic Functions. Rational Integral 
Functions. 


An ‘algebraic’ function is one which is obtained by 
performing with the variable and known constants any finite 
number of operations of addition, subtraction, multiplication, 
division, and extraction of integral roots. 


All other functions are classed as ‘transcendental’; they 
involve, in one form or another, the notion of a ‘limiting 
value’ (Arts. 5, 26). 


A ‘rational’ algebraic function is one which is formed in 
like manner by operations of addition, subtraction, multi- 
plication, and division, only. Any such function can be 
reduced to the form 

F(2) 


J () 
where the numerator and denominator are rational ‘integral’ 
functions ; 1.e. each of them is made up of a finite number of 
terms of the type 

Ax 
where m is a positive integer, and A is a constant. 

A rational integral function is finite and continuous for 
all finite values of the variable. For 2, being the product 
of a finite number (m) of continuous functions (each equal 
to x), is finite and continuous. Hence also Aa™ is finite and 


continuous; and the sum of any finite number of such 
terms is finite and continuous (Art. 18). 


A rational integral function becomes infinite for #= +. 
Let the function be 


Ana" + Aye + Aya"? 4+... + Aye + A). 
Writing this in the form 
w(4, +2 4 Set 4 eee +2) 
x 


a“ gra a ’ 


we see that by taking # great enough (in absolute value) we 
can make the first factor (#”) as great as we please, whilst 
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the second factor can be made as nearly equal to A, as we 
please. Hence the product can be made as great as we 
please. Moreover, if 2 be positive the sign of the product 
will be the same as that of A,, whilst if « be negative the 
sign will be the same as that of A,, or the reverse, according 
as n is even or odd. 


It follows that in the graphical representation of a 
rational integral function y=f(#) the curve is everywhere 
at a finite distance from the axis of 2, but recedes from 
it without limit as @ is continually increased, whether 
positively or negatively. In actually constructing the curve, 
16 is convenient if possible to solve the equation f(«)=0, 
as this gives the intersections of the curve with the axis of wx. 


Ex. 1. The graph of the function 
y=6b 
is a straight line parallel to the axis of x at a distance b from it. 
Ex. 2. The graph of 
y=me+b 
‘is a straight line. For this reason a rational integral function 


(such as ma+6) of the first degree is often called a ‘linear’ 
function. 


The line cuts the axis of y at the point (0, 6), and the axis of 
x at the point (—b/m, 0). ; 
Ex. 3. To trace the curve 
y=x(1-2). 


Fig. 13, 
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We note that y=0 for x=0 and forx=1. Again, for 
c=—-o, -2, —-1, 0, 1, 4% 3, +m, 
we find y=—-o, -6, -2, 0, 0, -2, -6, -—om. 
This is sufficient for shewing the general course of the curve 
except in the interval between x=0 and «=1. Inserting a few 
additional values we find 
me] path et. Guy Se ee eee eee 
ie 09; S16) 0 Bip 8d, 2b ee, a 
The figure shews the resulting curve. 
The function might also have been studied under the form 
y=4-(x-4), 
which shews that the curve is symmetrical with respect to the 
line «=4; and also that the greatest value of y is }. Any other 


quadratic function may be treated in a similar manner (cf. Art. 
52). 


15. Rational Fractions. 
A function 


which is rational but not integral, is finite and continuous 
for all finite values of « except those which make f(x) =0*. 
For the rational integral functions F(x) and f(a) have been 
proved to be finite and continuous; -and it follows, by 
Art. 13, that the quotient will be finite and continuous 
except when the denominator vanishes. 


The curve represented by (1) will cut the axis of « 
in the points (if any) for which F(#)=0. It will have 
asymptotes parallel to y wherever f(#)=0, whilst for all 
other finite values of #, y will be finite and continuous. The 
values of y for a= + 0 will depend on the relative order of 
magnitude of F(a) and f(a). If F(a) be of higher degree 
than f(a) the ordinates become infinite; if of lower degree 
the ordinates diminish indefinitely, the axis of # being 
an asymptote; if the degrees are the same, there is an 
asymptote parallel to a. 


* It is assumed that the fraction has been reduced to its lowest terms. 
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In cases where the degree of the numerator is not less 
than that of the denominator, it is convenient to perform 
the division indicated until the remainder is of lower degree 
than the divisor, and so express y as the sum of an integral 
function and a ‘proper’ fraction. 


Ex. A = =—4t4+>- 


This makes y=0 for x=1, and y=+o for x=0. Also y is 

positive for 1>2>0, and negative outside this interval. From 

the second form of y it appears that for ~=+o we have y=—}. 

We further find, as corresponding values of « and y: 

eee -3, -2,-1, -°5, 0, 5, 1, 2, 3, +2, 
=—'5, —°67, —°75, —1, —1°5, Fo, °5, 0, —-25, —°33, —°5. 

The figure shews the curve. 


y’ 
fig. 14 
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a(l1—z) 2 
ee 4 uree oe can 


Here y=0 for x=0 and w=1, and y=+o for x=—1. Also y 
changes sign as x passes through each of these values. For 
numerically large values of x, whether positive or negative, the 
curve approximates to the straight line 


=—2x+2, 


lying beneath this line for e=+0, and above it for z=—o. 
The figure shews the curve. 


fig. 15. 
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2x 
Fax. 3, =.—,{ 
~ ee 

Here y vanishes for x=0, and for a =+ 0, and becomes infinite 
forx=+1. Again, y is positive for 1>x>0 and negative for 
x>1. Also, y changes sign with a. 


¥. 
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Ex. 4. Y=. 


As in the preceding Ex. y vanishes for x=0 and x=+0, and 
changes sign with w. But the denominator does not vanish for 
any real value of x, so that y is always finite. 


¥, 


xt X 
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EXAMPLES. I. 
1. Draw graphs of the following functions* : 
(Ly Pia ae 


(2) (@—1)(a#-2), a?—a2+1. 
(3) aw(l—a), a (1-2). 


(4) —-, @+-, @--. 
(yx /e, ae 


(6) J0-2), sar: 
(7) ea) (@- 1) (e@-3) 


2% x—2 
a? oct 
OTe ies 
l-av+2 
@) Traset 
x x 


Loe (ea 
8. Prove that the equation 
2a + 5a*-5xe-3=0 
has a root between —oo and —1, another between —1 and 0, 
and a third between 1 and 2. 
4. Prove that the equation 
“Qa + Ta? + 8a—5 =0 
has three real roots, and find roughly their situations, 
5. Find roughly the situations of the roots of 
2a° — 32° — 362 +10=0, 
6. Prove that every algebraic equation of odd degree has at 
least one real root; and that every equation of even degree, 


whose first and last coefficients have opposite signs, has at least 
. two real roots, one positive and one negative. 


* The curves should be drawn carefully to scale ; for this purpose paper 
ruled into small squares is useful. The numerical tables of squares, square- 
roots, and reciprocals, given in the Appendix (Tables A, B, C), will occa- 
sionally help to shorten the arithmetical work. 


sli i Bt hie A i ie 
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16. Transcendental Functions. The Circular 
Functions. 


The first place among transcendental functions is claimed 
by the ‘circular’ functions 


sinz, cosa, tana, &, 


whose definitions and properties are given in books on 
Trigonometry. 


The function sin x is continuous for all values of a. For 
6 (sin 2) = sin (x + dz) — sin & 
= 2 sin 46x. cos (w + 462), 


The last factor is always finite, and the product of the 
remaining factors can be made as small as we please by 
taking 6x small enough. 


In the same way we may shew that cos # is continuous. 
This result is, however, included in the former, since 


cos # = sin(# + $7). 


Again, since tan 2= ; 


_the continuity of sin # and cos # involves (Art. 13) that 
of tan z, except for those values of # which make cosx=0. 
These are given by x=(n+4)7, where n is integral. 


In the same way we might treat the cases of seca, 
cosec #, cot a. 


The figures on p. 34 shew the graphs of sin # and tan #. 
The reader should observe how immediately such relations 
as 


sin(—#)=—sinz, sin(7w—#)=sing, 
sin(e+m)=—sina, tan(w«+7)=tane 


can be read off from the symmetries of the curves. 
L. 3 


[cH. I 
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Fig. 18. 


2Tt 


Fig. 19. 
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17. The Exponential Function. 

We consider next the ‘exponential’ function. This may 
be defined in various ways; perhaps the simplest, for our 
purpose, is to define it as the sum of the infinite series 

a x 
1+a+ 13 a 1.2.3 mic lora etereisetereteieisinis cc's (2). 

Yo see that this series is convergent, and has therefore a 
definite ‘sum,’ for any given value of x, we notice that the ratio 
of the (m+ 1)th term to the mth is x/m. This ratio can be made 
as small as we please (in absolute value) by taking m great enough. 
Hence a point in the series can always be found after which the 
successive terms will diminish more rapidly than those of any given 
geometrical progression whatever. The series is therefore con- 
vergent, by Art. 6. It is, moreover, ‘absolutely’ convergent. 


If we denote the sum of the series (1) by # (a), it may be 
shewn that 
To Awe) EE Cy) = BAY) pos cues nena (2). 


The proof involves the rule for multiplication of absolutely 
convergent series. Let 
eee er (3) 
and CePA Oye ct Uy dade pee i ee 
be two such series, whose sums are U and V respectively ; and 
consider the series 
WE AWE BO Ho was HO Aa dar ae ae vine raise vives (4), 


where w, consists of all the products of ‘weight’ * » which can 
be formed by multiplying a term of one of the given series (3) by 
a term of the other; viz. 
Wy =UgVyy Wy = UgV + UyUpy soe eee Wp = Ugly + UyVn—1 + UgUy_o + ++ 
+ Up 1Uy + Un Woreeceeees (5 


We will first shew that the series (4) will be absolutely con- 
vergent, and that its sum will be UV, the product of the sums of 
the two former series. 


Let us write 


Vin = Vp + Vy + Vg + ove HUM; 


Oy = Up + Uy + Ug + vee + Up, 
Wy = Wot Wj + Wy+... + eof 


* The ‘ weight’ is the sum of the suffixes. 
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Then it is evident, from the actual multiplication, that the 
product U,V, includes all the terms of W,,, and others; whilst 
Won includes all the terms of the product U,V,, and others. 
Hence in the case where the given series (3) consist entirely of 
positive terms, we shall have 


The ascending sequence of magnitudes W,, W,, Wo, ... will 
therefore (Art. 2) have an upper limit not exceeding UV. Again, 
since 


it is evident that the upper limit in question cannot be less than 
UV. Hence the series (4) is convergent, and its sum is UV. It 
also follows that if we write 


where Ry = (0p + UqUy—y + o++ + Und) + vos + Ugdy ceereees (9), 


then &, can be made as small as we please by taking m great 
enough. 


We have still to examine the case where the series (3), one or 
both, contain negative as well as positive terms. With the above 
definition of #, it appears that if both series be absolutely 
convergent, the limiting value of #, will be zero when all the 
letters are made positive. That is, the sum of the absolute values 
of the several terms of F,, can be made less than any assigned 
magnitude by taking n great enough. It will be @ fortiori true 
that the absolute value of the actual quantity R,, which includes 
both positive and negative terms, can be made as small as we 
please by taking » great enough. It follows from (8) that the 
limiting value of W,, will be equal to that of U,V, ze. it will be 
equal to UV. 


In the application to the exponential series, we put 


nm ” 
= y 


uu, =— Vv, = — 
De Be 2 


with the convention that w,=1, v,=1, so that 


U=E(x), V=E(y). 


ee ee ee 
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Hence w,=1, and (for n> 0) 


42 a” gl Y a2 ae Wy aye y” 
ee el bezels Gai hal 
ape {urs Pat es (n - 1) pty 4 4 yt 24 y'} 
n! Cee los TSE y 
(2+ y)" 
ay le 


by the Binomial Theorem. The several terms of the series (4) 
coincide therefore with those of the series for H(a+y). Hence 
the result (2). 

Tt follows from (2) that 
E(a)xE(y)xE(2a=L(ety)xLe)=L(at+y+z) 


sexes (10), 
and so on for any number of such factors. 
Also, since FH (a) x H(—«2)=H(0)=1............ (11), 
1 
we have E(-«)= Buys (12). 


The function # (2) is continuous for all finite values of a. 
For, writing h for dz, we have 


E (@+h)— E(«)=E (a). E(h) -E(2) 
= E (a) {E (h) — 1}. 


Now B(i)-1=h(1+ tatat) 


It is easily seen that the series in brackets is absolutely 
convergent, and that its sum approaches the limit 1 as h is 
indefinitely diminished ; whilst the factor h can be made as 
small as we please. Hence # (x+h)—EH (a) can be made 
as small as we please by taking h sinall enough. 


When 2 is positive, every term of the series (1) con- 
tinually increases with x, and becomes infinite for ~=+0. 
The same holds a fortiors for the sum H(z). Also, in virtue 
of (12), it appears that if w be positive H\(—~) is positive 
. and continually diminishes in absolute value as @ increases, 
and vanishes for e=0o. Hence as # increases from — 0 to 
+00, the function /# (x) continually increases from 0 to+, 
and assumes once, and only once, every intermediate value. 
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The accompanying figure shews the curve 


y= (a). 
A column of numerical values of the function E(z) is 
given in Table E at the end of the book. 
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18. The number e. 


If we form the product of n factors, each equal to /(1), 
we have, as in Art. 17, (10), 


{F(1)}"=H#(1+1+... to n terms) =H (n) ...(1). 
It is usual to denote the quantity H'(1), or 


1 1 
l+1l+sytait Sa sasiere sialnibieie vere aelo mie are (2))} 


by the symbol e. Its value to seven places of decimals is 
e = 27182818. 


With this notation, we have, if n be a positive integer, 


Again, if m/n be an arithmetical fraction (in its lowest 
terms), we have 


\z (=) E (* ete = +... ton terms) = HE (m) =e", 


and therefore E (=) eG ME Fotslns cieatenesiciwes (4). 


Hence, if « be any positive rational quantity, integral or 
fractional, we have 


De Poise sss caadsncccan een (5) 
It follows, from Art. 17 (12), that 
E(-0)=5=6% 


so that the formula (5) holds for all rational values of a, 
whether positive or negative*. 


* The investigations of Arts. 17, 18 are due, substantially, to Cauchy, 
Analyse Algébrique (1821). 
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The actual calculation of ¢ is very simple. The first 13 terms 
of the series (2) are as follows: 


nates = = -000 198 413 
1 1 

2 5] = ‘000 024 802 
1 1 

5 = ‘166 666 667 5] = (000 002 756 
1 = -041 666 667 1 = -000 000 276 
(\ oo Ot 

1 = -008 333 333 | _ .900 000 025 
Kies 35 ee » 
1 1 9 
Fi = ‘001 388 889 75] = 000 000 002 


1 
The sum of these numbers is 2°718281830. The error involved 
in neglecting the remaining terms is 
il i 1 
EW ple t Place Tee 


which is less than 


hs eS ee oe ) I 
aT 718 gt gee ee ee 


and therefore does not affect the ninth place of decimals. Hence, 
allowing for the errors of the last figures in the above table, we 
may say with confidence that the result just found represents 
the value of e correctly to seven decimal places. 


In this book we shall have no need to recognize irrational 
indices, and the symbol e*, when z is irrational, is therefore to 
be considered as (so far) undefined. We may now define it as 
merely another symbol for the sum of the series H(z). The 
advantage of this definition is that the notation serves to 
remind us of the algebraical laws to which the function 
is subject. Thus we have 


e.v= Kh («)x E(y)=E(a+y) =e, 
whether « and y be rational or irrational. 
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19. The Hyperbolic Functions. 


There are certain combinations of exponential functions 
whose properties have a close formal analogy with those of 
the ordinary trigonometrical functions. They are called the 
hyperbolic sine, cosine, tangent, &c.*, and are defined and 
denoted as follows: 


sinh «= 43(e*—e*)= eas 
m (yt 
cosh =4 (e+e %) = ae, 
Ages elas sech « = . ,| 
cosh a cosh « 
by Broek 2) 
_ cos 
coth x , cosech = -— 
~ sinh @ sinh # 


We notice that coshz, like cosa, is an ‘even’ function 

of x; we. it is unaltered by writing — for 2; whilst sinh 2, 

like sin a, is an ‘odd’ function, z.e. the function is unaltered 

in absolute value but reversed in sign by the same substitu- 
_tion of — a for z. 


The continuity of cosh « and sinh « follows from that 
of e* and e* by a theorem of Art. 13. The figure on the 
next page shews the curves 

y= é*, y= Cae; 
together with the curves 
y=coshz, y=sinha, 


which are derived from them by taking half the sum, and 
half the difference, of the ordinates, respectivelyt. 


* They have in some respects the same relation to the rectangular 
hyperbola that the circular functions have to the circle. See Art. 98, Ex. 4. 

+ The series are added according to the rule proved at the end of Art. 6. 

+ The curve y=coshz is known in Statics as the ‘catenary,’ from its 
being the form assumed by a chain of uniform density hanging freely 
under gravity. 
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Since sinh # and cosh# are continuous, whilst cosh « 
never vanishes, it follows that tanh@# is continuous for all 
values of z. Fig. 22 shews the curve 


y =tanh . 
This has the lines y = + 1 as asymptotes *, 


NY 


i ve 
Fig. 22. 


It is evident from the definitions (1) that 
cosha+sinha=¢, coshw—sinha=e™ ... (3), 
whence, by multiplication, 
cosh? ¢ — sinh? #1 2.2. ..0.00 saiattae (4). 
From this we derive, dividing by cosh?a# and _ sinh?z, 


respectively, 
sech? = 1 —tanh’z, 


‘cosech? # = coth?#— 1 
The formule (4) and (5) correspond to the trigonometrical 
forthulz ~ 


COR 7 Sil = Ly ce ens eon we Aeentadeas (6), 
sec? 2 =1 + tan’, (7) 
ee ag ey erent? errs ; 


* The numerical values (to three places) of the functions cosh g, sinh z, 
tanh z, for values of x ranging from 0 to 2°5 at intervals of 0-1, are given in 
the Appendix, Table E. 
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Again, from (1) and (8) we easily find 


sinh (# + y) =sinh x cosh y + cosh # sinh y, (8) 
cosh (« + y)=cosh «cosh y + sinhawsinhy, })°*”’ 
whence, as particular cases, 
sinh 2” = 2 sinh 2 cosh 2, (9) 
cosh 2a = cosh? # + sinh?a, )°*"""*"""""” : 


These are the analogues of the trigonometrical formule 


sin (x + y) =sin xcos y + cos # sin y, } (10) 
cos (% + y) = cos x cos y ¥ Sin x sin y, d'6. Cees sie i 
and 
sin 2x2 = 2 sin x cos 2, } 
Meera 11 
cos 2a = cos? x — sin? x (11), 
respectively. 


20. Inverse Functions in general. 


If y be a continuous function of x, then under certain 
conditions & will be a continuous function of y._ This will be 
the case whenever the range of x admits of being divided 
into portions (not infinitely small) such that within each the 
function y steadily increases, or steadily decreases, as « 


increases. 


Let us suppose that as # increases from a to b the value 
of y steadily increases from a to 8. Then corresponding to 
any given value of y between a and £ there will be one and 
only one value of # between a and 6. Hence if we restrict 


¥: 


fig. 23. 


—e EE — eee 
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ourselves to values of x within this interval, # will be a 
single-valued function of y. Also, if we give any positive 
increment ¢ to x, within the above interval, y will have a 
certain finite increment ¢, and for all values of Sy less than 
co, we shall have da<e. A similar argument holds if the 
increment of « be negative. Hence we can find a positive 
quantity o such that, e being any assigned positive quantity, 
however small, |5z|<e for all values of dy such that 
|5y|<o. But this is the condition for the continuity of x 
regarded as a function of y (Art. 9). 


The same conclusion obviously holds if y steadily . 
diminishes in the interval from =a to «=b. 


If we do not limit ourselves to a range of « within which 
the function steadily increases, or steadily diminishes, then 
to any given value of y there may correspond more than one 
value of xz; the inverse function is then said to be ‘many- 
valued.’ Again, it may (and in general will) happen that 
through some ranges of y there are no corresponding values 
of a, 2.e. the inverse function does not exist. 

Ex, Let y=x*. This is a continuous function of a, and, if 
x be positive, continuously increases with w Hence a, = ,/y, is 
a continuous function of y. If x be unrestricted as to sign, we 
have two values of x for every positive value of y; these are 
usually denoted by + ,/y. If y be negative, the inverse function 
/y does not exist. 


If YUE mak mracienees ss eaare cis (1), 
the inverse functional relation is sometimes expressed by 

Map UY Sete cuuids oso seees bodies (2). 

We then have FAS OD) HIB) ay Vacs exe sescsst ee (8), 


a.e. the functional symbols f and f~ cancel one another. 
This is the reason of the notation (2). 
21. The Inverse Circular Functions. 
The ‘ goniometric’ or ‘inverse circular’ functions 
sin 2, cos"! a, tana, &c. 
are many-valued. 


The functions sin 2, cos # exist for values of # ranging 
from —1 to +1, but not for values outside these limits, 
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The function tana exists for all values of 7; it is 
many-valued, the values forming an arithmetical progression 
with the common difference 7. 

The graph of any inverse function is derived from that 
of the direct function by a mere transposition of # and y. 
The curves for sin # and tan # are shewn in Art. 41. 


22. The Logarithmic Function. 


The ‘logarithmic’ function is defined as the inverse of 
the exponential function. Thus if 
“2=e, 
we have Ware LOM Wikia Seis 75 cena ees cone (1). 


It appears from Art. 17 that as y ranges from —o through 
0 to +0, e& steadily increases from 0 through 1 to +o. 
Hence for every positive value of « there is one and only one 
value of log 2; moreover this value will be positive or 
negative, according asw#2Z1. Also for z=0 we have y=—o, 
and for r=+o0, y=+o. For negative values of x the 
logarithmic function does not exist. 


The ordinary properties of the logarithmic function follow 
from the above definition in the usual manner. 


The full line in Fig. 24 shews the graph of logz. It is of 
course the same as that of e* (Fig. 20) with # and y inter- 
changed*, 


We can now define the symbol a”, where a is positive, for the 
case of w irrational. Since 
G= eee 
we have, if x be rational, 


and the latter form may be adopted as the definition of a” when 
x is irrational. 


The logarithm of x, as above defined, is sometimes denoted by 
log, x to distinguish it from the common or ‘ Briggian’ logarithm 
log,,x. The latter may be regarded as defined by the statement 
that 

y=logy x, if 10%, or & Mw... (3). 


* The function log # is tabulated in the Appendix, Table F. 
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Hence y log, 10 =log, x, or logy x= p log, &.....+...00 (4), 


where = "A BA00 Se casseseusanees (5). 


md. 
Plog, 10 


Hence the graph of the function log,,« is obtained from that 
of log, by diminishing the ordinates in the constant ratio p. 
See the dotted line in the figure. 


In this book we shall always use the symbol log « in the sense 
of log, x. 


23. The Inverse Hyperbolic Functions. 
The inverse hyperbolic functions 
sinh z, cosh, tanh a, &c. 


are defined in the manner explained in Art. 20; thus the 
meaning of y = sinh @ is that 


and so on. 


These functions can all be expressed in terms of the 
luzarithmic function. Thus if 


w=sinh y = 4 (6% — 679) .....cececscnseess (2), 

we have GY = Bal 1) ae) cc ss certs esaase oc (3). 
Solving this quadratic in eY, we find 

Cee Ae tC cake od © Rpeiae peer eres re (4). 


If y is to be real, e” must be positive, and the upper sign 
must be taken. Hence 


sinh™ w = log {a + f(a? +1)}......eee (5). 
In a similar manner we should find that, if ¢>1, 
cosh a = log {a + a/(a*—1)P nc... ccs (6). 


Either sign is here admissible; the quantities a+ ,/(a— 1) 
are reciprocals, and their logarithms differ simply in sign. It 
appears on sketching the graph of cosh™! that for every value of 
x which is > 1 there are two values of y, equal in magnitude, but 
opposite in sign, 


* The mode of calculating this quantity will be indicated in Chapter XIII, 


_ 
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Similarly, we should find, for 2? < 1, 
1l+a 


tanh z= 2 logy — pete (Ds 
and, for 2?>1, 
coth™ # = 4 log = strad contrainte sel (8). 


EXAMPLES. II. 


1. Draw graphs of the following functions: 
(1) cosecz, cota, cotw+tana. 

(2) ‘cosecha; coths, coth«a—-tanha. 

(3) sin?a, tan’. 

(4) sinaw+sin 2x, sin «+ cos 2a. 


(5) log, sing, log,tanx, from «=0 to x=42. 
(6) sina’, sin ,/z, sins. 


2. Prove that the equation 
sin x—x cos x=0 
has a root between a and 37. 
3. Prove by calculation from the series for ¢” that 
1/e='367879, cosh 1=1°5430806, sinh 1 =1:1752012., 
4. Prove that 
Je= 16487213, 1/,/e = 6065307, 
cosh 4=1:1276260, sinh 4 = ‘5210953. 
5. If |a|<|6| the equation 
a cosh «+6 sinh a=0 
has one, and only one, real root. 


6. Shew that the function 


tanh 1 
x 


is discontinuous for «=0. 
Draw a graph of the function. 
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EXAMPLES. III. 


Prove the following formule : 


i 
os 


11. 


12. 


cosh 2a = 2 cosh?a2—1=1 +42 sinh? a. 


shiek 2 tanh x cosh In - Lt tanh’ # 
= “= T— tanh? x’ ~ 1—tanh? x’ 
2 tanh a 
tonh 27 ankle 


cosh? x cos? # + sinh? x sin’ z= 4 (cosh 2a + cos 22), 

cosh’ x sin’ x + sinh? a cos’ # = 4 (cosh 2x — cos 22. 

cosh? « cos? x — sinh’ « sin? # = 4(1 + cosh 2a cos 2), 

cosh? x sin® « — sinh? x cos? z= 4 (1 — cosh 2a cos 22). 

cosh? w + sinh? v = sinh? w + cosh? v = cosh (u+v) cosh (u—v), 
cosh? u — cosh’ v = sinh? w ~ sinh’ v = sinh (w + v) sinh (w-v). 
sinh™’ x=cosh™ ,/(x?+1), cosh-?w=sinh™ ,/(2*—1). 


~o 2 
sech™ «= log H(t) »  cosech™'x=log ie See : 
% x 
e?—] 
1 og 
tanh Sor log x. 
If x=log tan (17+ 4y), 


sinh a=tany, cosha=secy, tanha=siny, 
tanh }a=tan $y. 
sinh wu +sinh v=2 sinh } (w+) cosh } (w—v), 
sinh w—sinh v= 2 cosh $ (w+ v) sinh $ (u—v), 
cosh u + cosh v= 2 cosh 4 (w+) cosh $ (w—v), 
cosh u — cosh v= 2 sinh } (w+v) sinh $ (w—v), 
sinhw _ coshu—1 

coshu+1 = sinhw 


- cosh w— 1 

ax (ea wt i) : 
sinh 3u=4 sinh*w +3 sinh wu, 
cosh 3u=4 cosh*®u—3 cosh w. 


tanh }u= 
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24. Upper or Lower Limit of an Assemblage. 


Before proceeding further with the theory of continuous 
functions it is convenient to extend the definitions of the 
terms ‘upper’ and ‘lower’ limit, and ‘limiting value, given 
in Arts. 2 and 5. 


Consider, in the first place, any assemblage of magnitudes, 
infinite in number, but all less than some finite magnitude 
8. The assemblage may be defined in any way; all that is 
necessary is that there should be some criterion by which it 
can be determined whether a given magnitude belongs to 
the assemblage or not. For instance, the assemblage may 
consist of the values which a given function (continuous or 
not) assumes as the independent variable ranges over any 
finite or infinite interval. 


In such an assemblage there may or may not be con- 
tained a ‘greatest’ magnitude, 7.e. one not exceeded by any 
of the rest; but there will in any case be an ‘upper limit’ 
to the magnitudes of the assemblage, 7.e. there will exist a 
certain magnitude w such that no magnitude in the assem- 
blage exceeds yu, whilst one (at least) can be found exceeding 
any magnitude whatever which is less than pw. And if pw be 
not itself one of the magnitudes of the assemblage, then an 
infinite number of these magnitudes can be found exceeding 
any magnitude which is less than p. 


The proof of these statements follows, as in Art. 2, by 
means of the geometrical representation. 


In the same way, if we have an infinite assemblage of 
magnitudes, all greater than some finite quantity a, there 
may or may not be a ‘least’ magnitude in the assemblage ; 
but there will in any case be a ‘lower limit’ > such that no 
magnitude in the assemblage falls below A, whilst one (at 
least) can be found below any magnitude whatever which is 
greater than >. And if X be not itself one of the magni- 
tudes of the assemblage, an infinite number of these magni- 
tudes can be found less than any magnitude which is greater 
than 2. 


4—2 
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25. A Continuous Function has a Greatest and 
a Least Value. 


An important property of a continuous function is that 
in any finite range of the independent variable the function 
has both a greatest and a least value. 


More precisely, if y be a function which is continuous 
from «=a to «=6, inclusively, and if w be the upper limit 
of the values which y assumes in this range, there will be 
some value of x in the range for which y=. Similarly 
for the lower limit. 


The theorem is self-evident in the case of a function 
which steadily increases, or steadily decreases, throughout 
the range in question, greatest and least values obviously 
occurring at the extremities of the range. It is therefore 
true, further, when the function is such that the range can 
be divided into a finite number of intervals in each of which 
the function either steadily increases or steadily decreases. 


The functions ordinarily met with in the applications of 
the subject are, as a matter of fact, found to be all of this 
character, but the general tests by which in any given case 
we ascertain this are established by reasoning which assumes 
the truth of the theorem of the present Art. See Art. 47. It 
is therefore desirable as a matter of logic to have a proof 
which shall assume nothing concerning the function considered 
except that it is continuous, according to the definition of 
Art. 9. 


The following is an outline of such a demonstration. 
In the geometrical representation, let OA =a, OB=b. If 
at A the value of y is not equal to the upper limit yp, it 
will be less than yw; let us denote it by y%. We can form, 
in an infinite number of ways, an ascending sequence of 
magnitudes 


Yoo Yrs Yorees 
whose upper limit is», For example, we may take y, equal 
to the arithmetic mean of y and pw, y_ equal to the arith- 


metic mean of y, and pw, and so on. Since, within the range 
AB, the value of y varies from y, to any quantity short of p, 


25] CONTINUITY. 53 


there will (Art. 10) be at least one value of a for which 
y assumes the intermediate value y,. Let «, denote this 
value, or (if there be more than one) the least of such 


M, M,M,M, M 


Fig. 25. 


values, of # Similarly, let x, be the least value of a for 
wl hy=y,,and soon. It is easily seen that the quantities 


X, Xe, Layee 


(which are represented by the points M,, M,, M;,... in the 
figure*) must form an ascending sequence ; let M represent 
the upper limit of this sequence. Since any range, however 
short, extending to the left of M contains points at which 


* The diagram is intended to be merely illustrative, and is not essential 
to the proof, It is of course evident that any function which can be 
adequately represented by a graph is necessarily of the special character 
above referred to, for which the present demonstration is superfluous. 


In the figure, OK = np, OH = yy, ON, = y,, ON, = Yq)...3 and, in the 
mode of forming the sequence 
Yoo Yio Yar--- 


which is suggested (as a particular case) in the text, N, bisects HK, N, 
bisects N,K, N, bisects N,K, and so on. 
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y differs from » by less than any assignable magnitude, it 
follows from the continuity of the function that the value of 
y at the point M itself cannot be other than yw. 

To see that the above theorem is not generally true of dis- 
continuous functions, consider a function defined as follows. For 
values of x other than 0 let the value of the function be (sin x)/2, 
and for «=0 let the function have the value 0. This function 
has the upper limit 1, to which it can be made to approach as 
closely as we please by taking |x| small enough; but it never 
actually attains this limit. 

As another example consider the function defined as equal to 
0 for all rational values of 2, and equal to sin zx for all other 
values of ~. (We have here an instance of a function which is 
discontinuous for every value of a.) 


26. Limiting Value of a Function. 

Consider the whole assemblage of values which a function 
y (continuous or not) assumes as the independent variable x 
ranges over some interval extending on one side of a fixed 
value #,. Let us suppose that, as 2 approaches the value z,, 
y approaches a certain fixed magnitude 2) in such a way that 
by taking |#—.,| sufficiently small we can ensure that for 
this and for all smaller values of |#—.,| the value of |y—”| 
shall be less than o, where o may be any assigned magnitude 
however small. Under these conditions, X is said to be the 
‘limiting value’ of y as 2 approaches the value a, from the 
side in question. 

The relation is often expressed thus: 

limgax, J =A, 


but in strictness the side from which w approaches the value 
x, should be specified. 


If we compare with the above the definition of Art. 9 we 
‘see that in the case of a continuous function we have 


Lis ap, Kae uty), eee ceeen ee (1), 
or the ‘limiting value’ of the function coincides with the 
value of the function itself, and that if a, lie within the range 
of the independent variable this holds from whichever side 
approaches a. If, on the other hand, a, coincides with 
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either terminus of the range, x must be supposed to approach 
x, from within the range. 


Conversely, a function is not continuous unless the con- 
dition (1) be satisfied. 


Let us next take the case of a function the range of 
whose independent variable is unlimited on the side of « 
positive. If as x is continually increased, y tends to a fixed 
value % in such a way that by taking @ sufficiently great we 
can ensure that for this and for all greater values of «x we 
shall have |y— | less than o, where o may be any assigned 
positive quantity, however small, then is called the limiting 
value of y for = , and we write 


lito f =A. 
There is a similar definition of 
ii 4; 


when it exists, in the case of an independent variable which 
is unlimited on the side of x negative. 


27. General Theorems relating to Limiting 
Values. 

1°. The limiting value of the sum of any finite number 
of functions is equal to the sum of the limiting values of the 
several functions, provided these limiting values be all finite. 


2°, The limiting value of the product of any finite 
number of functions is equal to the product of the limiting 
values of the several functions, provided these limiting values 
be all finite. 


3°. The limiting value of the quotient of two functions 
is equal to the quotient of the limiting values of the separate 
functions, provided these limiting values be finite, and that 
the limiting value of the divisor is not zero. 


The proof is by the same method as in Art. 13, the theorems 
of which are in fact particular cases of the above. 

Thus, let «, v be two functions of x, and let us suppose that 
as « approaches the value «,, these tend to the limiting values 
Uy» %%3 respectively. If, then, we write 


wW=U,+a, v=0,+ B, 
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a and B will be functions of « whose limiting values are zero. 
Now 
(u+v) —(u,+,)=a+ 8, 
UY — UzV, = a, + Bu, + a8, 


ag Whee i 

vy (r+ f) 
And, as in Art. 13, it appears that by making ~ sufficiently nearly 
equal to x, we can, under the conditions stated, make the 
right-hand sides less in absolute value than any assigned magni- 
tude however small. 


28. Illustrations. 


We have seen in Art. 26 that the limiting value of a 
continuous function for any value 2, of the independent 
variable «, for which the function exists, is simply the value 
of the function itself for =a. It may, however, happen 
that for certain isolated or extreme values of the variable 
the function does not exist, or is undefined, whilst it is 
defined for values of # differing infinitely little from these. 
It is in such cases that the conception of a ‘limiting value’ 
becomes of special importance. 


For example, consider the period of oscillation of a given 
pendulum, regarded as a function of the amplitude « This 
function has a definite value for all values of a between 0 
and 7, but it does not exist, in any strict sense, for the extreme 
values 0 and 7. There is, however, a definite limiting value 
to which the period tends as a approaches the value zero. 
This limiting value is known in Dynamics as the ‘time of 
oscillation in an infinitely small are.’ 


Some further illustrations are appended. 
Lx, 1, Take the function 
1- ,/(1—2*) 
ce, ee: 
The algebraical operations here prescribed can all be performed 


for any value of « between +1, except the value 0, which gives 
to the fraction the form 0/0. Now the definition of a quotient 
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a/b is that it is a quantity which, multiplied by 6, gives the 
result a. Since any finite quantity, when multiplied by 0, gives 
the result 0, it is evident that the quotient 0/0 may have any 
value whatever. It is therefore said to be ‘indeterminate.’ 


We may, however, multiplying numerator and denominator 
of the given fraction by 1+ ,/(1—27), put the function in the 


equivalent form 
2 


x 
a? {1+ /(1 - a?)}? 
and for all values of « between + 1, other than 0, this is equal to 
1 
1+ /(1—2?)" 
Since this function is continuous, and exists for ~=0, its limiting 
value for «=0 is 3. 
Fz. 2. Consider the function 


J(1 +2) — Je. 
As « is continually increased this tends to assume the in- 
determinate form o—o,. But, writing the expression in the 


equivalent form 
1 


J(1 +2) + Ja? 
we see that its limiting value for r= is 0. 
Ex. 3. To find 
iin rea 


This assumes the indeterminate form « x0. But since 


ole=1[(Z+14 nthte) 
we see that the limiting value for x= is 0. 
If we write z for e~”, and therefore — log z for a, we infer that 
lim,_» 2 log z= 0. 
In the same way we can prove that 
Litt. e 68 = 0, 


where m is any rational quantity. 
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29. Some Special Limiting Values. 

The following examples are of special importance in the 
Differential Calculus. 

1°. To prove that 


am — qm 
litte, want =ma™ rs eta ee 


for all rational values of m. 


If m be a positive integer, we have 
: i il I hike eas 
lim,-a he limgag (2? + az™* +... +0" ae + a) 
=ma™, 
since, the number (m) of terms being finite, the limiting 


value of the sum is equal to the sum of the limiting values 
of the several terms (Art. 27). 


If m be a rational fraction, = p/q, say, we put 
c=y!, a.= bf, 
and therefore 
a” —qm a yma dest bm yP ae, bP? 


aa fie ~ ye 
This fraction is equal to 


y? — bt 
y—b 
y—b 


The limiting value of the numerator is pb?—, and that of the 
denominator is gb?, by the preceding case. Hence the 
required limit is 


ve b Pd, = 2 a Pig-1, = mam, 
as before. 


If m be negative, =—n, say, we have 
Ch — Ge a — a 1 @"—a* 
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If n be rational, the limiting value of this is 


ee na = —71g 4) =n, 
by the preceding cases. 
2°. To prove that 


limmy-» “5 a Lime" Ss (2), 


If we recall the definition of the ‘length’ of a circular 
are, given in Art. 4, these statements are seen to be little 
more than truisms. If,in Fig. 4, the angle POQ be 1/nth of 
four right angles, then n.PQ will be the perimeter of an 
inscribed regular polygon of n sides, and n(7P + 7Q) will 
be the perimeter of the corresponding circumscribed poly- 
gon. Now, if 

G=ZP0A =n/n, 
we shall have 
chord PQ _ PN _sné@ 
are PQ “are PA . ¢.? 
TP+TQ Pr  tan@ 
are PQ arcPA 06 ° 


Hence the fractions 


and 


sin 0 d tan 6 

S eS, 
denote the ratios which the perimeters of the above-mentioned 
polygons respectively bear to the perimeter of the circle. 
Hence, as n is continually increased, each fraction tends to 
the limiting value unity (Art. 4). 


In the above argument, it is assumed that @ is a sub- 
multiple of 7. But, whatever the value of the angle POQ 
in the figure, we have 


chord PQ < are PQ, and TP + TQ >are PQ; 


7.e. (sin 6)/@ is less than 1, and (tan 0)/@>1. Hence these 
fractions must have respectively an upper and a lower limit; 
and it follows from the preceding that neither of these limits 
can be other than unity. 
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The following numerical table illustrates the way in which 
the above functions approach their common limiting value as 6 is 
continually diminished. 


n 6/3 (sin @)/0 (tan 6) /0 
4 25 90032 127324 
5 -20 93549 115633 
10 ‘10 98363 103425 
20 05 99589 1-00831 
40 025 “99897 1-00206 
ore) 0 100000 1-00000 


The third and fourth columns give the ratios which the peri- 
meters of the inscribed and circumscribed regular polygons of n 
sides respectively bear to the perimeter of the circle. 


3°. To prove that 


| limi le eee 
et =] h h kh 
We have Se a ae (14545. at: aH 


The series in brackets is convergent, and its sum has the 
limit 1 when h=0. Hence by taking h small enough, the 
difference between (¢*—1)/h and 1 can be made as small as 
we please. 


If we put h=log (1 + =) ‘ 
the theorem (3) takes the form 


z 
liMpes ze —~=1, 
og (1 + =) 
of lim,» log (1 i 4) mes 


whence Hii, (1 + =" PO nea Cates ose (4). 
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30. Infinitesimals. 

_ A variable quantity which in any process tends to the 
limiting value zero is said ultimately to vanish, or to be 
‘infinitely small.’ 

Two infinitely small quantities are said to be ultimately 
equal when the limiting value of the ratio of one to the 
other is unity. 

Thus, in Fig. 4, p. 7, when the angle POQ is indefinitely 
diminished, VA and A7' are ultimately equal. For, by similar 
triangles, + 


Of OT 
ON OP’ 

OP—ON OT-—OP 

and therefore gn DP 
£ WA _ ON, 
AT <OP’ 


and the limiting value of the ratio ON/OP is unity. 


It is sometimes convenient to distinguish between diffe- 
rent orders of infinitely small quantities. Thus if u, v are 
two quantities which tend simultaneously to the limit zero, 
and if the limit of the ratio v/u be finite and not zero, then 
v is said to be an infinitely small quantity of the same order 
as u. But, if the limit of the ratio v/w be zero, then v is said 
to be an infinitely small quantity of a higher order than u. 
More particularly, if the limit of v/w™ be finite and not zero, 
v is said to be an infinitesimal of the mth order, the standard 
being u. 

Thus, in the figure referred to, V7’ is an infinitesimal of the 
second order, if the standard be PV. For 


PN" = ON. NT, 
whence pes A ae = in the limit. 

In calculations involving quantities which are ultimately 
made to vanish, only infinitesimals of the lowest order 
present need as a rule be retained; since the neglect ab 
initio of any finite number of infinitesimals of higher order 
will make no difference in the accuracy of the final result. 
We shall have frequent exemplifications of this principle. 
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A quantity which in any process finally exceeds any 
assignable magnitude is said to be ‘infinitely great.’ And 
if one such quantity u be taken as a standard, any other v 
is said to be infinitely great of the mth order, when the limit 
of v/u™ is finite and not zero. 


EXAMPLES. IV. 
1. Shew geometrically that the sequence 


1 Be SO Say ge - me 
Pad PIPE SETS, 
has the upper limit 1+ F ° 
2. Find the upper and lower limits of the magnitudes 
2n 
n+] 


where n=1, 2, 3.,.... 
3. Ifa and b be positive, and a>), the function 
ae® + be-* 
e+e. 
has the upper limit a and the lower limit d. 
4. Find the limiting values, for «=0, of 
sin ax sinh aa 


and 
a 


5. Trace the curves 
sin x sinh x 


x x 


6. Prove that lim,» tees =}. 
7. Prove that 


lim, _,, (sec «— tan x) =0. 


8. Prove that  lim,_y J (1 + x) — J(l ~ «) = 1s 
x 


9. Prove that 
lim, {v(e? +2 +1)—a}=h. 
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10. Prove that lim, _ ee =), 


and hence shew that lim n= 1. 
nm=c 


11. Find the limiting values, for «=0, of 


sin”! a tan”! x 


and é 
x 


12. A straight line AB moves so that the sum of its 
intercepts OA, OB on two fixed straight lines OX, OY is 
constant. If P be the ultimate intersection of two consecutive 
positions of AB, and @ the point where AB is met by the 
bisector of the angle XOY, then AP=QB. 


13. Through a point A on a circle a chord AP is drawn, and 
on the tangent at 4 a point 7' is taken such that A7J=AP. If 
TP produced meet the diameter through A in Q, the limiting 
value of AQ when P moves up to A is double the diameter of the 
circle. 


14. A straight line AB moves so as to include with two fixed 
straight lines OX, OY a triangle AOB of constant area. Prove 
that the limiting position of the intersection of two consecutive 
positions of AB is the middle point of AB. 


15. <A straight line AB of constant length moves with its 
extremities on two fixed straight lines OX, OY which are at 
right angles to one another. .Prove that if P be the ultimate 
intersection of two consecutive positions of AB, and J the foot of 
the perpendicular from O on AS, then AP= WB. 


16. Tangents are drawn to a circular are at its middle point 
and at its extremities; prove that the area of the triangle 
contained by the three tangents is ultimately one-half that of the 
triangle whose vertices are the three points of contact. 


17. If PCP’ be any fixed diameter of an ellipse, and QV any 
ordinate to this diameter; and if the tangent at Q meet CP 
produced in 7; the limiting value of the ratio 77P: PV, when PV 
is infinitely small, is unity. 


CHAPTER II. 


DERIVED FUNCTIONS. 


31. Definition and Notation. 


Let y be a function which is continuous over a certain 
range of the independent variable 2; let da be any incre- 
ment of # such that # +z lies within the above range, and 
let dy be the consequent increment of y. Then, # being 
regarded as fixed, the ratio 


will be a function of dz. Ifas dx (and consequently also dy) 
approaches the value zero, this ratio tends to a definite and 
unique limiting value, the value thus arrived at is called the 
‘derived function, or the ‘derivative, or the ‘differential 
coefficient, of y with respect to #, and is denoted by the 
symbol 


More concisely, the derived function (when it exists) is 
the limiting value of the ratio of the increment of the 
function to the increment of the independent variable, when 
both increments are indefinitely diminished. 


It is to be carefully noticed that in the above definition we 
speak of the limiting value of a certain ratio, and not of the ratio 
of the limiting values of dy, dx. The latter ratio is indeterminate, 
being of the form 0/0. 


The symbol dy/da is to be regarded as indecomposable, it is 
not a fraction, but the limiting value of a fraction. The fractional 
appearance is preserved merely in order to remind us of the 
manner in which the limiting value was approached. 
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When we say that the ratio dy/dxz tends to a unique 
limiting value, it is implied that (when «@ lies within the 
range of the independent variable) this value is the same 
whether Sz approach the value 0 from the positive or from the 
negative side. It may happen that there is one limiting 
value when dz approaches 0 from the positive, and another 
when és approaches 0 from the negative side. In this case 
we may say that there is a ‘right-derivative, and a ‘left- 
derivative,’ but no proper ‘derivative’ in the sense of the 
above definition. 


The question whether the ratio dy/éx really has a deter- 
minate limiting value depends on the nature of the original 
function y. Functions for which the limit is determinate 
and unique (save for isolated values of x) are said to be 
‘differentiable.’ All other functions are excluded ab initio 
from the scope of the Differential Calculus. 


A differentiable function is necessarily continuous, but 
the converse statement is now known not to be correct. 
Functions which are continuous without being differentiable 
are, however, of very rare occurrence in Mathematics, and 
will not be met with in this book. 


There are various other notations for the derived 
function, in place of dy/dz. The derived function is often 
indicated by attaching an accent to the symbol denoting the 
original function. Thus if 


the derived function may be denoted by 7’ or by ¢’ («). 
by _ b (w+ 0) — $ (2) 


Since 50 Se 
we have, writing h for 62, 
gd’ (x) = limp 


The operation of finding the differential coefficient of a 
given function is called ‘differentiating.’ If # be the inde- 
pendent variable, we may look upon d/d« as a symbol 
denoting this operation. It is often convenient to replace 


L. 5 


eee AA erated (4). 
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this by the single letter D; thus we may write, indifferently, 
dy d 
daz ? dx y, Dy, 

for the differential coefficient of y with respect to a. 


32. Geometrical meaning of the Derived Func- 
tion. 


In the annexed figure, let 
OM=a2, ON=x+8s2, PM=y, QN=y+t+y, 


Fig. 26. 


and draw PR parallel to OX. Let QP produced cut the 
axis of # in S. Then 


As $x is indefinitely diminished, Q approaches P, and it 
follows that if the derived function exist the line PQ tends 
to a definite limiting position PZ’, such that 
_ dy 
tan PTX = 7 ae (2). 
It appears then that the assemblage of points (Art. 11) 
which represents any differentiable function has at each 
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of its points a definite direction, or a definite ‘ tangent-line.’ 
And the derived function is the tangent of the angle which 
this line makes with the axis of a. 


The question as to whether a continuous function can be 
represented by a curve depends, as already stated (Art. 11), 
on the meaning which we attribute to the term ‘curve.’ In 
its ordinary acceptation, the word implies not merely the 
idea of a connected assemblage of points, but also the 
existence of a definite tangent-line at every point, and 
(further) that the direction of this tangent-line varies 
continuously as we pass along the assemblage. That is, 
it is implied that the ordinate y is a differentiable function 
of the abscissa a, and-that the derived function dy/dz is itself 
a continuous function of 2 These conditions will be found 
to be satisfied, save occasionally at isolated points, by all the 
functions met with in the ordinary applications of the 
Calculus. And whenever we speak of a ‘curve,’ we shall, for 
the present, not attach to the term any connotation beyond 
what is contained in the above statements. 


It is convenient to have a name for the property of 
a curve which is measured by the derived function. We 
shall use the term ‘gradient’ in this sense, viz. if from any 
point P on the curve, we draw the tangent-line, to the right, 
the gradient is the tangent of the angle which this line 
makes with the positive direction of the axis of a. 


Fig. 27. 


If this angle be negative, the gradient is negative. If the 
tangent-line be parallel to the axis of a, the gradient is zero. If 
5—2 
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it be perpendicular to the axis of «#, the gradient is infinite. 
When for a particular value of « we have a right-derivative and 
a left-derivative, different from one another, then on the corre- 
sponding curve there are two branches making an angle with one 
another. The value of dy/dx is then discontinuous. The figure 
illustrates some of these cases. 


33. Physical Illustrations. 


The importance of the derived function in the various 
applications of the subject rests on the fact that it gives 
us a measure of the rate of increase of the original function, 
per unit increase of the independent variable. 


To illustrate this, we may consider, first, the rectilinear 
motion of a point. The distance s of the point from some fixed 
origin in the line of motion will be a function of the time ¢ 
reckoned from some fixed epoch. The relation between these 
variables is often exhibited graphically by a ‘curve of positions,’ 
in which the abscisse are proportional to ¢ and the ordinates to 
s; see Fig. 7, p. 14. If in the interval 6¢ the space 4s is described, 
the ratio &s/d¢ is called the ‘mean velocity’ during the interval 
dt; te. a point moving with a constant velocity equal to this 
would accomplish the same space és in the same time 6¢. In the 
limit, when 6¢ (and consequently also 5s) is indefinitely diminished, 
the limiting value to which this mean velocity tends is adopted, 
by definition, as the measure of the ‘velocity at the instant ¢.’ 
In the notation of the calculus, therefore, this velocity v is given 
by the formula 


In the graphical representation aforesaid, v is the gradient of the 
curve of positions. 


Again, the velocity v is itself a function of ¢ The curve 
representing this relation is called the ‘curve of velocities.’ If 
dv be the increase of velocity in the interval 6¢, then 5v/8¢ is 
called the ‘mean rate of increase of velocity,’ or the ‘mean 
acceleration’ in this interval. The limiting value to which the 
mean acceleration tends when 6o¢ is indefinitely diminished is 
called the ‘acceleration at the instant ¢.’ If this acceleration be 
denoted by a, we have | 


EEE EOE e—_ee_ 
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In the graphical representation, a is the gradient of the curve of 
velocities. 


In the case of a rigid body revolving about a fixed axis, if 0 
be the angle through which the body has revolved from some 
standard position, the ‘mean angular velocity’ in any interval & 
is denoted by 66/8, and the ‘angular velocity at the instant ¢,’ by 


dé 


Again, if w denote this angular velocity, the ‘mean angular 
acceleration in the interval d¢’ is denoted by 6w/d¢, and the 
‘angular acceleration at the instant t’ by 


dw 


Again, the length of a bar of given material is a function of 
the temperature (0). If x be the length at temperature 0 of a 
bar whose length at some standard temperature (say 0°) is unity, 
then 62/86 represents the mean coefficient of (linear) expansion 
from temperature @ to temperature 6+ 60, and da/d@ represents 
the coefficient of expansion at temperature 0. 


As another example, suppose we have a fluid which is free to 
assume a series of states such that the pressure (p) is a definite 
function of the volume (v) of unit mass. If the volume change 
from v to v+6v, the fraction —dv/v measures the ratio of the 
diminution of volume to the original volume, and gives therefore 
the ‘compression.’ The ratio of thé increment of pressure 6p 
required to produce this compression, to the compression, is 
—vdp/sv. The limiting value of this when dv is infinitely small, 
viz. —vdp/dv, is defined to be the ‘elasticity of volume’ of the 
fluid under the given conditions. 


34. Differentiations ab initio. 


Before investigating general rules for calculating the 
derivatives of given analytical functions, we may discuss 
a few examples independently from first principles. 


Ex. 1. If y=, we have dy= 62, and therefore 


sles 1, whence o 1, 
da 


Ox 
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Ex. 2. Let §) GT Deg rct nas oo peteapagh quent (1). 
We have, writing / for da, 
ws 
oy | ee a 
ox h 
Proceeding to the limit, when h=0, we find 
dy _ 
“PF SPL Pr tas Mee aie Sia enates eee (2). 
Ex. 3. Let y =+ de sina ate Sateen nod weeag (3). 
1 1 h 
ies °Y Sah a a(e+hhy’ 
by 1 
and therefore Sanh ele ki: 
Gt... i 
Hence as => lim;_, a (x + h) =— a see cee eeeseceeese (4). 
The negative sign indicates that y diminishes as x increases. 
Ex. 4, If STN (Ree ere eres (5), 
h 
we have dy= J/(e@+h)— J/x= Nahi ies 
oy 1 


8a (eth) + Ja’ 
Proceeding to the limit (i =0), we find 
dy 1 


EXAMPLES. V. 


1. Find, from first principles, the derived functions of 


a a M : + “ 
2. Also of ee —e ae 
3. Also of J (“+ a), NCE . 
4. Also of cota, seca, cosec a. 
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5. Also of sin®x, cos’a, sin 22, cos 2a. 
6. If, in the rectilinear motion of a point, 
s=ut+ tat’, 
where wu, a are constants, prove that the velocity at time ¢ is 
u+at, and that the acceleration is constant. 
7. If the pressure and the volume of a gas kept at constant 
temperature be connected by the relation 
pv =const., 
the cubical elasticity is equal to p. 
8. If the radius of a circle be increasing at the rate of one 


foot per second, find the rate of increase of the area, in square 
feet per second, at the instant when the radius is 10 feet. 


9. If the area of a circle increase at a uniform rate, the rate 
of increase of the perimeter varies inversely as the radius. 
10. If the volume of a gramme of water varies as 
(9- 4)" 
144000’ 


where 9 is the temperature centigrade, find the coefficients of 
cubical expansion for 6=0° and @= 20°. 


1+ 


85. Differentiation of Standard Functions. 


| hehe by Bee Ale Sena twa Anos tic aes vedas (1), 
Sy (a+ dx)™— a™ 

ba (@+82)—a * 

It has been shewn in Art. 29, 1°, that, for all rational values 
of m, the limiting value of this fraction when 6 =0 is ma". 
Hence 


we have 


_ Ew. Tf m=2, dy/de=2x; if m=}, dy/de=ha* Cf Art 

34. 
men Lt Af as UDO MG 2925 on be ddd ee sabia at (3) 

we have, writing h for dz, 

éy sin(w+h)—sinw singh 

— 2 ss i . cos (w + 4h). 
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If the angles be expressed in ‘circular measure, we 


have 

z in th 

lim, =o CE *) Sil, 
by Art. 29, 2°; and the limiting value of the second factor 
is cosa. Hence 


I] 
° 
j=) 
7a) 
8 


dy 
da 


The student should refer to the graph of sinz on p. 34, and 
notice how the gradient of the curve varies in accordance with 
this formula. 


oe oe es Dae ee (5), 
we have Oy _ cos (w + h) ~ cos « 
on h 
sinth . 
ace .sin («+ th); 
th (a + gh) 


the limiting value of which is, on the same understanding 
as before, 


ns si S'gIh Wiad, We dant (6) 
4°. If ed etre peter eh ee (7), 
we have 
by _ tan(w+h)—tane _ sin(e+h)cosx—cos(a+h) sing 
oz h - h cos # cos (a + h) 
sinh 


h ‘cosacos(x+h)* 
Hence, in the limit, 


dy 1 : 
Ae = uke COCA a, Center ene eee (8). 


This shews that the gradient of the curve y= tana, between 
the points of discontinuity, is always positive ; see Fig, 19, p. 34. 


5°, If ee oe ee (9), 


we have pe soa = ——_— _ ¢%, 
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It was shewn in Art. 29, 3° that 


: rh] 
lim, =» ror L 
d. 
Hence = ee re ae ae (10). 
More generally, if EE ast | Rene Rees ee LEDS 
we have 
dy o ek (eth) _ eke ae. ekh _ J] ae 
= ie lim; =o oN Tar ar lim;z,=0 ria ke 
Be aay att ag Cota gai nes ven ehonta pes Ci2). 
In particular, if GO owe ace eee tea: (13), 
dy 
we have 7 aie ES (14). 


Again, if a be any positive quantity, we have by the 
definition of Art. 22 (2), 


q® = e@loga. 
Hence if Yaa OP a Se dsawddva vee eestida es (15), 
we have, by (12), 
dy = loga — % 
da 7 O84 OSE NGUIRE rganse ten: (16). 


86. Rules for differentiating combinations of 
simple types. Differentiation of a Sum. 
1°. Let LSE! OE Cea ATPL ROT TE See (1); 


where wis a known function of x, and Cis a constant. We 
have 
yt oy =ut but OC, 


and therefore oy = Ou, 
aa 
6a ba’ 
: a dy du 
or, in the limit, dan da Ue (2). 


This fact, that an additive constant disappears on differ- 
entiation, obvious as it is, is very important. The geometrical 
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meaning is that shifting a curve bodily parallel to the axis of 
y does not alter the gradient. 


2°, Let ‘foe PO 5, Lo naennnnabeenateered (3), 
where w, v are given functions of As in Art. 13, we find 
dy = du + ov, 
sy du dv 


and therefore ~= +2. 


Hence, since the limiting value of a sum is the sum of the 
limiting values of the several terms, 


dy du. dv ; 
cs = ie a7 ip s ainls ois! a Guia aie union ele (4). 
Again, if ap REY LY Pree ce wien aec ene (5), 
dy_d dw 
we have Tee 
du. dv. dw 
martes -e de cue (6), 


by a double application of the preceding result. In this way 
we can prove, step by step, that the derived function of the 
sum of any finite number of given functions is the sum of the 
derivatives of the separate functions. 

Ex. The derived function of 

Apa? +AsaM Os 2. tA, et Ay 

is mA,x™) + (m — 1) Aya™? +... + Amie 

37. Differentiation of a Product. 

rtp al iy = (GU Lv, <sstae nin atau nentedee (1), 
where C is a constant, and u a function of 2, we have 

y + dby=C (ut du), 


and therefore dy = Cdu. 
Sy, du 
Hence Sp = 5a ’ 
and, proceeding to the limit, 
dy _ du 
the C da UTE tittesteess (2): 
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Hence a constant factor remains attached after the differ- 
entiation. 


The geometrical meaning of this result is that if all the 
ordinates of a curve be altered in a given ratio, the gradient 
is altered in the same ratio. Cf. Fig. 24, p. 47. 


2°. Let ofa eRe ey areas Sa (3), 
where wu, v are both functions of z As in Art. 13, we find 
dy =(u + du) (v + dv) — w 


= vou + udv + dudv, 
d theref has laa rate pa 
an ereiore Ronse st U U ee 


Hence, proceeding to the limit, and making use of the 
principle that the limit of a product is the product of the 
limits, we have 


If we divide both sides of this equation by y,=wv, we 
obtain the form 
SLED ied 
yds ud« vda" 
This result is easily extended; thus if y=wvw, we have, 
writing y=zw, where z=u0, 
Ldy_ldz , 1dw 
ydx zde wdx 
1duldv , 1 dw 
Siete (5), 
by a double application of the preceding result. And so on 
for any finite number of factors. 
If we multiply both sides by y,=uvw..., the generalized 
form of the last result becomes 
d d 
OF now... Yaw... et we + Be reaieh (6), 
or, in words: 


The derived function of -a product is found by differenti- 
ating with respect to 2, so far as it is involved in each factor 
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separately, the other factors being treated as constants, and 
adding the results. 


Be, Le TE ys et... to 9 factors’ =U" has esecass (7), 
we have 
Le ne eee (Py tere ee 
yde ude udx “" ~ a dx’ 
dy ny 
whence da rpacnee reat (8). 


A general proof of this result, free from the restriction that m is 
a positive integer, is given in Art. 39. 


YBN Ns Nfs EAE COM Mow nees as anxe anys =sauave (9), 
dy Ge Saree 
we have ig 7 oa (sin x) + sin x = (cos x) 
=Cosx.cosx—sina. sing 
= COS" @— SIN" = COS BH... «2... sco cancaaees (10). 
Ex. 3, If fier: See BUN Bs cotine ds Sah tigate stra (11), 
dy ay. et ee 
we have nas ao da (sin #) +sin x ie (a*) 
5 OP O08 OF Rah BIN aN ean i sb uciertenens (12). 


38. Differentiation of a Quotient. | 


Let Se inte weit Menem Reasomuane s (1), 


where u, v are given functions of As in Art. 18, we find 
ut+du u_ vdu—udv 


v+dv 4 v(v+6v)’ 


a du . du 
dy da 
whence oe = V@ +00) . 
; du . dv 
P . dy de < aa 
Hence, in the limit, | er meee (2). 


In words: To find the derived function of a quotient, from 
the product of the denominator into the derived function of 
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the numerator subtract the product of the numerator into 
the derived function of the denominator, and divide the 
result by the square of the denominator. 


l+ata 
Ex. iL Tf Y= Too Seem eee eee ees seeeseee (3), 
du dv : 
we have dn tt 2% de 1 t+ 2a, 
dy _ (1+ 2x) (1—a + a7) +(1— 2x) (1+ a +27) 
whence 7 oo ee 
—_2(1~2") 
mi se (4) 
The particular case y= - Emad ined ust teas nee dsUacges (5) 
is worthy of separate notice. We then have 
So eee 
I y+ i 0 vv ou)’ 
bv 
oy iar 
dc (vu +00)’ 
dy 1 dv 
dz v dz eee ee eo (6) 


This might of course have been deduced by putting u=1, 
du/dx =0 in the general formula (2). 


Lip OE Mh i um tee eee ree cereeeesevenceseecees (7), 
where m is a positive integer, we have 

dy 1 -, Ms | ey 5 Oe : 

da gm Fie td ae seve eneesees (8) ; 


see Art. 39. 


The formula of this Art. might also be deduced from the 
result of Art. 37,2° If y=u/v, we have w=vy, and there- 
fore 

Idu idv iI dy 


ude vdu y da 
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ldy _1ldu _1ldv é 
whence ydc udu vda rer rr (10); 
this is equivalent to (2) above. 


The following examples are important : 


sin 
fags Us Y = PAM © = veeteeeeeeeeeeees (11), 
dy. > 
fe res dn 2 a) — sin # + (cos a) 
sye-tu dz cos? x 
= aM Mr = SCO Man coaaves (12). 
cos? a 
This agrees with Art. 35, 4° 
Sunilarly, if DPE UE Sak i tists atta ne dantes (13), 
_we find 
eS Be COBO" Os cosion son odsp eee: (14). 
1 
fo) = = 
2°, If Y = SCC WH veeseeeeeerecenes (15), 
dy 1 od , singe 
we have | eee © (cos x) = costa (16). 
Similarly, if 4) = COSCO te ci ecop cna terest deos (17), 
dy COS & 
we find de ama (18). 


If, as explained in Art, 31, we employ the symbol D to 
denote the operation of differentiating with respect to a, the 
results of Arts. 36—38 may be summed up as follows: 


Diu +9) = Duke De. iv cdisieank. (19), 
D (uy) Dut aD eo levoss ke (20), 


fu, vDu-—uDv 
D (=) > a Ww Sim) Sie) 6018's 0s! (21). 


38] 
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EXAMPLES. VI. 


Verify the following differentiations : 


GU ON i ee CO ae Poa 


y=x(l-2), Dy =1— 2m. 
y=a(l—2)%, Dy = (1 —«) (1-32). 
y=ax2™(1—x)", Dy =a" (1—x)"" {m — (m+n) a}. 


y =(x—1)(x—2)(x—3), Dy=32?-12x+11. 
y=a(l—ax)(l+a),  Dy=(1-2x) (l+a)?(1+3x) (1-22). 
y =(1 +2’) (1 — 22”), Dy =— 2a(1 + 42%). 


a 1 
vi EP DY= a 
x 1-2 
ota Dy (+a)? 
Oeat aad D 4a 
oVa et? als ee wk 
a” gmt 
y (l—a)"’ DIS Speen e) 
y= sin a, Dy =sin % +X COS x. 
¥ = 2’ COS a, Dy = 2x cos % — x? sin x. 
¥y = sin? x COS &, Dy =2 sin x — 3 sin’ x. 
sin x x COS %—sin x 
LE Dr _ sin @—@ cos @ 
I~ Sin x’ y= sin? a 
_ tang Dr _ %— sin # COS & 
Se pe” ~~ 3? cos? a 
y =tan? 2, Dy = 2 tan x sec? x. 
4=sec' a, Dy = 2 tan x sec? ee 
_ sine __ cos’ a — sin’ & 
~ 1+tana’ Y= (sin w+ cos a)" 
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1+sin# 2 cos 2 
tt 1—sin w’ ae (1 —sin a)? 
1—cos 2 sin x 
se ~ 1+ cos x’ sits CTE on 
23. y =e", Dy =(a+1)&. 
24. y=axe~*, Dy =(1—«) e-*. 
25. Yyuwne, Dy = (x +m) a™—"e*, 
26. y=e"sina, Dy = é (sin x + cos 2). 
27. y=e" cosa, Dy =e” (cos x — sin x). 
e”—1 2e* 
Bo Ua DY= ext 
39. Differentiation of a Function of a Function. 
If Af mE (4). a os ce asamp taeneanenes (1), 
where UE IMR Oe Han te he tere trig as eee (2), 
the symbols F, f denoting given functions, then 
dy dy du ; ; 
Fe eg = E(u). f (2) eee. (3). 
For, if 5x, dy, du be simultaneous increments, we have 
og ee 
da Su ba’ 


identically ; and therefore, since the limit of a product is the 
product of the limits, 

dy _dy aa 

dx du da* 

A useful application of the formula (3) occurs in the theory 
of rectilinear motion. Thus if, as in Art. 33, we denote by v and 
a the velocity and the acceleration, respectively, of a moving 
point, we have 
ds _dv 


v=, 


Hence if v be regarded as a function of the space described (s), 
we have 


dvds. dv 
boa aE ay ose Dee bee ene eee Cemecreve (5), 
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Similarly, in the case of a rigid body rotating about an axis, 
the angular acceleration, when the angular velocity is regarded 
as a function of @, will be given by 


dw dé d 
ae oF EA Reis cee (6). 
The following deductions from (3) are important: 
hee By) LAGE) crcce sens: nassssekeece (1); 
then, putting w=x2+a, du/dx=1, the formula (2) gives 
ee 
as Hd Ca) Gs eRe (8). 


The geometrical meaning of this is that shifting a 
curve bodily parallel to the axis of « does not alter the 
gradient. 


rag MAN =e a ae Seen, eee ee (2), 
we have, putting w=kz, du/dx=k, 
DY aay 
ie RIALS S| akon eae a ere (10). 
3°. If DR US tris Wena ch ose tas voces (11), 


where m is any rational quantity, we have 


F@=u", Pwam™, 


and therefore 2 = mu 2 DeWeese sae nkipe ns (12). 
In particular, in the cases m=4, m= —4, we find 
d 1 du 
da oe 2) de 13 
Fig lL du [oc (13), 


dau ut dx 
respectively. 


We add a few examples on the above rules, 


Ha. 1... It OieeGNIN 1 0 oe sedan stv sas niwe cans tess (14), 
that is, y=u™, where u=sin2, 
we have Dy =mu™-1 - =m Sin™ 2 COS .....000s- (15). 


L. ; 6 
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Eu. 2. If id ee pe (16), 
wehave Dy=D(a?—2*)t=}(a?-2’)+. D(a—2’) 
a 
= Gh ay ane Meee a ae (17). 
x 
Ex. 3. Let y Kerry eres rede (18) 
Tf we put w=2, v=,/(a?—2x"), 
—2 
we have Du=1, and Dv= se a a)? 
as in the preceding Ex. The rule for differentiating a fraction 
then gives 
Mea) + 5m 
D vDu—uDo _ a/(a? — 2”) 
a v a? — a" 
a’ 
St re as a ce nines sume ents oe aeons pane 19). 
(a? — x?)3 ui 


EXAMPLES. VII. 


lL y=(eta)" (4b), Dy =(e+a)" (w+) 
{(m +n) a +mb + na}. 


2. Beit by= aay 
3. y=aJ(1+2), ve Se ey 
bye MONO Dye era 
V5 y=(+2)/(1-2), Dy= ra) 
6 ion by 
eae a meee area e 
: 1 


V 8. Y= +a)’ gs JurTeEN 


39] 
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_ J(1 +2) = ees es 
ries? Py=— a +a) 
l+a 1 
v=./ (74), DY= (ay =a)" 
= 1 x 1 
Y= +e) +2’ y J(et+1)*~ 
- ax D 1 + 22? 
I~ +a) +2’ Y=" 7 + #*) 


l+a+a 
y=,/(ASs 
y =sin 2 (w—a), 
y = sin? 2x, 
y=./(1 +sin x), 


y = tan? x, 
Y¥ =SeC’ x, 


= 3 
y=tan’ a, 


y =sin® x + cos? a, 
y =sin x — isin’ «, 


y=tan x +i tan’ 2, 


sin? x 
y=e, 

ew 
etre 
gene 
yen = 


y =e sin Ba, 


y = e% cos Bx, 


Ip cena ae 
(L+a+a)t(1—a+a%)2 

Dy =2 cos 2 (w~—a). 

Dy =2 sin 4x. 

Dy =4,/(1 - sin ). 


Dy =3 sin x cos x (sin 2 — cos @). 
Dy = cos? x. 
Dy =sec' x. 


2 sin x 


Dy= 7 (a cos # — sin #). 


Dy = 2xe™. 


1 
Dy =e"(2 - 3): 


Dy = cos x e*'*, 

Do ein 2a ee, 

Dy =e (a sin Ba + B cos Bx). 

Dy = e% (a cos Bu — B sin Bx). 
6—2 
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30. y=sin me sin na, Dy =n sin mz cos nz 
+m COs mx sin nx. 


j 7 sin 2x 
rofl y =,/(asin?x+ Boos 2); Dy =}(a—f) J(asin? a + B cosy 


40. Differentiation of the Hyperbolic Functions. 


Lol t ] ABI Nn ckn meneiadesns nee (1), 
we have 7% D (= = =) =} (De* — De) 
da 2 
and (e? ng *) = COs 5. a2 ch ccasvhasoeus (2) 
Similarly, if PEE OOGN He .5ny crime teen a ease (3), 
we find - = SUA Ws ise ceees po aptnan te (4). 
9°, If us tanhee a ee (5), 
we have 
dy _,sinhw cosh# Dsinh«—sinh« Dcoshe 
dz ~ coshx — cosh? « 
2m 2 
= a 7 =eeckt a. eee (6), 
by Art. 19 (4). 
Similarly, if S13. GOED ah. arneaen dwn ae deg ete (7), 
we find | a = — cosech® & *..5... cn tt (8). 
fe gh PS BBCh Wi coacesnmaboeeyetaeoinne (9), 


we have, by Art. 38 (6), ag 


dy _p 1 a 
da i zw) cosh?a 


sinh a 
— Coshbagy Meter eetenseeseeeeeees (10) 
Similarly, if 4] = COSBCD @ cvaneeesecva des -aceay (11), 
d cosh x 
we find c= Na (12). 


sinh? a 
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EXAMPLES. VIII. 
Verify the following differentiations : 


1. y=sinh?z, Dy =sinh 2x. 
2. y=cosh*a, Dy = sinh 22. 
2 sinh x 
= 2 = 
3. y=tanh’a, Dy = Site 


4 y=sinhx+¢tsinh'xz, Dy=cosh* a. 
5. y=tanhae—itanh?s, Dy=sech* a. 
6 


y =cosh & cos x Dy =2 sinh x cos 
+ sinh x sin 2, 
7. y=cosh x sin x Dy = 2 cosh x cos x. 
: + sinh x cos 2, 
cosh x — cos x 2 sin x sinh x 
8. = ae = TER PERO AT IC 
sinh w+sin x (sinh x + sin x) 


41. Differentiation of Inverse Functions. 


If y be a continuous function of w, then under a certain 
condition (see Art. 20), which is fulfilled in the case of most 
ordinary mathematical functions, x will be a continuous 
function of y. 


If dé”, dy be corresponding increments of # and y, we 
have 


identically. Hence, since the limit of the product is equal 
to the product of the limits, ug 

dy da 

aay Berl edee ie erix iyesssir aan (1). 
Hence, it being presupposed that y is a differentiable function 


of x, it follows that w 1s in general a differentiable function 
of y, and that the two derived functions are reciprocals. 


The geometrical meaning of this is that the tangent to a curve 
makes complementary angles with the axes of # and y. 
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Fig. 28. 
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The following cases are important : 


1°. if peme SID) ec cde ee eetea teas Gt (2), 

we have 2=sin 2 Oe = 
= ee Cos ¥. 
dy at 1 

Hence 28 = cosy Ets Vd — 2") miofaie afalateveraoteteio%s (3). 

eee Oy Se OG ge Oc eneene figs ce cea ee (4), 
we have #® =Ccos dz — sir 

es Yy, dy ia sin Y; 
dy _ Pee vel 

and therefore em ane F Sener Sa (5). 


The ambiguity of sign in these results is to be accounted for 
as follows. We have seen that if y=sin-!a, then y is a many- 
valued function of x; viz. for any assigned value of « (between 
the limits + 1) there is a series of values of y, and for some of 
these dy/dx is positive, for others negative. See Fig. 28. 
Similarly for cos~1a. 


If, when x is positive, we agree to understand by sin-1a the 
angle between 0 and 47 whose sine is x, we must write 


is, 
— sin -2=+ 


1 
x See (6). 


Similarly if, x being positive, cos“! be restricted to lie between 
0 and $7, we have 


d 1 
ds cosa? x2 =— Jd —#) Matetalslaipiatarsalsreleis ier (7). 
Bue Af PCRS verswak soccedet tes scans (8), 
we have a =tan y, a sec? y, 
dy 1 1 
and therefore ma ee (9) 


There is here no ambiguity of sign. For each value of x there 
is an infinite series of values of y, but the value of dy|da is the 
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same for all, the tangent lines at the corresponding points of the 
curve y=tan™’ being parallel. See Fig. 29. 


x 
1d Ae . = i a 
Ee.1. Let y =sin J+ seneeeseeeveeeeees(10), 
or y=sin-u, where w=——_, 
J(1 +2") 
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dy_ dy du _ 1 du 
We have as dada if Se) aes 
We easily find 
1 du 1 
SST Se Spee ee 
ve ices (lca 
dy 1 
whence du Lege (11). 
It is easily proved (putting «= tan) that 
ait 2 - =] 
sin Vase +a) tan~ x, 
so that the above result is in accordance with (9) above. 
l+a+ax 
Ex. 2. Let y = tan lowag (12). 
j l+ax+a? 
If we write Aiea? 
dy 1 du 
we have we = Tat Fen . 
We find . 
eerre 2(1+3a?+a4) du_ 2(1-a? 
~ (l-a+a? ? dx (1-x+27)” 
dy ~ 1—# 
whence de = fae Siaieisieloraraiaieisielsisieivisie/sja\a15 a 3). 
42. Differentiation of a Logarithm. 
ey LE Ue E ares tone eases teach cds (1), 
we have  £=e, oy ae 
dy 
dy 1 
d theref ie sig gdditc see seaas 4 iy eiceens 2). 
and therefore afte (2) 


This diminishes as x increases, so that the representative curve 
becomes less and less inclined to the axis of x See Fig. 24, 
p. 47. 


Poe LE 


aL 
we have c= da", =. log,a =x. log.a, 
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dy _ 1 


Sei rand esha laude he 4). 
whence a “eee ae (4) 

For instance, if 8p 1g Oats yeas ceo nates sede (5), 

dy _ pb 

we have + (6), 
where p= °43429... as in Art. 22. 

Cee (6 4 Sf OS Uesedana; evo eee daa (7), 
where u is a given function of 2, we have, by Art. 39 

dy _ dy du_1du 
dz = du dz uU dx eon eeeeereerseeeeee 
Bert, alt 6f = LOR CHEE Ye oF owe cna ena¥enos<astnes (9), 
dy 1 
we have = ——. Dsinx=cot@............... (10). 
dx sing 
Similarly, if y = log sec 2 =— log COS & ......... 000.008 (11), 
dy 

we find 7 Pa TAD 6 one nae stnahes es ofan onda (12) 

ie, 2. TE 6 10g O00 Ba 28 ccanate-Raey eeu (13), 
we have 

dy__1 2 
te Dtanha= ae sec? 4a.4 
1 
an TEE ttre eeneeeneeneeeneney (14) 
Similarly, if y =log tan (Am + 32) ....cccececseeeeees (15), 
; dy__1 
we should find da cosy tees (16). 
l+a 
Eau. 3, Let y=tlog Tog retteeees (17), 
=}log (1 +a) —4 log (1 —2). 
dy 1 1 1 

Hence at Tae Lee wells aulevnlseaeets (18). 


Ex. 4. Let y Jog {wt /( + 1 )h se... ssepeesdeans (19) 
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We have oes Pe J (22+ 1)} 
i wv 
“ayer (+ Jean 
1 
Maat ee ee (20). 


43. Logarithmic Differentiation. 


In the case of a function consisting of a number of factors 
it is sometimes convenient to take the logarithm before 
differentiating. Thus if 


we have logy =logu,+ log u,+ log us + 
— log v, — log v, — log v; — ...(2), 
and therefore, by Art. 42, 3°, 
ldy_ 1 du, id, ek Oe, 


ydx u, da Wh en 


em Sed gl peak lolol oY 


v,dzx v,dxn v, dx 


This is a generalization of the results of Arts. 37, 38. 
" (a + x) (b+) 
ie, If RAE ate 


we ‘have 
log y = 3 log (a+ x) + 4 log (6 + x) —4 log (a— xx) — } log (b-a). 
‘hea “fie toast + retaetroat 
os, Weaker b (a + 6) (ab — x”) 
Goa Poe (a? — a?) (b?— 2)’ 
dy (a + b) (ab — x”) 


da (@=ai(G—a) @ra ha 
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EXAMPLES. IX. 


Verify the following differentiations : 


= 


= 


Lise 


12. 
13. 
14. 
15. 
16. 
We 


18. 


ons oar OD 


y=«x log a, 
y=2™ log x, 


y = log sin a, 


Dy =1 + log x. 
Dy =a"-" (1 + m log 2). 
Dy = cot x. 


y = log cos a, Dy =—tan 2. 
y= log tan x, Dy = 2 cosec 2x. 
y = log sinh a, Dy = coth x. 
y = log cosh a, Dy = tanh z. 
y = log tanh a, Dy =2 cosech 22, 
x 1 
y = log poe ’ Dy = a(1 +2) . 
1 2 
y= 8 Tre Bile Fa 
ao 1 
as oe ————__ D = 
y= 08 Teal’ Yael)" 
1+ /« 1 
= og D => 
2 da pare a ar 
y=log{J(@+1) py 
+ J/(x—1)}, 2./(a*—1) 
i eR Pe ee ok Be. 
gee e+ lye me aed) 
20-1 a+] 
yale ala eiy Yea 
_y lL+at+a? 2 (1-2?) 
doe Sopris ae ec fe es 
, 1 
annals Pec ee 
y =sin- (1-2), Dy Jae aa)" 
y=xsin a, Dy =sin- x + 


(l= 2)" 


[CH. II 


44] 
19. 
20. 


21. 


22. 


DERIVED FUNCTIONS. 


= =a) 
y=cot "a2, 

= —1 
y=sec* a, 


3 ca 
y =cosec? a, 


y=sin 2 


+sin7 ,/(1 —2%), 


23. y=tan-!x+tan? 2 ; 
24, y=sin~{2x,/(1—x*)}, 
2a 
25. y=tan? eat 
26. y=tan-"{,/(2?+1)—a}, 
27. y=sin-"(cos 2), 
Sy x 
28. y=cos Tao? 
1l+2° 
ae Jf (=), 
J(1+2*)—x 
30. y= "lea + a! 
ae _ M(1+2)+,/(1—2) 
~ (1+2)-V(1=2)' 
5. al(ltet)ta/(1—a) 


oS M48) = [2 


2x 
>’ ye 


-2 
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ss J +o) (J( +a) + a} 


44. Differentiation of the Inverse Hyperbolic 
Functions. 


dha 


- we have 


If y=si 
a =sinh y, - 


sees essereeserseee 
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dy _ 1 
io Wa Ce (2). 


There is no ambiguity of sign, for cosh y is essentially 
positive. 


and therefore 


ag OME g €f CORINA sid sean voc a (3), 
_ we have x = cosh y, a sinh y = + (a’—1), 
dy _ 1 
whence Se a6 Ve —1) stew ccceccescesess (4). 


For any given value of x, greater than unity, there are two 
possible values of y, one positive, the other negative, and for 
these dy/dx has opposite signs. [Cf. Fig. 21, Art. 19, inter- 
changing x and y.] 


ole yy = tani @ eee (5), 
we have x = tanh y, i = sech? y = 1— 2’, 
ny 
and therefore da Lage es (6). 


This agrees with Art. 42, Ex. 3. It is to be noticed that y 
is real only when x<1. See Fig. 22. 


Similarly, if SCORN oS caceeccterment td (7), 
Oy ol 
we find ; ear ee stereeeneannes (8), 


x being necessarily > 1, if y is real. 


EXAMPLES. X. 
Verify the following differentiations : 


1, y=sech—" a, Dy =- es : 
1 

2. y=cosech a, Y= aw" 

3. y=sin-!(tanh 2), Dy =sech a, 

4. y=tan™ (sinh 2), Dy =sech x. 

5. y=tan-!(tanh}a), Dy=}secha, 

6. y=tanh"(tan}x), Dy=4seca. 
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EXAMPLES. XI. 
1. What is the geometrical meaning of the theorem 


s oh (Iear) = Kegs’ (Hear) 9 


a! EE y=tan- = 
vDu —wuDv 
pr ove that Dy = Tarr a ° 
it gett 


3. Assuming that =l+otaert+...+2%, 


= 
deduce, by differentiation, the sum of the series 
1+ 244 327+ ...+ na}, 
and test the result by putting x=1. 
Hence shew that, if |a|<1, 
1+ 2a + 327+ 403+... to o=(1—a)-% 


4. If, in the rectilinear motion of a point, v be a linear 
function of s, the acceleration is constant. 

5. If v bea quadratic function of s, the acceleration varies 
as the distance from a fixed point in the line of motion. 


6. If the time be a quadratic function of the space described, 
the acceleration varies as the cube of the velocity. 


ts ibe v=A+t B : 
8 

the acceleration varies inversely as the square of the distance 
from a fixed point in the line of motion. 

8. If s? be a quadratic function of ¢, the acceleration varies 
as 1/s°, 

9. If the pressure and the volume of a gas be connected by 
the relation 

pv" = const., 

the cubical elasticity is yp. 


45. Functions of two or more independent vari- 
ables. Partial Derivatives. 

Although in this treatise we are concerned mainly with 
functions of a single independent variable, it will occasionally 
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be useful to have at our command ideas and notations 
borrowed from the more general theory. 


One quantity wu is said to be a function of two or more 
independent variables , y,..., when its value is determined 
by those of the latter, which may be assigned arbitrarily and 
independently within (in each case) a certain range. Thus if 
P be any point of a given surface, and a perpendicular PN 
be drawn to any fixed horizontal plane, the altitude PV is a 
function of the coordinates (a, y) of the point NV. 


“a 


Fig. 30. 


So again, in Physics, the pressure of a gas is a function of two 
independent variables, viz. the volume (per unit mass) and the. 
temperature. 


The functional relation is expressed by an equation of 


the form 
eo CA. Rey Deere Setieeueate (1). 


In particular, in the aforesaid case of a surface, if we denote 
the altitude PN by z, we have 


9 = DCR We saa ssansesdecsp eee oes (2). 


Let us now suppose that all the independent variables 
save one (x) are kept constant. Then the function uw may or 
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may not be a differentiable function of #; if it is differenti- 

able, its derived function with respect to 2 is called the 

‘partial differential coefficient’ or ‘partial derivative’ of u 

ey respect to x, and is conveniently denoted by du/dz. 
us 


ou Pet oe, Tee rete i ee) (8). 


aa = lims,= 


In like manner 
p (2, y + OY, -..) — P(&, Yo) (4) 
Sy ». (4). 
In the case of the surface (2) it is plain that the partial 
derivatives 


Ou-_,. 
By hte=0 


dz =z 
are the gradients of the sections (HK, LM, in the figure) of 
the surface by planes parallel to the planes ZOX, ZOY 
respectively. 


ie tw At BP, aa tice esters tae dsa¥nsosin: (5), 


we have — = marly", oo A ar eg LE (6). 


Ex. 2, Assuming that in a gas the pressure (p), volume (v), 
and temperature (@) are connected by the relation 


op fO op L 
we have Fags) gh? a6 Hl seccenversevrecenerss (8). 


46. Implicit Functions. 
An equation of the type 


NL) ene nin tea gih vet eilan ss (1) 


in general determines y as a function of w; for if we assign 
any arbitrary value to a, the resulting equation in y has in 
general one or more definite roots. These roots may be real 
or imaginary, but we shall only contemplate cases where, for 
values of x within a certain range, one value (at least) of y is 


ih. ff 
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real. The term ‘implicit’ is applied to functions determined 
in this manner, by way of contrast with cases where y 1s 
given ‘explicitly’ in the form 


eat Ah 33 MEP ae se (2). 
pice Dilan Sp) t. sotccnn sn aththanonhraasen (3) 


as the equation of a surface, then (1) is the equation of the 
section of this surface by the plane z=0. If the plane xy be 
regarded as horizontal, the sections z=C, where C may have 
different constant values, are the ‘contour-lines,’ 


If we regard 


If we require to differentiate an implicit function, we 
may seek, first, to solve the equation (1) with respect to y, 
so as to bring it into the form (2). It is useful, however, to 
have a rule to meet cases when this process would be 
inconvenient or impracticable. It will be sufficient, for the 
present, to consider the case where ¢(a, y) is a rational 
integral function of # and y, ze. it is the sum of a series of 
terms of the type Amna™”y", where m, n may have the values 
0,1, 2, 3,..... Since, by hypothesis, ¢ (2, y) is constantly 
null, its derived function with respect to @ will be zero. 
Now by Arts. 35, 37, 39, we have 


d dy, 
> (a™y”) — mai aL namyn oa f 
Hence, if 6(G,9) = Aan gr Ut ore ees (4), 
we have YAmnma™—y" + >A mana oe a), cceees (5). 


In the notation of Art. 45, this may be written 


or 


It will be shewn in the next Chapter that the results (6) and 
(7) are not limited to the above special form of $ (a, y); but 
the present case is sufficient for most geometrical applications. 
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EXAMPLES. XII. 
1. Sketch the contour-lines of the surface 
az= 2 + ¥, 
and describe the general form of the surface, 


2. Also of the surface az=saxy. 


3. If a=f(e+y), 
0z Oz 
prove that Be ~ By” 
and give the geometrical interpretation of this result. - 
4. If r= ,/(2 + y’), 
or or 
prove that rat iy Yy- 
DO. dt z=atan”®, 
02 ay dz ae 
prove that daa ty? ay ety 
6. If a=f (x+y), 
0% Oz 
prove that 5B =E iY. 
7. If oe; (¥) 
az 02 
prove that a ty et 0. 


aS ff ax? + Zhay + by’ + 2gx + 2fy+c=0, 
dy acthyt+g 
prove that ae = ha + by+f" 
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CHAPTER IIL. 
APPLICATIONS OF THE DERIVED FUNCTION. 


47. Inferences from the sign of the Derived 
Function. 

If y=¢(a), and if dz, dy be simultaneous increments of 
x and y, the limiting value of the ratio dy/5a when 6z is 
indefinitely diminished is, by definition, ¢’ (a). Hence, before 
the limit, we may write 


2 SW ayo See (1), 


where o is an ultimately vanishing quantity. 


A numerical example of the manner in which the ratio dy/da 
approximates to its limiting value may be of interest. We take 
the case of y=log,, 2, for the neighbourhood of x=1, The 
limiting value is here 


The numbers in the second column are taken from the printed 
tables. 


ox oy Sy /dx 
"1000 041393 ‘41393 
0500 | -021189 42379 
0100 0043214 43214 
‘0050 0021661 43321 


0005 | 00021709 43419 


‘0010 | :00043408 43408 
‘0001 | :000043427 43427 | 
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Let us first suppose that 
$’ (x) > 0. 


Since the limiting value of o is zero, we can by taking dz 
small enough ensure that 


¢'(z)+o>0. 
That is, by (1), dy will have the same sign as 6a for all 


admissible values of 82 which are less in absolute value than 
a certain magnitude e. 


In the same way, if 
$' (2) <0, 
dy will have the opposite sign to 62 for all admissible 
values of dz which are less in absolute value than a certain 
quantity e. 

If the independent variable be represented geometrically 
as in Fig. 1, Art. 1, and if = OW, where M is a point within 
the range considered, we may say that if ¢’(x) be positive 
there is a certain interval to the right of M for every point 
of which the value of the function ¢(«) is greater than its 
value at M, and a certain interval to the left of M at every 

oint of which the value of the function is less than its value 
at M. If ¢’(a) be negative, the words ‘greater’ and ‘less’ 
must be interchanged in this statement. When J is at the 
beginning or end of the range of a, the intervals referred to 
lie of course to the right or left of VW, respectively. 


It follows that if $’(«) be positive over any finite range, 
the value of ¢(#) will steadily increase with x throughout 
the range; 2.¢. if 2, and 2 be any two values of x belonging 
to the range, such that 2, >, then 


p (2) > p (21). 

For ¢(«), being by hypothesis differentiable, and therefore 
continuous, must have (Art. 25) a greatest and a least value 
in the interval from 2, to 2, (inclusive). And the preceding 
argument shews that the greatest value cannot occur at the 
beginning of the interval, or in the interior; it must there- 
fore occur at the end. Similarly the least value of ¢(«) 
must occur at the beginning of the interval. 


In the same way it appears that if ¢’(#) be negative 


> 
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over any finite range, then ¢(a) will steadily decrease as # 
increases, throughout this range; 7.e. if 7, and 2, be any two 
values of # belonging to the range, such that z, >a, then 


(2) < $ (%). 

The geometrical meaning of these results is obvious. When 
the gradient of a curve is-positive the ordinates increase with x; 
when the gradient is negative the ordinates decrease as x increases, 
The graphs of various functions given in Chapter I. will serve as 
illustrations. 


The converse statements that if ¢(#) steadily increases 
with # throughout any range, ¢’(z) cannot be negative for 
any value of a belonging to this range, and that, if ¢(@) 
steadily decreases as w increases, ¢’(x) cannot be positive, 
follow immediately from the definition of ¢’ (#). 


Again, even if ¢’(x) vanish at a finite number of isolated 
points, provided it be elsewhere uniformly positive, ¢ (x) will 
steadily increase. Suppose, for example, that ¢’(#,)=0, and 
that with this exception ¢’(z) is positive in the interval from 
£= a, to = H,, where 2,>2,. The least value of d(x) cannot 
then occur within this interval, or at the upper extremity 
(c=«2,). It must therefore occur at the lower extremity 


(a=). Hence 
(22) > p (a). 


The same conclusion is arrived at if ¢’(«) is positive from 
v=, to =a, except for =a, where it vanishes. 
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_ _In the same way, if $’(#) vanish at a finite number of 
isolated points, but is otherwise negative, ¢ («) will steadily 
decrease. 


He, If y=tanx—2, 


we have oy sec? « —1=tan?z. 
da 
Hence dy/dx is positive, except for x=0, 7, 27, .... Hence y 
steadily increases with x throughout any range which does not 
include one of the points of discontinuity (a#=47, 37, ...). 
Tt easily follows that the equation 
tana—x=0 


has no root between 0 and i; one, and only one, root between 
47 and 37; and so on. 


These results may be verified by a graphical construction. If 
we draw the lines 
y=tang®, y=2, 
their intersections will determine the values of « which make 


tan «=x. 


48. The Derivative vanishes in the interval be- 
tween two equal values of the Function. 


If (a) vanish for =a and #=b, and if ¢’(z) be finite 
for all values of 2 between a and 6, then ¢'(#) will vanish for 
some value of « between a and b. 


For, either ¢ () is constantly zero throughout the interval 
from a to 8, or it will have (Art. 25) a greatest or a least 
value for some value (#,) of w within this interval. In 
the former case we shall have ¢’(z)=0 throughout the 
interval; in the latter case ¢'(x,) cannot be either positive 
or negative (Art. 47) and must therefore vanish, since it 
is by hypothesis finite. 


The geometrical statement of this theorem is that if a curve 
meets the axis of x at two points, and if the gradient is every- 
where finite, there must be at least one intervening point at which 
the tangent is parallel to the axis of x, See, for example, the 
graph of sinw on p. 34; also Fig. 13, p. 27. 
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ee. 1, Tk (x) = (w — a) (a —b), 
we have d’ (x) = 2a — (a+ b). 
Hence ¢'(a) vanishes for «=1(a+6), which lies between a 
and 0. 

Ex. 2, IE ¢ (x) =——, 


x 


ae ne x COS ak sin 

Here $(x)=0 for a= and #=27; hence ¢’ (a) must vanish for 
some intermediate value of x. This is in agreement with Art. 47, 
where it was shewn that the equation x= tana has a root 
between a and 3r. 


It is to be carefully noticed that, in the above demonstra- 
tion, the conditions that ¢(#) and ¢’(x) should each have a 
definite (and therefore finite) value throughout the interval 
from #w=a to «=b are essential. The annexed figures 
exhibit various cases when the conclusion does not hold, 
owing to the violation of one or other of these conditions. 


A B 


Fig. 32. 


A slightly more general form of the theorem of this Art. 
is that if ¢(#) has the same value (8) for e=a and a=), 
then under the same conditions as to the continuity and 
finiteness of @(a) and ¢’(#), the derived function ¢’(#) will 
vanish for some intermediate value of z. This follows by the 
same argument, applied now to the function ¢ (#) — 8. 


49. Application to the Theory of Equations. 


If (x) be a rational integral function of a, then ¢ (a) 
and its derivative ’(«) are both of them continuous (and 
finite) for all finite values of « Hence at least one real root 
of the equation 
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will lie between any two real roots of 


This result, which is known as ‘Rolle’s Theorem,’ is important 
in the Theory of Equations. It is an immediate consequence 
that at most one real root of (2) lies between any two 
consecutive roots of (1). That is, the roots of (1) separate 
those of (2). 

Ex.1. Tt (x)= 4a — 212? + 18x + 20, 
we have d (x) = 1227 — 422 + 18 =6 (2a - 1) (x— 3). 
Hence the real roots of ¢ (x) = 0, if any, will lie in the intervals 
between —o and 4, 4 and 3, 3 and + a, respectively. Now, for 

x=—0, 4, 3, +0, 

the signs of ¢ (x) are —- + -; +, 
respectively, so that ¢ (x) must in fact vanish once (by Art. 10) 
in each of the above intervals. Hence there are three real 
roots. The figure shews the graph of ¢ (a). 


Fig. 33. 


If by continuous modification of the form of (x), for 
example by the addition or subtraction of a constant, two 
roots are made to coalesce, the root of ¢'(#)=0 which lies 
between must coalesce with them. Hence a double root of 
(x) =0 is also a root of ¢’(#)=0. 
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More generally, an r-fold root of ¢(#)=0 being regarded 
as due to the coalescence of r distinct roots, the equation 
¢’ (z) =0 will have r—1 intervening roots which coalesce. 

This suggests a method of ascertaining the multiple roots, 
if any, of a proposed algebraic equation. If a be an r-fold 
root of ¢(a), we have 


f(z) =(e— ayy (2)... cicctoncssannns (3), 
where x () is a rational integral function. Hence 
$ (2) =(@— a) {rx (2) + (@ — 2) x’ (@)}..-- A); 


a.e. (@—a)’— will be a common factor of $(x) and ¢’(z). 
And it is easily seen that (w—a)" will not be a common 
factor unless $(x) is divisible by («—a)’. Hence the 
multiple roots of ¢(#), if any, are to be detected by finding 
the common factors of ¢(«) and ¢’(x) by the usual alge- 
braical process. 


Ex, 2. If (x) = at — 9a? + 4a + 12, 
we have p' (x) = 403 — 18x + 4. 
The usual method leads to the conclusion that 2-2 is a common 
factor of (x) and ¢' (x); whence we infer that (a— 2)? is a 


factor of (x). The remaining factors are then easily ascer- 
tained; thus we find 


(a) = (« — 2)? (« + 1) (w + 3). 
Ex. 3. To find the condition that the cubic 


OF QE F Sx O65, vies ragagg eh eennn peaentes (5) 
should have a double root. 


The double root, if it exists, must satisfy 


Se+qg=0 or wat f(—4G)..ccce ee cer ens (6). 
Substituting in (5), we find 
rath (—4q*), or Pea ... cee eceneeeee (7); 


which is the required condition. 


50. Maxima and Minima. 

A ‘maximum’ value of a continuous function is one 
which is greater, and a ‘minimum’ value is one which is less 
than the values in the immediate neighbourhood, on either 
side. 


More precisely, the function ¢(#) is a maximum for 
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2=«,, if two positive quantities, e and ¢’, can be found such 
that ¢(«,) is greater than the value which ¢ (z) assumes for 
any other value of x in the interval from w=2,—e to 
e=a2,+e'. Similarly for a minimum. 


Since the comparison is made with values of the function 
in the immediate neighbourhood only of x, a maximum is 
not necessarily the greatest, nor a minimum the least, of all 
the values of the function. See Fig. 33, p. 105. 


We will limit ourselves for the present to the case, which 
includes all the more important applications, where ¢ (a) has 
a determinate and finite derivative at all points of the range 
considered. The argument of Art. 47 then shews that if 
¢ (#,) be a maximum or minimum, ¢’(#,) cannot differ from 
zero. For if it be either positive or negative, there will be 
points in the immediate neighbourhood of 2, for which ¢ (2) 
will be greater, and others for which it will be less, than 
(a). Hence, in the case supposed, a first condition for a 
maximum or minimum value of ¢(#) is that ¢’() should 
vanish. 


This condition is necessary, but it is not sufficient. To 
investigate the matter further, we will suppose that on each 
side of the point 2, there is a certain interval throughout 
which ¢’(z) is altogether positive or altogether negative*. 
Now if ¢’(z) be positive for all values of # between x,—e 
and 2,, @(a) will (Art. 47) steadily increase throughout the 
interval thus defined ; and if ¢’() be negative for all values 
of az between a, and 2,+¢, (x) will steadily decrease 
throughout the corresponding interval. Hence if both these 
conditions hold, ¢(#,) is a maximum. And it is evident that 
if the signs be otherwise, ¢(a) cannot be the greatest value 
which the function assumes within the interval extending 
from a,—e€ to 2+. 


We may express this shortly by saying that the necessary 
and sufficient condition in order that @(a,) may be a 
maximum value of ¢(x#) is that ¢’(«) should change sign 
from + to — as # increases through the value a. 


* That is, we exclude cases where ¢’ (x) changes sign an infinite number 
of times within any interval including 2,, however short. The point x=0 
in the function 2? sin 1/z is an instance. 
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In the same way we find that the necessary and sufficient 
condition in order that ¢(a,) may be a minimum value of 
(x) is that ¢’(#) should change sign from — to + as & 
increases through the value a,. 


In geometrical language, when the ordinate of a curve is a 
maximum the gradient must change from positive to negative ; 
when the ordinate is a minimum the gradient must change from 
negative to positive. This is abundantly illustrated in our 
diagrams; see, for example, Figs. 13, 17, 18, 33. 


Ex. 1. The distance (s), from an arbitrary origin, of a point 
moving in a straight line is a maximum when the velocity (ds/dt) 
changes from positive to negative, and is a minimum when the 
velocity changes from negative to positive. 

Thus, in the case of a particle moving upwards under gravity, 
we have 

ds 
s=ut — 490, * ee ie 
Hence ds/dt changes from positive to negative as ¢ increases 
through the value u/g. The altitude (s) is therefore then a 
maximum, 


Ex. 2. To find the rectangle of greatest area having a given 
perimeter, 

Denoting the perimeter by 2a, the lengths of two adjacent 
sides may be taken to be w and a—«a; hence we have to find the 
maximum value of the function 


GAG =) Saconeen Sire eae oe (1). 
The derivative of this is a —2a, which changes sign from + to — 
as # increases through the value }a. The rectangle of greatest 
area is therefore a square. 


The graph of the function (1) has been given in Fig. 13, p. 27. 


Ee. 3. To find the maxima and minima of the function 
p (x) = 403 — 21a? + 18H4+ 20 oe. (2). 
We have i (a) = 12 (fh) We= Sp aie A he, (3). 


This can only change sign when # passes through the values } 
and 3. Now when 2@ is a little less than 3, the signs of the 
second and third factors are —, —; whilst when 2 is a little 
greater than 4 they are +, —. Hence as & increases through the 
value 4, ¢' (w) changes sign from + to —. In a similar manner 


we find that as x increases through the value 3, ¢’ (a) changes 


P 
’ 
d 
: 
i 
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sign from — to +. Hence ¢ (x) is a maximum when # = 4, and a 
minimum when «=3. If we substitute in (2) we find that the 
maximum value is 24}, and the minimum value —7. See Fig. 33, 
p- 105. 


Ex. 4, Tf ¢(@)=;—a Seretior seca ete ase (4), 
we find ' (x) = ry VA ee ar ee eed ne (5) 


This can only change sign for e=+1. As 2 increases (alge- 
braically) through the value — 1, 1 — 2 changes sign from — to +. 
As « increases through +1, 1—«# changes sign from + to -. 
Hence for «=—1 we have a minimum value —-1 of ¢ (a), and 
for z=1 a maximum value 1. See Fig. 17, p. 31. 


Bx. 5. Tf > a eta ere (6), 
we have ~ (“)= ae Soiree ieevet naar (T): 


Here ¢’ (x) is always positive, and the function ¢ (a) has no finite 
maxima or minima. See Fig, 16, p. 31. 
Ex. 6. To find the right circular cylinder of least surface 
for a given volume. 
If x denote the radius and y the altitude, the surface is 
27a? + Qray, 
and if the given volume be 27a’, we have 
ey = 20°, 
Hence, eliminating y, the expression to be made a minimum is 
3 
0? + ae ; 
x 


the derived function of which is 


ae 
2(«—S). 


This changes sign as # increases through the value a, and the 
change is from —to +. Hence «=a makes the surface a mini- 
mum; and since y then = 2a, the height of the cylinder is equal 
to its diameter. 

The reader may verify that with these proportions the surface 
is 1:1447...of that of a sphere of equal volume. 


110 INFINITESIMAL CALCULUS. [CH. IIT 


Whenever the derived function ¢’ (x) vanishes, the rate 
of increase (Art. 33) of the original function ¢(#) is 
momentarily zero, and the value of ¢(#) is said to be 
‘stationary. As already stated, a stationary value is not 
necessarily a maximum or minimum, for cases may of course 
occur in which ¢’(#) vanishes without changing sign. 


Ex, 7. The simplest instance of this is furnished by the 


function 

(0) SP erssmaidietentnnsttans~s what (8). 
This makes ¢’ (”) = 32”, which vanish s, but does not change sign, 
as a increases through the value 0. Hence ¢(), though 
‘stationary,’ is not a maximum or minimum for «=Q. Fig. 34 
shews the graph of the function a*. 


¥ 


re 


ly’ 
Fig. 34. 


In most cases of interest, the derived function ¢’ (x) is 
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continuous as well as determinate (and finite). It can then 
only change sign by passing through the value zero; and it 
is further evident from Art. 10 that the changes (if there are 
more than one) will take place from + to —, and from — to +, 
alternately. The maxima and minima will therefore occur 
alternately. See Fig. 18, p. 34. 


51. Exceptional Cases. 

It will, however, occasionally happen that ¢’ (x), though 
generally continuous, becomes discontinuous for some isolated 
value of «; and if the discontinuity be accompanied by a 
change of sign as # increases through the value in question, 
we shall have a maximum or minimum, by the same argument 
as in Art. 50. 


Ex, Tf NG) SAGE? ec acndscdses ct ctesse 0s (1), 
we have ¢’' (x) = : (5) Eee teothe Catena civans omen (2). 


As «x increases through the value 0, this changes from —w to 
+o. Hence ¢(a) isa minimum forz=0. See Fig. 35. 
¥ 


x’ Oo x 
Fig. 35. 
Again, in Fig. 32 there occurs a point where ¢ (x) is dis- 
continuous, passing abruptly from a finite positive to a finite 
negative value. The ordinate is then a maximum. 


52. Algebraical Methods. 

It is to be noticed that many important problems of 
maxima and minima can be solved by elementary algebraical 
methods, without recourse to the Calculus. This is especially 
the case with questions involving quadratic expressions. 
These are all easily treated by the method of ‘completing 

the square.’ 
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Ex. 1. Thus, in the problem of Ex. 2, Art. 50, we have 
x (a — x) = 1a? — (x — fa)’. 

Since the last term cannot fall below zero, this expression has its 
greatest value (4a?) when « = $a. 

Ex, 2. The expression 2a?— 3x+ 2, 
may be put in the form ~. 

2 (a? — 8241) =2 (a — 3)? 4+ 2. 

Hence the expression has the minimum value 2, corrésponding to 
x=. 

Again, the solution of many important problems comes at 
once from identities such as 


ay=F{(etyfl—(e— yy} ..cceeeeeeee (1), 
(@ + yf = (@— YP A BY ooo. ccceeccee ee eseees (2), 
e+y=t{((atyPt (a—y)} ..ceee (3). 


Thus: 

The product (xy) of two positive magnitudes, whose sum 
(w+) is given, is greatest when they are equal ; 

The sum of two positive magnitudes whose product is 
given is least when they are equal ; 

The sum of the squares of two magnitudes whose sum is 
given is least when they are equal. 

Lx. 3, To find the greatest rectangle which can be inscribed 
in a given circle. 

If 2x, 2y be the sides, we have to make ay a maximum 
subject to the condition that a+ y?= a, where a is the radius of 
the circle. Now 

Qay = a? + y? — (a —y)? =a? —(e@— y)?...... 0.0 (4), 
which is obviously greatest when x=y. Hence the greatest 
inscribed rectangle is a square. 

fx. 4. To find the minimum value of 

A e0t 0 +.) tan Ue .t tn cnes saeweruenaee (5), 
for values of 6 between 0 and 47. 

The product of a cot 6 and d tan @ is constant, hence their sum 

is least when they are equal, 7.e. when 
UN eee C1.) he eee ge (6). 


The minimum value of the sum is therefore 2a%b}. 
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£z.5. To find the greatest cylinder which can be inscribed 
in a frustum of a paraboloid of revolution cut off by a plane 
perpendicular to the axis. 


Supposing the paraboloid to be generated by the revolution of 
the curve 


about the axis of x, then if h be the length of the axis, and x the 
abscissa of the end of the cylinder nearest the origin, the volume 
of the cylinder is 


2 
ny? (h— 2) = ny? @ _ Yr) Tes RENE (8). 
Now the sum of the quantities y? and 4ah—y? is constant; their 
product is therefore greatest when they are equal, 7.¢e. when 


OF = Die VOR HED oo cae nsicccsce oases (9). 


The height of the cylinder is therefore one-half that of the 
frustum. 


EXAMPLES. XIII. 
1. Verify the theorem of Art. 48 in the following cases ; 


(1) $(@)=@-a"@-)% 
Q) #@)=le ee, 


(3) $(2)=- 2-9-9) 


2. Prove that the curves 
y = x — 6a? + 9x? + 4 -— 12, 
and y =a — a — 32° + 5x2, 
touch the axis of x, and find where they cut it. Trace the 
curves. 


3. Prove that when z increases through a root of ¢ (x) =0, 
¢ (x) and ¢'(x) will have opposite signs just before, and the 
same sign just after the passage. Does this hold in the case 
of a double root? 


4, If, for a>x>0, $ ()="—a, 


L. 8 
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a® 
and, for «>a, $ (x) =a—-—a, 
whilst for «=a, (a) =0, 


prove that ¢(x) and ¢’(«) are continuous from x=0 tow=a. 
Trace the curve y = ¢ (2). 
5. Prove that the expression 
(w«—1) +1, 
is positive for all positive values of a. 
6. Prove that in the rectilinear motion of a point, the 


velocity is a maximum or a minimum when the acceleration 
changes sign. 


Tllustrate this from the simple-harmonic motion 
8=acos nt. 
7. Find the maxima or minima of the function 
at — 823 + 220?— 240 +12. 
8. Prove that the function 
223 — 3a? — 362+ 10 ] 


is a maximum when «=—2, and a minimum when 2 = 3. 


9. The function 4a°—182?+ 27a-7 
has no maxima or minima. 


10. Find the stationary points of the function 
x — at + 52° +1, { 
and examine for which of them the function is a maximum 
or minimum. 


11. Prove that the function 
10a — 120° + 15a* — 2022 + 20 
has a minimum value when «=1, and no other maxima or 
minima, 
12. Prove that the function 


2, /(a — 2") v 


is a maximum when @ = 3a. 


eee «diet 
(a +a) (b+a) 
is a maximum when #= ,/(ab), and a minimum when x=— ,/(ab). Vv 


13. The function 
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14. Prove that the function 
(w—1)> ¥ 
(x +1)* 


has a maximum value 2, and a minimum value 0, 


15. Prove that the expression 


l+a+a? 
l-a+2 
has a maximum value 3, and a minimum value }. 
; e+] 
16. The function peasy: 
-a#+1 
has a maximum value 2, and a minimum value — 2. 
A x (0®— 1) - 
17. The function ae | 
has two maxima, each =}, and two minima, each =—}. 
18. Prove that cos #+ sin 0 


is 2 maximum when §=1 


19. Prove that sin (@—a) cos (4 — f) 
is 2 Maximum or a minimum when 
6=4(a+f8)+47+4n7, 
according as n is even or odd. 
20. Find the maximum ordinate of the curve 
y = xe-*, 
Trace the curve. 
21. The curve y=x log x 
nas a Minimum ordinate — -3678.... 
Trace the curve. 
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22. Prove that the ratio of the logarithm of a number (a) to 


jhe number itself is greatest when x=e, 


23. Prove that the expression 
a cos 6+ bsin 6 
1as the maximum and minimum values + ,/(a? + 6°). 


8—2 


v 
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24. Prove that if a>b the expression 
acosh «+ bsinh x 


has the minimum value ,/(a?— 6°), but that if a<b it has neither 
a maximum nor a minimum. 


25. Prove that the function 
cosh # + cos % 
has a minimum value when x=0, but no other maxima or 
minima. 
26. Prove that the function 
cosh x cos « 


has a maximum value when «= 0, a minimum value when x = Sr 
(nearly), and a series of alternate maxima and minima corre- 
sponding to «=nr+4r, approximately, where n=1, 2, 3.... 


27. Prove that the function 


My (56 — 24) + My (9% — My)? +... +My (a x,)* 
is 2 Minimum when : 


Vv 


MyM + My Ly + 06. + My Ly 
M+ Mgt..t+M, — 
28. The velocity of waves of length A on deep water is 


proportional to 
rX @ 
es (s+ r/)? “i 


where a is a certain linear magnitude; prove that the velocity 
is a minimum when A=a. 


29. The inclination of a pendulum to the vertical, when the 


resistance of the air is taken into account, is given by the 
formula m 


6 =ae™ cos (nt + €) ; 
prove that the greatest elongations occur at equal intervals z/n of 


time, and that they form a series diminishing in geometrical 
progression. 


C= 


30. The force exerted by a circular electric current of radius 


aon a small magnet whose axis coincides with the axis of the 
circle, varies as 


Ren Nn 

(a? + x?)§ : 
where a is the distance of the magnet from the plane of the 
circle. Hence prove that the force is a maximum when a = 4a. 
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31. Find the straight line of quickest descent from a given 
point to a given vertical straight line, assuming that the time of 
sliding a distance s from rest at an inclination 6 to the hori- 


zontal is 
2s \t 
5 sin i) ; 
[The minimum time is 2 (a/g)!, corresponding to 6 = 11, where@ 


is the horizontal distance of the point from the given straight 
line. ] 


EXAMPLES. XIV. 


1. The rectangle of least perimeter for a given area is a 
square. 


2. The rectangle of given perimeter which has the shortest 
diagonal is a square. ae 


8. The greatest rectangle which can be inscribed in a given 
triangle has one-half the area of the triangle. 


4. A rectangle is inscribed in a right-angled triangle, so as 
to have one angle coincident with the right angle; prove that its 
area is a maximum when the opposite corner bisects the hypo- 
thenuse. 


Shew also that under the same circumstances the perimeter 
of the rectangle has neither a maximum nor a minimum value. 


5. Find the rectangle of greatest or least perimeter which 
can be inscribed in a given circle. . 


6. If through a given point A within a circle a chord PAQ 
be drawn, the sum of the squares of the segments PA, AQ is 
least when the chord is perpendicular to the diameter through A, 
and greatest when the chord coincides with the diameter. 


7. Given a fixed straight line, and two fixed points A, B 
outside it, it is required to find a point P in the straight line 
such that AP?+ PB? shall be a minimum. 


8. Find the square of least area which can be inscribed in a 
given square; and the square of greatest area which can be 
circumscribed to a given square. 
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9. A straight line drawn through a point (a, 6) meets the 
(rectangular) coordinate axes in P and Q, respectively; prove 
that the minimum value of OP + OQ is 


a+2,/(ab) +8. 


10. A straight line is drawn through a fixed point (a, 6); 
prove that the minimum length intercepted between the co- 
ordinate axes (supposed rectangular) is 


(at +082. 


11. A rectangular sheet of metal has four equal square 
portions removed at the corners, and the sides are then turned 
up so as to form an open rectangular box. Shew that when the 
volume contained in the box is a maximum, the depth will We J 


4 f{a+b— ,/(a®?—ab + b*)}, 


where a, 6 are the sides of the original rectangle. 


12. At what distance from the wall of a house must a man 
whose eye is 5 feet from the ground station himself in order that 
a window 5 feet high, whose sill is 20 feet from the ground, may 
subtend the greatest vertical angle? 


13. It is required to cut from a cylindrical tree-trunk a 
beam of rectangular section of maximum flexural rigidity ; prove 
that the breadth of the section must ‘be 4 the diameter, and 
its depth -866 of the diameter. (Assume that the flexural 
rigidity varies as the breadth and as the cube of the depth.) 


14. A straight road runs along the edge of a common, and a 
person on the common at a distance of one mile from the nearest 
point (A) of the road wishes to go to a distant place on the road 
in the least time possible. If his rates of walking on the com- 
mon and on the road be 4 and 5 miles an hour, respectively, shew 
that he must strike the road at a point distant 14 miles from A. 


15. Find at what height on the wall of a room a source of 
light must be placed in order to produce the greatest brightness 
at a point on the floor at a given distance a from the wall. 
(Assume that the brightness of a surface varies inversely as_ 
the square of the distance from the source, and directly as the — 
cosine of the angle which the rays make with the normal to the 
surface. ) 
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16. Two particles P, Q describe fixed straight lines inter- 
secting in O, with constant velocities ~, v. Prove that if A, B be 
simultaneous positions of the particles, and if, OA4=a, OB=6, 
4 AOB=o, the distance PQ will be least after a time 

au + bv —(av + bu) cos w 
uw — 2uv cos w + v* 


and that the least distance will be 
(av ~ bu) sinw 
J(u? — 2uv cos w + v*) * 


? 


17. Prove that the greatest rectangle which can be inscribed 
in a segment of a parabola bounded by a chord perpendicular to 
the axis has a length equal to 2 that of the segment. 


18. The greatest rectangle which can be inscribed in a given 
ellipse has its diagonals along the equi-conjugate diameters. 


19. If the length of a tangent to an ellipse intercepted 
between the axes be a minimum, the tangent is divided at the 
point of contact into two portions equal to the semi-axes of 
the ellipse, respectively. 


20. If a tangent to an ellipse includes with the principal 
axes (produced) a triangle of minimum area, it is parallel to one 
of the equi-conjugate diameters, 


21. A circular sector has a given perimeter; prove that the 
area is a maximum when the angle of the sector is 2 radians, and 
that the area is then equal to the square on the radius. 


22. If a triangle have a given base, and if the sum of the 
other two sides be given, the area is greatest when these two 
sides are equal. 


23. A quadrilateral has its four sides of given lengths, in a 
given order; prove that its area is greatest when it can be 
inscribed in a circle. 


24. If the power required to propel a steamer through the 
water vary as the cube of the speed, the most economical rate of 
steaming against a current will be at a speed equal to 14 times 
that of the current. 


is 
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EXAMPLES. XV. 
[The following results may be assumed : 


(1) The curved surface of a right circular cylinder of 
height 2 and radius a is 2rah; 


(2) The volume of the same cylinder is za*h ; 


(3) The curved surface of a right circular cone of height 
h, base-radius a, and slant side / is zal ; 


(4) The volume of the same cone is $7a*h ; 
(5) The surface of a sphere of radius a is 47a’; 
(6) The volume of the same sphere is $7a".] 


1. The cylinder of greatest volume which can be inscribed in 
a given sphere has a volume equal to ‘5773 of that of the sphere. 


2. The cylinder of greatest superficial area which can be 
inscribed in a given sphere has a surface equal to -8090 of that 
of the sphere. 


3. The cylinder of greatest volume for a given superficial 
area has its height equal to the diameter of the base, and its 
volume is ‘8165 of that of a sphere having the given superficial 
area. 


4, Find the cylinder of least surface for a given volume; 
and prove that the ratio of its surface to that of a sphere of 
equal volume is 1°145, 


5. Find the proportions of a thin open cylindrical vessel 
in order that the amount of material required may be the least 
possible for a given volume. 

[The height must equal the radius of the base. ] 


6. A cylinder is inscribed in a right circular cone; prove 
that its volume is a maximum when its altitude is } that of the 
cone, and that its volume is then 4 that of the cone. 


7. If a cylinder be inscribed in a right circular cone the 
curved surface is a maximum when the altitude of the cylinder is 
4 that of the cone. 


Shew also that the ¢otal surface of the cylinder cannot have a 
maximum value if the semi-angle of the cone exceeds 26° 34’ 


[= tan-? 3]. 


: 
| 
| 
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8. The cone of greatest volume which can be inscribed in a 
given sphere has an altitude equal to 3 the diameter of the 
sphere. 

Prove, also, that the cwrved surface of the cone is a maximum 
for the same value of the altitude. 


9. If a right circular cone be circumscribed to a given 
sphere, its volume will be a minimum when the altitude is double 
the diameter of the sphere. Shew also that the semi-vertical 
angle will be 19° 28’ [= sin“ 3]. 

10. The right circular cone of greatest surface for a given 
volume has an altitude equal to ,/2 times the diameter of the 
base. 

11. From a given circular sheet of metal it is required to 
cut out a sector so that the remainder can be formed into a 
conical vessel of maximum capacity ; prove that the angle of the 
sector removed must be about 66°. 


53. Geometrical Applications of the Derived 
Function. Cartesian Coordinates. 


We have seen (Art. 32) that if wy denotes the angle 
which the tangent, drawn to the right, at any point of the 


curve 
Y=P(L) rvrrecccenrccnseeoeeres (Ly 
makes with the positive direction of the axis of w, then 
dy _ 
ae BALE Sascaewsee orn!) Pips (2) 


With the help of this formula, several magnitudes connected 
with a curve may be expressed in terms of a, y, and dy/dz. 


yy 
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If the tangent and the normal at the point P meet the 
axis of « in 7’ and G, respectively, and if M be the foot of 
the ordinate, then 7'M is called the ‘subtangent’ and MG 
the ‘subnormal.’ Hence we find 


subtangent = 7M = MP cot p=y+ es vSideie «te tares (3), 
subnormal = MG = MP tan p=y . ee Aa Coe: (4), 


tangent = TP = MP cosecy 


a dy\\t dy - 


normal = PG = MP secp=y {1 + (eK sta ait (6). 


Again, the intercepts of the tangent on the coordinate 
axes are 


OT=O0N-TM= 2-+. 


a 
yh Cieereaget ot (7). 
a pugs OY 
OU= TO tan p=y—a > ] 
Be, 1, In the parabola: 9° = Lag cenc. cocscten-aoscpnnsene (8), 


we have, differentiating both sides with respect to x, and omitting 
the factor 2, 


which shews that the subnormal is constant and equal to 2a. 

Again, the subtangent is 

oe 

and is therefore double the abscissa ; in other words, the origin 
O bisects 7'M. 

Ex. 2, In the hyperbola 

UCT CEAEe ar eRe CRETE ETA (11), 

we have wine a Oat te ee (12). 
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Hence the formule (7) for the intercepts of the tangent on the 
coordinate axes give 2%, 2y as the value of these intercepts, 
respectively. Hence IM bisects O7', and therefore P bisects 7'U ; 
i.e. the portion of the tangent included between the coordinate 
axes is bisected at the point of contact. 


Y 


cf 


Fig. 37. 


Again, the product of these intercepts is equal to 4ay, or 4h. 
Hence the area of the triangle O7'U is constant and equal to 2/?, 


Ex, 3. More generally, in the curve 


m ndy _ 
e y Fae (14). 
This makes O7 v-y/S > Sais sl 


Hence UP: PT=OM:MT=«: sa MM v.....(15) 


that is, the tangent UT is 3 divided i in a constant ratio at the point 
of contact, 


This includes the two preceding cases. In the parabola 
(Hx. 1) we had m=—1, n=2; in the hyperbola (x. 2) m=1, 
n=l. 
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An important physical example is that of the ‘adiabatic’ 
relation between the pressure and the volume of a gas, viz. 
PO" = CONKE. 16. ie vans taneensaes ae (16). 


Tf a curve be constructed with v as abscissa and p as ordinate, 
the tangent is divided at the point of contact in the ratio y: 1. 


Ex, 4. In the ellipse 


+a as eyed tie (17) 
we find, on differentiating, 
OG Ginn: 
o! Bdes 
dy Bea 
whence Ip pe ae (18) 


dy a? vy? a x a 
= — =—=—_ = _—_— oe — —_— =e 
OT=¢« y [Baars a+e(1 J= : 


a x 
whence OM OD SG? s caten teas sehas i aeeees (19). 
The intercept made by the normal is 
OG=a+y = (1-5) a= 8. 0M cane (20) 
dx a ti ‘ 


where ¢ is the eccentricity. 


54. Coordinates determined by a single variable 
A curve is sometimes defined by means of two equations 


of the type 
@ = h(t). 1 (Coin en sneer cee (1) 
giving the coordinates in terms of a subsidiary variable t. 


For example, in Dynamics, the coordinates of a moving 
particle may be given as functions of the time. 


If we take any convenient series of values of ¢, we can 
calculate the corresponding values of # and y, and so plot 
out as many points as we please on the curve. 


If da, dy, 5¢ be simultaneous increments of a, y, ¢ 
we have 


’ 
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and therefore in the limit, when 6¢ is indefinitely diminished, 


_dy_dy , dx 
tanb =F dit di cect eet ces ee cccces (2). 
Ex.1. In the ellipse 
L=ACOSH, YHOSIN HP... crecereseseeeeees (3), 
_dy [dw __b 
we have tan y= 95 | ag- a COG weaeracananchases's (4). 


Ex. 2, In the case of a projectile moving under gravity, 
we have 


L=HtUt, Y=OrUt— Fl vrcveereecreees (5), 
dy |d« v—gt 
whence tan = Ga 


55. Polar Coordinates. 


Let P, P’ be two neighbouring points on a curve, and 
let r, @ be the polar coordinates of P, and r+or, 0+60 
those of P’. If we join PP’, and draw PW perpendicular to 
OP’, we have 

PN=OPsin PON =r sin 60, 


P'N=0P —ON =r+6r—r cos 80 =6r+r(1— cos 66). 


Fig. 38, 


When 86 is indefinitely diminished, the ratio of sin 60 to 60 
tends to the limiting value unity, and 1 — cos 60, = 2 sin? $69, 
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is a small quantity of the second order. Hence we may 


cere i __ PN _ 180 

tan PP'0 = ary = a ee (1), 
where o is a quantity whose limiting value is zero. Hence 
ultimately, when P’ coincides with P, we have, if ¢ denotes 
the angle which the tangent to the curve at P, drawn on 
the side of @ increasing, makes with the positive direction of 
the radius vector, 


dé : 
tan g=r 7 (2)*. 


Here @ is regarded as a function of r. If 7 be regarded as a 
function of 0, the formula is 


ldr 
cot p=" 5 SaOeies canna ee 
Fete in the cirele == 2a sin \-<.<. ce. oc. canveseen ays ...(4) 

we have log + = log 2a + log sin 6, 

1 dr 
and therefore ei cot 0, 
whence cot P=cotO, or P=O...ccceesseeeee (5), 

Pp 
g 
) 
Fig. 39. 


* The argument, which is an application of a principle stated in Art. 30, 
may be amplified as follows. We have, exactly, 


in 50 50 sin 60 1 
BAD RPO ae gree ee Cd eee 
dr+2rsin2450 dr’ 00 T,708 sin 00 : 


=. - sin 460 
ye Hi > ar aad 
and the limiting value of this is evidently rd0/dr. % 
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Ex, 2. When the radius vector of a curve is a maximum or 
a minimum, it is in general normal to the curve. 


For if dr/d6 = 0, we have cot 6 =0, or P= 47. 


EXAMPLES. XVI. 
1 Prove that the condition that the tangent to a curve 
should pass through the origin is 
y_ dy 


Prove that a pair of straight lines can be drawn through the 
origin, each of which touches all the curves obtained by giving ¢ 
different values in the equation 


oe 
y=ccosh-. 
c 


2. Prove that the perpendicular drawn from the foot of the 
ordinate to the tangent of a curve is 


dy a 
dae {! i ()} 
Hence shew that in the catenary y=c cosh 2/e this perpen- 


dicular is constant. : 


3. Prove that the perpendicular from the origin on the 


tangent is 
dy dy\*)* 
ee tae) ) 


Verify that in the circle J 


y=+ J/(@—*) 
this perpendicular is constant, and that in the rectangular 
hyperbola 


acy =k 
2h? 
it is equal to — oh 
‘ Je #) 
4. In the exponential curve (Fig. 20, p. 38) 
y= be! 


the subtangent is constant, and the subnormal is y’/a. 
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5. Inthe catenary y=ccosh2/c, 


the subtangent is ccoth z/c, the subnormal is $c sinh 2x/c, and 
the normal is y°/c. 


6. The subtangent of the curve 


y= aa 
is na. 


7. Prove that the curve 


touches the straight line ~ 4 ‘= 2 a) 


at the point (a, 6), whatever the value of n, 
8. In the curve of sines 
. @ 
y =bsin 3? 


the subtangent is a tan x/a, the subnormal is 407/a.sin 2a/a, and 


the normal is 
2 
bsin= wee + cost =), 
a a a 


9. “ Prove that the curves 
y=e-“sin Ba, y=e-@ 


touch at the points for which Ba =2na+4z, where n is integral. 
Sketch the curves. 


10. Prove that in the parabola 


ne sin? 36’ 4 
the focus being pole, p=1—16, 


and hence shew that the tangent makes equal angles with the 
focal distance and with the axis. 


11, Two adjacent points P, P’ on a curve being taken, 
straight lines PA, P’R are drawn at right angles to the radii ; 


prove that the limiting value of PR, when P’ coincides with P, 
is dr/d6. 
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_ 12. If ¢ be the angle which the tangent to a curve makes 
with the radius vector drawn from the origin, prove that 


13. If a curve be constructed with the velocity (v) of a 
moving point as ordinate, and the space described (s) as abscissa, 
the acceleration will be represented by the subnormal. 


14. Ifa curve be constructed with the kinetic energy (mv) 
of a particle as ordinate, and the space s as abscissa, the force 
will be represented by the gradient of the curve. 


56. Mean-Value Theorem. Consequences. 


The following very important theorem is an extension of 
- that given in Art. 48. 


If a function ¢(«) be continuous, and have a deter- 
minate derivative, throughout the interval from «=a to 


a=b, then 
OBI) oe seeped ipeek hawt AF: (1) 


where a, is some value of x between a and b. 


Consider the function 


$(0)— 6 (0) — P= PO (oa) voessee (2), 


This is, under the conditions ten continuous from #=a 
to «=b, and it obviously vanishes for each of these values of 
az. Hence its derived function 


(ef eo ee 3) 


must vanish for some value (#,, say,) of « between a and b. 
This proves the statement (1). 


The meaning of this result, and the nature of the proof, 
should be carefully studied. ‘The geometrical interpretation 


Li 9 
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is as follows. In the annexed figure, we have 


OA =a, OB=6b, 
PA=$(a), QB=4(0), 
aah tan OPK = Se = 2 OHS) eee 


Fig. 40. 


The theorem therefore asserts that (under the restrictions stated) 
there is some point between P and Q where the tangent to the 
curve y= ¢ (x) is parallel to the chord PQ. 

The equation of the chord PQ is 


y=$ (a) +2 O-$@ (a= @)..notdeeee (5), 


as is easily verified, and the expression (2) therefore measures the 
difference between the ordinate of the curve and that of the 
chord. This difference vanishes at P and Q, so that there must 
be one point at least between P and Q at which it is a maximum 
or a minimum, 


baw As UE (a) = 2", 
we have —_ =b+a, 


which is equal to the value of ¢’ (x) for ~=4(a + b). 


This is equivalent to the statement that any chord of a 
parabola is parallel to the tangent at the extremity of that 
diameter which bisects the chord. 
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The fraction pee) Sonele teehisspeen oxtan (6), 
that is, the ratio of the increment of the function to that of 
the independent variable, measures what may be called the 
‘mean rate of increase’ of the function in the interval b—a. 
Hence the theorem expresses that, under the conditions 
stated, the mean rate of increase in any interval is equal to 
the actual rate of increase at some point within the interval. 


For instance, the mean velocity of a moving point in any 
interval of time is equal to the actual velocity at some instant 
within the interval. 


Some other modes of stating the result (1) are to be 
noticed. The fact that x, lies between a and b may be 
expressed by putting 


BAG (DB), sce paie ovroteveses (7), 


where @ stands for ‘some quantity between 0 and 1.’ The 
precise value of @ will in general depend on the values of a 
and b. If we further write a+h for b, we get the very useful 
form 


ey Se ee (8) 

or p (ath) =G(a)+hd' (a+ Oh)....... 00: (9). 
Again, if we write z for a, and dx for h, we have 

Sd (2) =f! (a+ O82). BH........000008 (10). 


A very important deduction from the preceding theorem 
is that if SEASON): Saderannektins Sop savacely (iJ) 


for all values of # within a certain range, then ¢(#) must be 
constant throughout that range. 


For if ¢ (a) vary, let a and b be two values of # for which 
it has unequal values, The fraction 


$ (0)— (a) 
bogie (12), 
will then be different from zero, and there will therefore be 
some intermediate value of x for which ¢’(«) will differ from 


zero, contrary to the hypothesis, 
: 9—2 
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Moreover, if two functions ¢(«) and y(«#) have equal 
derivatives for all values of # within a certain range, they 
can only differ by a constant. For, by hypothesis, 


@ (@)—ale (@) $0 ~.csastvepnnsewasd (13), 
or es {hta)—ap(a)} =O ..ncceceeneeeee (14). 
Hence dh (w) —r(@) =comst. .........00000 (15), 


by the preceding case. 


Ex. 2. If the normals to a curve all pass through a fixed 
point, the curve must be a circle. 


For, by hypothesis, if the fixed point be taken as pole, we 
have, in the notation of Art. 55, 6=47, and therefore dr/dé =0, 
for all values of 6. Hence r = const. 


57. Notation of Differentials. 


We return to the equation 


é ' 

se mu (ONS Os veto Geet (1), 
of Art. 47. This is equivalent to 

Oy = hi (m) Oa 4c Om .. oc. cac. comes (2). 


As 8x approaches the value 0, the second term on the right 
hand becomes mcre and more insignificant compared with 
the first, since the limiting value of o is zero. Hence it 
becomes more and more nearly true that 


by Gi (G) Ceo aay act eee (3), 
not in the sense that both sides ultimately vanish, but in the 
sense that the ratio of the two sides approaches the value 
unity. In this artificial sense, the last equation is often 
written in the form 


Cy sz. ch! (PRES, so oawi ean eskpee owaste (4). 
The vanishing quantities dx, dy are called ‘ differentials.’ * 


The student need not take exception to the above mode 
of expression, which is purely conventional. Its use is 


* Tt is on account of the position which it occupies in this formula that 
¢’ (x) is called the ‘differential coefficient.’ 
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simply to express the fact that in calculations involving the 
quantities dz and dy, which are afterwards made to approach 
the limit zero, we may at any stage replace dy by ¢’ (#) 62, 
whenever it is plain that the omission of quantities of the 
second order will make no difference to the accuracy of the 
final result. 


58. Calculation of Small Corrections. 
The equation OU =D (2) OF oes waemaccsne ans cs Cla 


may, moreover, be employed as an approximate formula to 
find the effect on the value of a function of a small change in 
the independent variable, since (as we have seen) the out- 
standing error will be merely a small fraction of ¢’(«) da’ 
provided 8z be sufficiently small. An important practical 
application is to find the error, or the uncertainty, in a 
numerical result deduced from given data, owing to given 
errors or uncertainties in the data. 


Ex.1. To calculate the difference for one minute in a table 
of log sines. 

If y=log, sin z, we have dy/dx=, cot x, 
and dy = p cot xda, 


approximately, provided Sa be expressed in circular measure. 
Putting 


Tv 


at oes — -0002 
8x = circular measure of 1 10800 0002909, 


we find dy = 0001263 x cot x. 


The numerical factor agrees with the difference for 1’, in the 
neighbourhood of 45°, given in the tables. 

Ex, 2. Two sides a, 6 of a triangle and the included angle C 
are measured; to find the error in the computed length of the 
third side ¢ due to a small error in the angle. 


We have C= a2 + D8 — Jad COS C 2.0.5. .cccnevseees (2), 
and therefore, supposing C and ¢ alone to vary, 


cdc = ab sin C8C, 
malietice ie 2 bat Cab = ain BOC walsh d. (3). 
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This result may also be obtained geometrically ; thus, if in 
the figure 2 BCB’ =8C, and BW be drawn perpendicular to AB, 
we have, ultimately, 


8c = B'N = BB’ cos BBN =a8C.. sin CBA = adC . sin B, 


neglecting small quantities of the second order. 


B' 


c b A 
Fig. 41. 


Again, to find the error in ¢ due to a small error in the 
measured length of a, we have, on the hypothesis that a and ¢ 
alone vary, 

cdc = (a—b cos C) da=c cos Bda, 
or 00'S G08 Badims .. sens even eee ee wees (4), 


a result which, like the former, admits of easy geometrical 
proof. 


The above method is defective in one respect, in that 
there is no indication of the magnitude of the error involved 
in the approximation. This is supplied, however, by the 
theorem of Art. 56. It was there shewn that 


Sy = P (@--062) Oa ons coven snsvsesns (5), 


where @ is some quantity between 0 and 1. Hence if A and 
B be the greatest and least values which the derived function 
assumes in the interval from w to # + 6x, the error committed 
in (1) cannot be greater than |(A —B) d2|. 
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59. Maxima and Minima of Functions of several 
Variables. : 


We close this chapter with a few indications concerning 
the extension of some of the preceding results to functions 
-of two or more independent variables. 


In the first place let us seek for the maxima and minima 
of a function 


MED (iH, Were ss tevoas etd ncseuses (1) 
A first condition is that we must have simultaneously 
oe ee 
ee 0, ue OReatencs sana t (2), 


where the differential coefficients are ‘ partial,’ as in Art. 45. 
For if u be greater (or less) than any other value of the 
function obtained by varying #, y within certain limits, w will 
@ fortiori be a maximum (or minimum) when y is kept 
constant and «# alone is varied. This requires in general 
(Art. 50) that é¢/ae=0. Similarly, w must be a maximum 
(or minimum) when 2 is kept constant and y alone varies; 
this requires that 0f/dy = 0. 

As before, these conditions, though necessary, are not 
sufficient. The further examination of the question, in its 
general form, is deferred till Chapter XIV.; but it often 
happens that the existence of maxima and minima can be 
inferred, and the discrimination between them can be effected, 
by independent considerations. The conditions (2) then 
supply all that is analytically necessary. 


Ex. To find the rectangular parallelepiped of least surface 
for a given volume. 


Let a, y, z be the edges, and a’ the given volume, Since 


EYL ow sans scac ok vaassistpnsiians (3), 
the function to be made a minimum is 
aid tap n 
Gey as ey ey ee rier Ls (4). 


The conditions du/dx=0, du/dy=0 give 
ey=a, xyi=a', 
the only real solution of which is x=y =a, whence, also, z= a. 
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It appears from (4) that, « and y being essentially positive in 
this problem, there is a lower limit to the surface of the paral- 
lelepiped. And the above investigation shews that this limit is 
not attained unless the figure be a cube. 

As in Art. 52, the solutions of various problems can be 
deduced from known algebraical identities, such as 
O+pte=}(aty+zP+(y—zPt+(e—ay : 

+(x — y)}e.cceeee (5), 
yet cor ay= + y+ A—dl[y—2pt@—ay 

+ (a — y)}.-ceeeeee (6). 
Thus : 

If a straight line be divided into three segments, the sum of 
the squares on these is least when the segments are equal ; 


The surface of a parallelepiped inscribed in a given sphere 
(2? + y? +27 =a") is greatest when the figure is a cube. 


60. Total Variation of a Function of several 
Variables. 


Let thas pi (a4) h svcate eatas seece ee 


be a continuous function of # and y, and further let us suppose 
that the partial derivatives 


au 
Oa’ oy 
are also continuous functions of # and y. 


Let du be the increment of wu due to increments Sz and 
dy of the independent variables; te. 


Su = p (a + da, y + by) — b (a, Y)..1e0 Seo 


In the geometrical representation (Art. 45), du is the differ- 
ence of altitude of the two points of a surface which correspond 
to two points (a, y) and (a + da, y + dy) of the horizontal plane ay. 


Now if « alone were varied, the corresponding increment 
of u would by Art. 56 (10), be of the form 


Pini eee (4), 


where P is a certain function of x, y, and 8a. And it appears 
from the same Art., and from the meaning of a partial 
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derivative, that the limiting value of P when 6 is in- 
definitely diminished is 


Pax Soa y Na or ee oe (5) 
Similarly, if y alone were varied, the increment of u 
would be ST et Are ete aA POP Ten (6), 


where the limiting value of Q, when dy is indefinitely 
diminished, is 


Let us now suppose that the actual variation from 2, y to 
a+ x, y+éy is made in two successive steps, in the first of 
which z alone, and in the second of which y alone is varied. 
The total increment of u will then be 

OU EOE YOY caccsesscsseeesa 0° Gh 
where Q differs from Q owing to the fact that the starting 
point of the second variation is now (a + 6x, y) instead of (a, y). 

To find the form which (6) assumes when 6a and dy tend 
simultaneously to the value 0, preserving any assigned ratio 
to one another, we put 


Set 0b; 84 = Boban. cgesrndewsinsien (7), 


when a, # are finite, and 6¢ is made ultimately to vanish. 
We have, then 


In virtue of the assumed continuity of the derivatives (2), 
the limiting value of the right-hand side, when 6¢=0, is 


Ow | Ow 
P,at+Q8 or aia Sr seuanscael (9). 
Hence, the smaller 6z, dy are taken, provided they have some 
: ' 0 
* If we write OH = (x, y), y= CAO 
we have pee) PY) (a+ 0,62, Y)s 


ox 
Garris Hy) — elas ts 9) 


by y («+ bx, y + O,5y), 
where @ , 0, lie between 0 and 1. 
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definite ratio to one another, the more nearly does it become 
true that 


in the sense that the ratio of the two sides is ultimately one 
of equality. This result is often expressed in the form” 


du = ja ope eter Pena (11). 


The symbols dz, dy, du are then called ‘ differentials,’ and du 
is called the ‘ total differential’ of wu. 


The equation (10) shews that in the neighbourhood of a 


maximum or minimum, the variation of uw is of the second 
order of small quantities, since we then have 


ou 0 Ou 


by Art. 59. Thus, at a point of maximum or minimum altitude 
on a surface the tangent plane is in general horizontal. As 
already indicated, the converse is not necessarily true. See 
Art. 51. 


' The preceding theorem can be readily extended to the case 
of any number of ger variables a, y, z.... We have 


Su = b0 ote by + oe be + neues (18), 
ultimately. 


61. Application to Small Corrections. 


The theorem of the preceding Art. can be applied after 
the manner of Art. 58 to the calculation of small corrections. 


Ex. 1. In the case of Art. 58, Ex. 2, the total error in ¢, 
due to errors 6a, 6b, 5C in the observed values of the two sides 
and the included angle, is to be found from 


8 () <2) 504 0) op a0... (1), 


which gives 
cdc = (a —b cos C) 8a + (6 — a cos C) 8b + ab sin C8C, 
or dc = cos Bda + cos Adb +a sin BOC ......ccccceeeeeeee ee (2). 
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Ex.2. If A be the area of a triangle, as determined from 
a measurement of two sides a, 6, and the included angle C, 
we have 


Pa RUOEIDIG pions cote tac cnesy sn ethos (3), 
whence log A =log $ + loga+ log + logsin@ .........(4). 
Hence, differentiating, 

ba _ ba, 3 


ata ee a 
This gives the ‘ proportional error,’ ¢.e. the ratio of the error 
(8A) to the whole quantity (A) whose value is sought. 


An important point brought out by the investigation of 
Art. 60 is that the small variations of a quantity due to 
independent causes are superposed. This follows from the 
linearity of the expression for du in terms of dz, dy, dz, .... 


Thus, in determining the weight of a body by the balance, the 
corrections for the buoyancy of the air, and for the inequality 
of the arms of the balance, ntay be calculated separately, and the 
(algebraic) sum of the results taken. The error involved in this 
process will be of the second order. 


62. Differentiation of a Function of Functions, 
and of Implicit Functions. 


Another important application of the formula (11) of 
Art. 60 is to the differentiation of a function of functions, 
and of implicit functions. 


if /Thus:if TI Oe) a remaBaiken ot aig ovules Cl): 


Gwhere z, y are given functions of a variable t, we have, 
ultimately, 
Su dp da Op dy 


Bi da Bt By St er ereeeutiavels Sieraleia ste's (2), 
du _dpda« , dp dy 
or ae a ak dy dt aivieleiviuieivie ¢ di0.e siaie'e'e (3). 


This may be applied to reproduce various results obtained in 
Chap. u. To conform to previous notation we may write 


Y= (u, ), 
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where u, v are given functions of #; the formula (3) then takes 
the shape 


dy tp du | oh dv 
Ap = ae + Ze ae peseecenecceocnenes (4). 
Thus, if pf, OY A a. hacer aes fens (5), 
we have d¢/du=v, dp/dv=u, 
and therefore aie: =v = +U cinagy oma Np (6), 


in agreement with Art. 37. 


Again, if (6, OPE ni dencdeeaata coe dh kate es (7), 
we have 0/du= vu, dp/dv =u" . log u, 
by Art. 35. Hence 
d = A dv 
aa () = vu"! +4 log u andenme tease (8) 
2°. Again, if y be an implicit function of 2, defined by 
the equation = 
BAG) Os satin. CBs Hepes e ec wrahte (9), 
then differentiating this equation with respect to 2, we have 
ag de ab dy _ 4 
Onda dydae 
Op , Op dy _ 
or ae + dy aa sah ine eae cae eee (10). 


This is an extension of a result given in Art. 46. 


EXAMPLES. XVII. 


1. Prove that in a table of logarithmic tangents to base 10 
the difference for one minute in the neighbourhood of 60° will 
be -00029, approximately. 


2. The height A of a tower is deduced from an observation 
of the angular elevation (a) at a distance a from the foot; prove 
that the error due to an error 8a in the observed elevation is 


bh =a sec? ada. 


Tf a=100 feet, a=30°, and the error in the angle be 1’, 
prove that 6h=°47 inch. 


S 
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3. Ina tangent galvanometer the tangent of the deflection of 
the needle is proportional to the current ; prove that the propor- 
tional error in the inferred value of the current, due to a given 
error of reading, is least when the deflection is 45°. 


4. The distances (a, x’) of a point on the axis of a lens, and 
of its image, from the lens, are connected by the relation 


Lael 


prove that the longitudinal magnification of a small object is 
(x'/x). 
5. Verify the theorem of Art. 56 in the case of 
$ (0) =a. 


6. Prove that if ¢(x) be continuous and differentiable, 
except for a=2,, when it becomes infinite, then ¢' (a) is also 
infinite. 


7. The error in the area (S) of an ellipse due to small errors 
in the lengths of the semi-axes a, 6 is given by 


dS _ da 6b 


hg faa Ses 
8. If the three sides a, b, c of a triangle are measured, the 
error in the angle A, due to given small errors in the sides, is 


sinA da , 0b dc 
sin B sin 0 wee me ae 


6A = 
9. If the area (A) of a triangle be computed from measure- 
ments of one side (a) and the adjacent angles (B, (), shew that 
the proportional error in the area, due to small errors in the 
measurements, is given by 
6A _ , o4 c 8B AY dC 
B*aasnB’ asin’ 


Also, verify this-result geometrically. 


10. If a triangle ABC be slightly varied, but so as to remain 
inscribed in the same circle, prove that 
ba 8b z Ben 
cosA  cosB cosC — 
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11. If the density (s) of a body be inferred from its weights 
(W, W’) in air and in water respectively, the proportional error 
due to errors 6W, SW’ in these weighings is 

5s Woy ene 


7. ea ee 


12. Acrank OP revolves about O with angular velocity o, 
and a connecting rod PQ is hinged to it at P, whilst Q is con- 
strained to move in a fixed groove OX. Prove that the velocity 
of Q is w.OR, where R is the point in which the line QP 
(produced if necessary) meets a perpendicular to OX drawn 
through O. 


13. An open rectangular tank is to contain a given volume of 
water, find what.must be its proportions in order that the cost of 
lining it with lead may be a minimum. 


[The length and breadth must each be double the depth. ] 


14. Given the sum of three concurrent edges of a rectangular 
parallelepiped, find its form in order that the surface may be 
@ maximum. 


15. Prove that the parallelepiped of greatest volume which 
can be inscribed in a given sphere is a cube. 


16. Prove that the rectangular parallelepiped of greatest 
volume for a given surface is a cube. 


17. If a triangle of maximum area be inscribed in any 
closed oval curve the tangents at the vertices are respectively 
parallel to the opposite sides. 


18. If a triangle of minimum area be circumscribed to a 
closed oval curve, the sides are bisected at the points of 
contact. 


19. The triangle of maximum area inscribed in a given 
circle is equilateral ; and the triangle of minimum area circum- 
scribed to the circle is also equilateral. 


20. A polygon of maximum area, and of a given number (z) 
of sides, inscribed in a given circle is regular; and a polygon 
of minimum area, of » sides, circumscribed to the circle is also 
regular. 
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21. Assuming that the rectangle of greatest area for a given 
perimeter is a square, explain how it follows immediately that 
the rectangle of least perimeter for a given area is a square. 


What inferences can be drawn in like manner from the 
results of Examples 14 and 16, above? 


22. The polygon of n sides, which has maximum area for 
a given perimeter, or minimum perimeter for a given area, 
is regular. (Assume the result of Example 23, p. 119.) 


Hence shew that the figure of maximum area for a given 
perimeter, or of minimum perimeter for a given area, is a circle. 


23. By the regulations of the parcel post, a parcel must not 
exceed six feet in length and girth combined; prove that the 
most voluminous parcel which can be sent is a cylinder 2 feet long 
and 4 feet in girth, and that its volume is 2-546 cubic feet. 


CHAPTER IV. 


DERIVATIVES OF HIGHER ORDERS. 


63. Definition, and Notations. 


If y be a function of x, the derived function dy/dzx will in 
general be itself a differentiable function of z The result of 
differentiating dy/dx is called the ‘second differential co- 
efficient, or ‘second derivative. If this, again, admits of 
differentiation, the result is called the ‘third differential 
coefficient,’ or ‘third derivative’; and so on. 


If we look upon d/dx as a symbol of operation, the first, 
second, third, ... nth derivatives may be denoted by 


ts (Su Bian (fs 


respectively. The more usual forms are 
Mg es eee 
de’ da dst: da” 
which may be regarded as contractions of the preceding, 
although (historically) they arose in a different manner. 


Again, writing D for d/dx, as in Art. 31, we have the 


forms 
Dy, DP Py eee ae 
If v= i) (x), 


the successive derivatives are also denoted by 


p(x), $’(x), $” (a), ... ™ (a). 
Occasionally it is convenient to adopt the briefer notation 
y', y”, y”, “4 y™, 
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There are a few cases in which simple expressions fur the 
nth derivative of a function can be found. The more im- 
portant of these are given in the following examples. 


Ae OO Ba 


YHA FA Gt Age t Ag? + cet Ag, woececrerersereess (1), 
we have 

Dy = A, +2A.o+ 3Agx?+...4mA,x"}, 

ey = 2.14,4+3.24,+... +m (m—1) Aya”, (2), 


SPR eee HE eee eee eee ee HH Bae ereeEe seers ses ees eoHSEs Ee HED 


D™y =m (m—1) (m—2)...2.14An, 
and therefore Mh mig Nice US Dad ac Viet ORCS aR ence te (3). 


Hence the mth derivative of a rational integral function of 
the mth degree is a constant, and all the higher derivatives 
vanish. 


Ex. 2. Hf et ie We aor aE OY eee (4), 
we have Dy =k, Dyake™, ..., 
and, generally, DR TO Pe vsncerainda te slona cer a (5) 
Hence, putting k=log a, we have 
= (LOG A)” Aaa. naa: son ensundaner (6). 
Ex. 3. Tf Sfae BI BH rape fuser den Vises ned neanes (7), 
wehave Dy= fcosfa, D*y = — B? sin ay (8) 
Dy =— B* cos Bx, D'y= ftsin Bx) : 
and so on. 
Otherwise, we have 
Dy =f sin (Bx + 47), 
and therefore D*y = B' sin (Bu + 42 +47), 
and, generally, Dry = B" sin (Bat 47) wccscscsseseeeees (9). 
Wee, “4.- Tf i 008 oe rene ei eresan te naniene ss (10), 
we have Dy=—fsin Bx, Dy=— cos ig (11) 
D'y= fsin Ba, Dty= ftcosBx,)” : 
and so on. 
Or, Dy = B cos (Bx +47), 
whence D*y = B* cos (Bx +4r+ 47), 
and, generally,  D™y =f" cos(Bir+ 4m) .icceerrereesererees (12). 


L. 10 
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Ex. 5. If if =O COS BR vies 0. oo nota enwens (13), 

we find Dy =e" (a cos Ba—fBsin Bx), + ao (14). 
. D*y = e* {(a? — f°) cos Buz — 2a sin Bx} 

Similarly, if Af 2s OOM AG csanup so paxsonsousnemans (15), 

we have Dy = e™ (asin Bx + B cos Bx) ee (16). 
D*y = e* {(o? — B?) sin Ba + 2af cos Ba} 


General formule may be obtained, in these cases, by putting 
a=r7 cos 6, BHP eis Og. ikaw (17). 
This makes D.e cos Bx =e™(acos Ba —£ sin Bx) 
= re cos (Ba + 6), 


and by repeated application of this result we find 


D* , 6 cos Bu =1%e™ cos (Ba+ 78) .. ......-- (18). 
Similarly, D", esin Bx = resin (Bx +76) ........... (19). 
fx. 6. If 4) = NO ed ova cadeh's cenunaceaenetee (20), 


we have 
Dy =x, Dy =—«-?, Dey =-1.-—2.2-, ..., 
and, generally, 
Dry =-1.—2.-3...-—(n—1)2™ 


64. Successive Derivatives of a Product. Leib- 
nitz’? Theorem. 


If u, v be functions of #, we have by Art. 38 (20), 
D (uoy= Due +e. Du ti. (1). 
If we differentiate this again, we have 
D? (uv) = D(Du.v)+D (uw. Dv). 
Now, by the rule referred to, we have 
D (Du.v)= D'u.v+ Du. Do, 
D(u.Dv)= Du. Dv+u. D2, 
whence D* (uv) = DPu.v+2Du.Du+wu. Dv......... (2). 
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The general formula for the nth derivative of a product is 


D* (uv) = D®u.v + nD" wu. Dv + Z eee = Dry. Dv +. 


+nDu.D">v+u.D"0...... (3), 


the coefficients being the same as in the Binomial Theorem. 
This formula is due to Leibnitz. 

To see the truth of (3), consider the process of formation of 
the first few derivatives of wv. Using the accent notation, we 


have 
PINs CAIs cee daesneasatncies emacs (4). 


Differentiating this again, 
D? (uv) = u"v + wd! 
+ u'v' + ur" 
Sb 8 A DU A WY 188 Soon cas ee (5). 
The next differentiation gives 


D*(uv) = u'"v + Que! + u'v” 
wy + Quy" + UU” eee (6), 


where in the first line we have differentiated the first variable 
factor in each term of (5), and in the second line the second 
variable factor. The result is 


D*(uv) = wv + 3u"v' + 3a" + WU” eee (7) 


It appears that the numerical coefficient of the rth term in (7) 
is the sum of the coefficients of the rth and (7 — 1)th terms in (5); 
and it is evident from the nature of the successive steps that this 
law will obtain for all the subsequent derivatives. Now this is 
precisely the law of formation of the coefficients in the expansions 
of the successive powers of a+0; and since the coefficients of 
D(uv) are the same as those of the first power of a+, it follows 
that the coefficients in the expanded form of D"(uv) will be the 
same as those of (a + 6)". 


Dae a pease 3 taal peters io ti, Rabanieten deem (8), 
we have D*y=2D%u +nDa. Du 
SND Tie a 8 Ls Ri eR aR (9), 


since D’x=0. 
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Thus if 4 = BL Pes vd daae cnn dexeduneter (10), 
we have D*y =xD* sin Ba + 2D sin Bu 
=— P'xsin Bx + 28 cos Bx............ (11). 
Again, if Mf = NOS ass elas snexesnoamadane (12), 
we have Dy =xD" log x + nD" log x 
m—1)! at (m- 2)! 
= ge ay ty as Le ; 
by Art. 63 (20). Hence 
n—2)! 
Dry =( yn ae rote, PET er (13) 
ae 20k ea as Mae erer ty eee ere ee eee ate (14), 
we have 
Dy =e. Dwtn. De®. D™u+ — 5 Y) Dree®. D8 +... 
=e (Du + naD™ "4 + a. Poh | lags, ie Seep Be eee (15). 
Thus, if yp etetP eit Bx 72) acdc cen nes edeeenn (16), 
we have D*y = e* (D* sin Ba + 2aD sin Bx + a? sin Bx) 
= e*{(a? — B°) sin Ba + 208 cos Bx} ......... (17), 


in agreement with Art. 63 (16). 
65. Dynamical Illustrations. 


The second derivative is especially predominant in the 
dynamical applications of the Calculus. 


Thus, in the case of rectilinear motion, if s be the distance 
from a fixed origin, we have seen (Art. 33) that the velocity (v) 
and the acceleration (a) are given by the formule 


ds dv 
baer Ft) ee Peer cccerececceccres (1). 


Hence, in the present notation, we have 


d /ds\_ 4d’s 
a= dt (3) = de Fee ee meee reser neeseseess (2), 


t.e. the second derivative of s (with respect to the time) measures 
the acceleration. 
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So also the angular acceleration of a body about a fixed axis 
is given, in the notation of Art. 33, by 


A = de Seer ee tee eee eee eee eee eeeseees (3) 
Ex. 1. If s be a quadratic function of ¢, say 
Be AE EBC CO i occwcnlans enn oa cieeaess (4), 
we have S = 2At+B, 
d’s 
Ar Dy Nes RS tee eee estore ac (5), 


z.e. the acceleration is constant. 


Ex. 2. In ‘simple-harmonic’ motion we have 


B= COS (tell €) > retraite or cner sn canee (6), 
whence eee A (nt + €) 
dt ie 

e =— na COS (Nt + €) =— N78... ..seenee (7), 


i.e. the acceleration is directed always towards a fixed point (the 
origin of s) and varies as the distance from that point. 


Haz, 3. TE s=Acosh nt + Bsinh nt ........00.ses00 (8), 
we have Ss = nA sinh nt + nB cosh nt, 
Pt se Saye . 
Wp 'A cosh nt + n?B sinh nt =n’s......... (9); 


ae. the acceleration is from a fixed point, and varies as the 
distance. 


EXAMPLES. XVIII. 
Verify the following differentiations : 
y =a (1-2), Dey = 2 — 120 + 122%, 
y = hyo? (l— 3a), Diy = p (l- @). 
y = pypa(l—a) (P+le—-2*), Dy = tpx (x — I). 
y = paps (3P — 4104 20°), Dy =4hy(a— 41) 


(sar Mea) 
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pant a, -2f_! 1 } 
2 ie paresy Dy =3G—9- wap : 
1 1, _ 24 (1 — 10a? + 5a) 
6. Y=Ts a? Pe = . 
2a _ 4a: (a? + 3) 
UE ar eet 5 lank | Bs 
& yv=(1—2)-, Dry =m(m+1)...(m+n—1) (1—2)-™™. 
l+« e 2.n! 
rd 1-a’ DY= Gay 
“10. y=sin’a, D*y = 2 cos 2x. 
11, 4 = ¢08"2, D"y = 2"- cos (2a + $nz). 
12. y=sec a, D*y = 2 sec? x — sec x. 
13. y= x" sin @, D*y = 4x cos « — (a? — 2) sina, 
14. y=sin’ x cosa, Dey = 6 — 60 sin? x + 64 sin‘ x. 
15. y=sinesinh a, Dy = 2 cos x cosh x. 
16. y=cosxcosha, D*y =—2sinxsinh x. 
17. y=sin «cosh a, D*y = 2 cos x sinh a. 
18. y=cos «sinh g, D*y =- 2 sin « cosh x, 
—aqn-l ae « 

19. y=sin-'g, yal oa Fey 


20. ‘The first five derivatives of tan x are 
1+?, 2¢(14+?), 2(14+3)(14+8), 8¢(24+30) (1+), 


8 (2 + 152+ 1544) (1 +2), 
where ¢= tan a. 


tran ao 
21. y=x'log—, D i 
2(n—3)! 
22. y=«' loga, Dy= (pao 
23. y= me", Dy = (a +n) e*. 


24. y=are", Dry = {x? + 2ma + n(n —- 1)} 
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25. By applying Leibnitz’ Theorem to the differentiation of 
the identity 
x™, oh = mtn, 
prove that 


r r(r—1 r(r—1 =) 
My + 7 MyM + ‘ = ) My—9Ny + ee) Mry—g Itz + oe 


+ Np = (M + 2) ny 


where m, =m (m—1)(m—2)...(m—r+1). 
5 ae. ds. 
26. The equation Wet k a 0 
is satisfied by s = Ae-* cos (ct + €), 


for all values of A and e, provided 
=n? — th. 


d’s ds 


27, The equation Te 2n aie 73) 
is satisfied by s=(A + Bt)e™. 
28. If z=$(), y=x(th 
di dy dy da 
Py dtd dt dt 
prove that i A REE Pe 
(ai) 


66*. Geometrical Interpretations of the Second 
Derivative. 

In Art. 56 an important property of the derived function 
was obtained by a process which consisted virtually in a 
comparison of the curve 

B= DD) crsescrnessnorsensrnves (1) 
with a straight line Gf SA + Bat... cesccesenceeeeeseses (2), 
the constants A, B being determined so as to make (1) and (2) 
intersect for two given values of . 

We proceed, in a somewhat similar manner, to compare 
the curve (1) with a parabola 

YH=AA BEACH wriscrrersscereee (3), 


* Arts. 66, 67 can be postponed, 
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where the constants A, B, C are determined so as to make 
(1) and (8) intersect for three given values of a. 


1°. We will first suppose these values of x to be equi- 
distant; let them be a—h, a, a+h. The equations to 
determine the constants are then 
A+B(a—h)+C(a—hyf=¢(a—h), 
A+Ba + Ca? = (a), cod ee (4) 
A+B(at+h)+C(at+hy=¢(ath) 
Let us now write 
F (#)=¢$(«)—(A + Ba + Ca’)............ (5), 
i.e. F(x) denotes the difference of the ordinates of the curves 
(1) and (8). By hypothesis, /'(«) vanishes for c=a—h, and 
for =a; hence, by Art. 48, the derived function F’’ (x) will 
vanish for some intermediate value of z, that is 


Geeie0. 3 cee (6), 


where 1>6,>0. Again, since F(z) vanishes for «=a, and 
for c=a+h, we shall have 

JO (Gey = Oo. scans, soon ess (7), 
where 1>6,>0. 

By a further application of the same argument, since the 
function F’ (#) vanishes for =a —6,h and for =a+ 6,h, its 
derived function #”’(z) will vanish for some intermediate 
value of #; we have therefore 


Bila-chi\ wo ee ae (8), 


where @ is some quantity lying between — 0, and 6,, and 
ad fortiori between +1. Since, by (5), 


F(a) =" (ae) — BO vncaxecnestsensaes (9), 
it follows that, for some value of 0 between + 1, 
OY (Ga Gh) = 20s nace eee (10). 
Now from (4) we find 
$(a+h) — 2g (a) + ¢(a—h) = 20h? ...... Gi 


and therefore 
p(ath) ret, ea = $” (a+ Oh)...(12). 
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Hence 


lim;—» ea tee?) = $” (a)...(13). 


In the same way we could prove that 


lim,_, et aie te kes) =e (ayn (14), 


If the difference 
$(a+h)—$ (a) 
be denoted by dy, the expression 
{p (a + 2h) — $ (a+ h)} —{ (a +h) — 4 (a)} 


may be denoted by 8(8y) or Sy. Hence the formula (14) is 
equivalent to 


Sy _ Ty 
(8a)? dae see wes cesses seees (15). 

To interpret the theorem (13) geometrically, let, in 
Fig. 42, 


lims,—» 


OA=a, OH=a-—h, OH’=a+th, 


and let AQ, HP, H’P’ be the corresponding ordinates of the 
curve (1). Join PP’, and let AQ meet PP’ in V. Then 


VA=1(P'H+PH) 
=} {p(ath)+¢(a—A)f, 
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and therefore 
VQ=VA-QA 
=3{[p@+h)—29 (a) +9 (a—-h)}. 
Hence the theorem (13) asserts that 
VEE AG a) nn fetes pension (16), 
ultimately. 
It appears that the chord is above or below the are 
according as @”(a) is positive or negative. 


2°, We will next suppose that two of the three points 
at which the curves (1) and (8) intersect are coincident. 
More precisely, we suppose that for «=a the curves not 
only intersect but touch, and that they intersect again 
for ©=a+h. The conditions that, for e=a, y and dy/dz 
should have the same values in the two curves, are 
A + Ba + Ca? = ¢ (a), 
B+2Ca= ¢’ (a) 
while the third condition gives 
A+B(ath)+C(athP=d(ath).....(18). 
With the same definition of F(x) as before, we have 
W(a)=0,  Flath)= 0........, 00. (19), 
and therefore Wad (20 S28 od. | are eee (20), 
where 1>0,>0. Again, since F’ (x) vanishes for «=a, and 
for 2=a+06,h, we have 


TPC Gla as I en cacn tennant 21) 
where 0, >0>0. ey 


Now from (17) and (18) we find 
fp (a+h)—(a)—hd’ (a)=Ch? ......... (22). 
Hence, by (9) and (21), 
p (ath) = (a) +h’ (a) + gh?” (a + Oh)...(23). 
This very important result will be recognised, later, as a 
particular case of Lagrange’s form of Taylor's Theorem (see 
Chap. xiv). It includes as much of this theorem as is 


ordinarily required in the dynamical and physical applications 
of the subject. 
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From (23) we deduce 
: h)— —h¢’ 
Se ria). 4) 
In Fig. 43, let OA =a, AH =h, and let AP, HQ be the 


corresponding ordinates of the curve (1). If QH meet the 
tangent at P in V, we have 


QH=¢(at+h), VH=¢(a)+h¢’ (a). 


A 
Fig. 43, 
Hence (24) asserts that 
O Ves R ATA NG) sn cuccesetolessse: (25), 


ultimately. 


Hence, ultimately, the deviation of a curve from a 
tangent, in the neighbourhood of the point of contact, is 
in general a small quantity of the second order. 


If 6” (a) +0, QV does not change sign with h, and the 
curve in the immediate neighbourhood of P lies altogether 
above, or altogether below, the tangent line, according as 
” (a) is positive or negative. 


The formule (16) and (25) have an interesting appli- 
cation in the theory of Curvature. See Chap. x. 
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67. Theory of Proportional Parts. 
Let us make the curves 


and gfe A Ba UI By ta tcanaees scar (2), 
intersect for w=a, w=a+zh, r=a+h, 
where 1 >z>0. 
We find 
(1 —z) $(a)+ 26(a+h)—¢(a+zh)=2(1—2z)WC...(8); 
and consequently, by the method of the preceding Art., 
(1-2) (a) +26 (a+h)— $ (a+ zh) =42 (1 2) g” (a + Oh) 


...(4), 
where 1>@>0. 


This result, which includes the theorems of Art. 66 as 
particular cases, is here introduced for the sake of its 
bearing on the theory of ‘ proportional parts.’ Suppose that 
¢ (x) is a function which has been tabulated for a series of 
values of 2 at equal intervals h. Let a be one of these 
values, and suppose that ¢ (wx) is required for some value of 
« between this and the next tabular value a+h; say for 
a+zh, where 1>z>0. In the method of ‘proportional 
parts, the interpolation is made as if the function increased 
umformly from «=a to c=a+h, i.e. we assume 


p(a+ sh) $ (4) _# (5) 
bah oblay To : 
or $ (a+zh)=(1—z) 6 (a) +26 (a+h)...... (6). 
The formula (4) gives the error involved in this process, 
which is equivalent to assuming that the arc of the curve. 


(1) between =a and e«=a+h may be replaced without’ 
sensible error by its chord. 


The maximum value of z(1—2z) is 4, by Art. 50, Ex. 2, 
Hence if & denote the greatest value which $” (@) assumes 
in the interval from «=a to =a-+h, the formula (4) shews 
that the error 
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Ezx.1. Ina seven-figure logarithmic table, the logarithms of 
all numbers from 10000 to 100000 are given at intervals of 


unity. Now if 
ah (4) = lO ig Bsa sasdeensersveve senses (8), 
” lina 
we have $” (x) =— gh Tere eeeeaseneeneess (9). 
Hence, putting h=1, in (7), we find that in the interpolation 


between log, and log, (n+1) the error involved in the 
method of proportional parts is not greater than 


On 0 tO adign.c platessa voane rine (10). 
Thus for »=10000, where it is greatest, the error does not 
exceed 000000000543, 


and is therefore quite insensible from the stand-point of a seven- 
figure table. 

It appears from (4) that the method may be expected to 
fail whenever $” (x) is large. The differences are then said 
to be ‘irregular.’ 


Ex. 2. Tf (a2) =logyy SIN & oo. .ssersceneeeeeeee (11), 
we have DP” (2) =— fp COSEC? GB srevevsevecees Pees ee 
Hence, putting h= ias08 = 000291, 
we find 1724)" (x) =— 00000000460 cosec? a ......4.. (13). 


Since cosec? 18° = 10°47, it appears that in a table of log sines at 
intervals of 1’ the error of interpolation may amount to half 
a unit in the seventh place when the angle falls below 18°. 


68. Concavity and Convexity. Points of In- 
flexion. 


Just as ¢’(«) measures (Art. 33) the rate of increase 
of $(x), so $’ («) measures the rate of increase of f’ (&). 
Hence if $” () be positive the gradient of the curve 


nieeih an etiinl. hha ah Ate) (1) 


increases with x; whilst if ¢” (x) be negative the gradient 
decreases as 2 increases. 

If $”(«)=0, the rate of change of the gradient is 
momentarily zero, and we have a ‘stationary tangent.’ The 
simplest case of this is at a ‘point of inflexion,’ ue. a point at 
which the curve crosses its tangent; see p. 159. 
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A curve is said to be concave upwards at a point P 
when in the immediate neighbourhood of P it lies wholly 
above the tangent at P. Similarly, it is said to be convex 
upwards when in the immediate neighbourhood of P it lies 
wholly below the tangent at P. 


If the curve, to the right of P, lie above the tangent at 
P, it is easily seen from Art. 56 that within any range (how- 
ever short) extending to the right of P there will be points 
at which ¢$’(x) is greater than at P. Hence, by Art. 47, 
the value of ¢”(z) at P cannot be negative. The same 
conclusion holds if the curve, to the left of P, lie above the 
tangent at P. 


Fig. 44. 


Similarly, if the curve, either to the right or left of P, lie 
below the tangent at P, the value of 6” (a) at P cannot be 
positive. 


___ It follows that the curve is concave upwards when ¢” (2) 
is positive, and convex upwards when ¢”(«) is negative. 
This result may be inferred also from Art. 66 (25), which 
shews that QV has the same sign as #” (a). 


It appears, moreover, that at a point of inflexion, where 
the curve crosses its tangent, $” (x) cannot be either positive 
or negative, and therefore (since it is assumed to be finite) 
must vanish, This condition, though essential, is not suffi- 
cient. It is further necessary that $” («) should change sign 
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as increases through the value in question. Suppose, for 
instance, that to the left of P the curve lies below the 
tangent at P, and that to the right of P it lies above it. 
It appears then from Art. 56 that there will be points of the 
curve both to the right and to the left, in the immediate 
neighbourhood of P, at which the gradient is greater than at 
P, ie. the gradient is a minimum at P, and $”(#) must 
therefore change (Art. 50) from negative to positive, 


Fig. 45. 


If the crossing is in the opposite direction, the gradient 
is a maximum at P, and ¢”(«) changes from positive to 
negative. 

Hz. 1. Tf Sf eaclrtrer sesratemtiingdtaY creat ex: (2), 
we have y” = 6x. 


This changes from — to + as & increases through 0. Hence we 
have a point of inflexion ; see Fig. 34, p. 110. 


Ex. 2. i rar, rPrrerrerreri rte ee (3). 


» _ 40 (x? — 3) 


This makes va “Gta ° 
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Hence there are three points of inflexion, viz. when «=0 and 
‘when w=+ ,/3. See Fig. 17, p. 31. 


Ex, 3. In the curve of sines 


ee 
we have y” =—= sin - =— 
a a 


Hence y” changes sign, and there is a point of inflexion, 
whenever the curve crosses the axis of x. See Fig. 18, p. 34. 


Ex. 4. In the curve 


we have y = 1224, 

This vanishes, but does not change sign, when x=0. Hence 
we have a stationary tangent, but not a point of inflexion in the 
strict sense. It is in fact obvious, since 2* is essentially 
positive, that the curve lies wholly on one side of the tangent 
at the origin. 


69. Application to Maxima and Minima. 


The criterion of Art. 50 for distinguishing maxima and 
minima values of a function ¢ (#) can also be expressed in 
general in terms of the second derivative $” (2). 


Since $” (a) is the derivative of ¢’ («), it appears that if, 
as @ increases through a root of ¢' (x)=0, $” (x) is positive, 
¢’ (w) must be increasing, and therefore changing sign from 
—to+. Hence $(@) is a minimum. 

Similarly, if p” (#) is negative when ¢’ (x) =0, $’ (#) must 
be decreasing, and therefore changing sign from + to — 
Hence $(#) is a maximum. 


The connection of these results with the criterion of 
concavity and convexity (Art. 68) is obvious. 


Hz. 1. In rectilinear motion, the distance (s) from the 
origin, is a maximum or minimum when the velocity (ds/dé) 
vanishes, according as the acceleration (d?s/dé”) is then negative 
or positive. 


Ex. 2. Let (a) a 
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We have seen, Art. 50, Ex. 4, that ¢'(x) vanishes for x=1 
and «=—1. Also from the value of $”(x) given in Art. 68, 
Ex. 2, it appears that 


pie een 
Hence the former value of x gives a maximum, and the latter a 
minimum, value of g(x). See Fig. 17, p. 31. 


It may happen, however, that a value of « which makes 
¢’ ()=0 also makes $” (#)=0. It is easily shewn that in 
this case ¢(#) is in general neither a maximum nor a 
minimum (cf. Fig. 34, p. 110), but it is hardly worth while 
to continue the discussion here.. The complete rule will 
be given later (Chap. XIV.) as a deduction from Taylor's 
Theorem. 


70. Successive Derivatives in the Theory of 
Equations. 


The successive derived functions play a great part in the 
Theory of Equations. 


We have seen (Art. 49) that, if d (x) be a rational integral 
function, at least one root of ¢’ (x) = 0 will occur between any 
two roots of ¢(«)=0. Similarly, at least one root of 
¢’ («) =0 will occur between any two roots of ¢’ (x) =0, and 
so on. 


Moreover, since an r-fold root of ¢(#)=0 is an (r—1)- 
fold root of ¢'(x)=0, it will be an (r—2)-fold root of 
g” (x) =0,..., and finally a simple root of 6”— (z) =0. Hence 
the necessary and sufficient conditions for an r-fold root of 
¢(a)=0 are that the functions 


$(z), PC), P'(®), wy POM) srrerree. (1) 
should simultaneously vanish. 
Eu, If h (x) = 2a + Sat + 40% + 2a? + 2a+ 1, 
we have p (x) = 1004 + 202? + 1227 + 4a + 2, 
b" (x) = 4 (10a? + 15a? + 6x + 1). 


These all vanish for «=—1, which is therefore a triple root of 
$(a)=0. We find, in fact, that 


p (@) = (@ + 1)? (2a? -a +1). 
L. ll 
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EXAMPLES. XIX. 
Prove that, in a table of natural sines at intervals of 1’, 
the error of proportional parts never exceeds 
0000000106. 
2. Shew that in a table of natural tangents the method of 
proportional parts fails for angles near 90°. 
Also prove that the limit of error for angles near 45°, when 
the tangents are given at intervals of 1’, is 
0000000423. 
3. Shew that in a table of logtangents the method of 


proportional parts fails both for angles near 0° and for angles 
near 90°, 


Shew also that the maximum error involved in the method 
is least for angles near 45°. 
4. Prove that the curve 
~y=loga 
is everywhere convex upwards, 
5. Prove that-the curve 
y=a loge 
is everywhere concave upwards. Trace the curve. 
6. Find the maximum ordinate, and the point of inflexion, 
of the curve 
y=xe™, 
Trace the curve. 


[The maximum ordinate corresponds to a=1; the 
inflexion to #=2.] 


7, Shew that the curve y=e-* 


has inflexions at the points for which x =+—~ “3 ; and trace it. 
8. Find the maximum and minimum ordinates, and the 
inflexions, of the curve 
y =xe-™, 
Trace the curve. 
[The maximum and minimum ordinates are given by 
a= ,/}; the inflexions by «=0, + ,/3.] 
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9. A certain function ¢ (x) is constant and 
= (6a) 


a 
ee == 2 1 p22 1 
for 0<x<a; it = 4b ei to fe 


for a<x<b; and = 


for z>6. Prove that $(«) and ¢'(x) are continuous, but that 
¢” (a) is discontinuous. 


Trace the curve y= ¢ (2). 


10. Shew that y =x? (3-2) 
has an inflexion at the point (1, 2). Trace the curve. 
11. Shew that y=2 (1 —2*) 


has inflexions at the points («= - i) . Trace the curve. 


12. Find the points of inflexion of the curve 
63 


age ae ts {w=+a/,/3.] 
2, 
13. Shew that y= =a 


has a point of inflexion at (— 2a, —2a). Trace the curve, 


14. Find the points of inflexion of the curve 


oes x3 
a? + a?” 
and trace the curve. [a=0, +a,/3.] 
15. Shew that the curve 
l-2 
Sf Tae’ 


has three points of inflexion, and that they lie in a straight 
line. Trace the curve. 
16. Prove that the equation 


a — 102? + 1d54—6=0 
has a triple root. 


11—2 
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17. Prove that the equation 
a® — Bak + Sat + 9a — 1407-42 + 8=0 
has a triple root; and find all the roots. 


18. If PN, P’N’ be two neighbouring ordinates of a curve 
y=¢(a), and if QH, any intermediate ordinate, meet the chord 
PF’ in J, prove that 

QV=4NH. HN’. $’ (c), 
ultimately, where c is the abscissa of some point between WV and 
Wi. 
19. Shew that in the formula 
$ (at+h)= ¢ (a) +h¢' (a + Oh) 
of Art. 56, the limiting value of 6, when h is infinitely small, is 
in general }. 
What is the geometrical meaning of this result? 


20. Shew that the variation in the value of a function, in 
the neighbourhood of a maximum or minimum, is in general of 
the second order of small quantities. 


21. Explain why the rate of a compensated chronometer, 
at any particular temperature, differs from the rate at the 
temperature of exact compensation by an amount proportional 
to the square of the difference of temperature. 


22. Shew that, in a mathematical table calculated for equal 
intervals of the variable, the maximum error of interpolation by 
proportional parts, in any part of the table, is one-eighth of the 
‘second difference’ (2.e. of the difference of the differences of 
successive entries), 


CHAPTER YV. 
INTEGRATION. 


71. Nature of the Problem. 


In the preceding chapters we have been occupied with 
the rate of variation of functions given @ priori. The 
Integral Calculus, to which we now turn, is concerned with 
the inverse problem; viz. the rate of variation of a 
function being given, and the value of the function for 
some particular value of the independent variable being 
assigned, it is required to find the value of the function 
for any other assigned value of the independent variable. In 
symbols, it is required to solve the equation 


where ¢ (2) is a given function of «, subject to the condition 
that for some specified value (a, say) of 2, y shall have a 
given value (6). 

For example, the law of velocity of a moving point being 
given, and the position of the point at the time ¢,, it is required 
to find its position at any other time ¢, This is equivalent to 
solving the equation 


where ¢ (é) is a given function of ¢, subject to the condition that 
#=48, (say) for f=%,. 
If we can discover a continuous function (#) such that 


v' (2) =$(2); 


166 INFINITESIMAL CALCULUS. [CH. V 


the equation (1) becomes 


Hence if, as is the case in most practical applications of the 
subject, y be restricted to be continuous, we have, by 
Art. 56, 


where C is a constant. The precise value of C' is indeter- 
minate, so far as the equation (1) is concerned; C is therefore 
called an ‘arbitrary constant.’ Its use is that it enables us 
to satisfy the remaining condition of the problem as above 
stated. 


Thus if y=b for =a, we must have 
b= v (a) + C, 
whence y —b = (a) — Wh (GQ)... secereeeeeees (5). 


Hx. Given that the velocity of a moving point is w+ gt, 
we have 


wu + gt -2 (eed + Bgl?) sacsscgeine> (6), 

whence 8 RE PEGE CO racgienee nance tdanneaae (7). 
Determining C' so that s=s, for ¢=#,, we have 

8—S=U (t—t) +49 (E7— 07) ..cceeeeecee ee. (8). 


If, as in Art. 31, we use the symbol D for the operator 
d/dx, the equation (1) may be written 


and its solution may, consistently with the principles of 
algebraic notation, be written 


ek a 1) acer eee hes (10), 

the definition of the ‘inverse’ operator D~ being that 
D {17-36 oye th (@) saacnieesecsses el (11). 
The function DA SAw ye ii eee. eee (12), 


when it exists, is called the ‘indefinite integral’ of ¢ (x) with 
respect to #. It is more usually denoted by 
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The origin of this notation will be explained in the next 
chapter; in the meantime (13) is to be regarded as merely 
another way of writing (12). 


The distinction between ‘ direct’ and ‘inverse’ operations 
is one that occurs in many branches of Mathematics. A 
direct operation is one which can always be performed on 
any given function, according to definite rules, with an 
unambiguous result. An inverse operation is of the nature 
of a question: what function, operated on in a certain way, 
will produce an assigned result? To this question there 
may or may not be an answer, or there may be more than 
one answer (cf. Art. 20). In the case of the operator D™, we 
have seen that if there is one answer, there are an infinite 
number, owing to the indeterminateness of the additive 
constant C. Whether there is, in every case, an answer is a 
matter yet to be investigated; but we may state, although 
this is rather more than we shall have occasion formally 
to prove, that every continuous function has an indefinite 
integral. In the rest of this chapter we shall be occupied 
with the problem of actually discovering indefinite integrals 
of various classes of mathematical functions. 


72. Standard Forms. 


There are no infallible rules by which we can ascertain 

the indefinite integral 

D(a) or [op («) da 
of any given continuous function ¢ (a). As above stated, 
integration is an inverse process, in which we can only be 
guided by our recollections of the results of previous direct 
processes. 

The integral, moreover, although in a certain sense it 
always exists, may not admit of being expressed (in a finite 
form) in terms of the functions, whether algebraic or trans- 
cendental, which are ordinarily employed in mathematics. 
The following are instances: 


a sin & da 
fora, [7as [array 


and the list might easily be extended indefinitely. 
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The first step towards making a more or less systematic 
record of achieved integrations is to write down a list of 
differentiations of various simple functions; each of these 
will, on inversion, furnish us with a result in indefinite 
integration. The arbitrary additive constant which always 
attaches to an indefinite integral need not be explicitly 
introduced, but its existence will occasionally be forced on 
the attention of the student by the fact of integrals 
of the same expression, arrived at in different ways, differing 
by a constant. 

The student should make himself thoroughly familiar 
with the following results, which are fundamental : 


a 1 n—1 [ oN = 1 n+ 
7 Pes = nx > “x ae a? _ (A) 
* [except for n= —1], 

“h da 
Gp Bt =s> [Fetes 2, (B). ¥ 
= . kt = ke, [etde= : ek, (C) v 
= . SIN & = COS 2, [cos adx =sin 2, (D) J 
© cosa=—sin se, [sin edz =— cos a, (-) of 
& tan # = sec? a, | sec’ ada = tana, (F) « 
d 
aa" cot # = — cosec? a, [ cosec? ada = — cot 2, (G) «6 
ee eo r da ene 
eo ene ie a 
d ji. dx \ ie) 
di 8 = ea laveape id: (LJ) -, 
‘ sinh x = cosh 2, | cosh ada = sinh 2, (J) 
ie cosh # = sinh @, | sinh «dx = cosh a, (K) 


* As to the question of sign, see Art, 41. 
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- . tanh # = sech? 2, | sech? edz =tanh a, (tL) — 
< . coth z =— cosech? 2, cosech? eda =—cotha, (M x 
dx 
d 1 da Sealy 
Gp’ sinh i= atta’)? | aarean 7 sinh 
+fav? + a? 
Slog tVEFO) « (My Y 
d i al | oe 
ce cosh ao ew): Par 1 
L+f(e2- @ 
=log — ) ae 
d et Ue dx a: a 
rE a paar a we 3 =, tanh = 
pa ek a+a£ Y 
[a*<a'] = 5 log 2, (P)- 
da x a da 1 x 
as a al’ [amen poor? 
= ee “L-a / 
[a? > a?] ao OS as (Q) 


73. Simple Extensions. 


To extend the above results, we first notice that the 
addition of a constant to « makes no essential difference in 


the form of the result (cf. Art. 39, 1°). 
Thus, obviously, 
| (+ a)™de = — - yg Mk Get (1), 
da 
Jaca ee 2) Beconnst tae hase a oes oe (2), 
da . _.#-a 
[Woaea Ve (@= ayy gO) 


‘and so on. 


Some further illustrations occur in Arts. 74, 75. 


* As to the sign, see Art. 44, 
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Again, if « be multiplied by a factor k, the integral has 
the same form as before, except that it is divided by this 
factor (see Art. 39, 2°). 


Thus | sin kada=— : CAB FOE dasa cits seavrnieZe (4), 
= 5 = log (a +B) eae eneeeeeeee(B), 
and so on. 
Again, we have the theorems 
J Oerthaee Of dco ican esses 20 (6), 
f(wtotwt...)de=fude+fodxe+fwdet+...... in 


since, if we perform the operation d/dz on both sides we get 
in each case an identity, by Arts. 36, 37. 


Thus the indefinite integral of a rational integral function 
A, — ine. + Ap eR AS ea. (8), 


is Aga 4 Aa $6. + fA a0? + A pl (9). 


1 
m+1 
Again, suppose we have a rational fraction of the form 
F (2) 


By division this can be reduced to the sum of a rational 
integral function and a fraction 


The former part can be integrated as above, and the 
integral of (11) is 


A log (rie) va. cone eaver sae oe (12). 
En le fie=Widnae (GIS ee 
$+1 
d 
Ex. 2. 55] = 3 los (22-1). 


Ex. 3. fsin?'adx=4f(1 — cos 2x) dw =4a—4sin 2a, 
Ex. 4. stan? a da = [(sec” x— 1) da = tan x — 2, 
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3 
Web) (ae ee = [be pe th Bitte: 
x. 5 len® its +etitsae—p} 
= 1a + La + gat ay log (2a —- 1). 


EXAMPLES. XX. 


Find the indefinite integrals of the following expressions =. 


i u 1 ] 
Ll. = : a 
T-a2’ (1-a} a. 32-1’ (Qe-1) 
1 1 l+a 
— 3 ——_—_——___— —— —— 
8. -(«—1)*, fave Ce ME an i 
5 1 it l+a l+2 
M(2+x)? J(3 — 22) ; a’ ie 
1 —2a 242 1\2 1\3 
" 34a 7° 3-2 : («+5), (=+ 3) 
l+a 1-2 a? A 
: 1=—2’ +2" a lea’ l—-«& 
» a ee ea & ;: 
/ 1 be : ee ar | 12 cos’ x, cot? x. 
13. (cos”—sin 2)”. af 14. cosh?a, sinh’. 
Oe fit emt 
15. tanh?a, coth’x. 16. oe ; es 
l-« l+a 


74. Rational Fractions with a Quadratic Denomi- 
nator. 
We next shew how to integrate any expression of the 
form 
pen 
where F(a) is rational and integral. If necessary, we first 
divide the numerator by the denominator until the remainder 
is of the form az+b. We thus get the function (1) expressed 
as the sum of a rational integral function and a fraction 
ax +b (2) 
pecueee  oee P) 
* The student should test the accuracy of his results by differentiation. 
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The former part can be integrated as in Art. 73; it remains 
only to consider the form (2). 


We take first the case 


The form of the result will depend on whether p* = 4g. 
If p?< 4q, we have 
a+ pa+g= (e+ ap) + (q— dp) = (#— af + BY 
where a, 8 are real. Now 
le=ane = jean tere rome ft 
by an obvious extension of Art. 72 (J). 
If p?=4q, we have 
e+ pa+g=(x+3p), 
iD 
he, EST ph hy 
if pe 4g, we have a choice of methods. In the first 
place, writing 
ant pe +g =(e+ tp) — Gp'—g)=(@—aP— 
where a, 8 are real, we have by Art. 72 (Q) 


and 


wv i Loo 
Jeapsen pe 
ag! ae ee (7).* 


The more usual method of treating this case depends 
on the fact that when p?>4q the quadratic expression can 
be resolved into real factors; thus 

a+ pe +g =(w—a')(a— 8), 
where a=a+Bf, fp’ =a-B8. 
With a proper choice of the constants A, B we may then put 
1 A B 
(x —a’) (a — RB’) — eo. ee saps 5 sate Aa 


* It is assumed that «>a+f. The modifications necessary in other 
cases may be easily supplied. — 
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viz. this will be an identity, provided 


1=A @—P) + Ble —@) «00.6. cse (9), 
ze. provided 
A+B=0, Ap’+ Ba =-1............ (10), 
1 1 
or As et a a AO Con (11). 
Hence 
I dx me 1 da -(< 
(a2—a’)(e@—-f’) a& —B \Va-a yr; 
if , ; 
= ay log (w = 2) — log (w - 81} 
ail L—a 
=— Bo 8a Sp a arg ae (12), 


which agrees with the last form in (7). 


When we have once learned that. the two sides of (8) can 
be made identical, the proper values of A, B are most easily 
found as follows. We first multiply both sides of the identity 
by #—a', and afterwards put «=a. This gives the value of 
A. Again, multiplying both sides by # — f’, and afterwards 
putting 2 = 8’, we find B*. 


daz z dx cs 1%-4 
Palas eat Bhs 
an oat 
ae J3 
dx da ih wee 
aS 7 reper Qa—1y 22-1" 


> ae Stu dx dx i - o+h 
OH se See fee eS i? eee 
Ex. 3 ie Peers, 3 tan Z 
S = 2 tanh" eae 
_ Otherwise, assuming - * . 
‘ 1 et A B 
he (l—«)(@+2) l—a’ «+2’ 


* Hence the simple rule: To find A omit the corresponding factor in t 
- “denominator of the,expréssion which is to be resolved into partial fraction 
and substitute a’ for x in the expression as thus modified. Similarly for - 


¥ 


a > =: Nae 
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we find, by the method just indicated, 


A=}, B=4. 
Hence g-gn os (1-2) +4 log (a+ 2) 
x+2 
rs roe ee 


Proceeding to the more general case (2), we observe that, 
by a proper choice of the constants A, “, we can make 


an +b =(2a + p) + ph -o-<1-.0+-.28-. (13); 
viz. we must have 
N= 20, p= B — Pk oss tress eves (14). 
Hence 
ax +b 2a+p i dx P 
lacey Mapostg@t" lax parg 


Of the two integrals on the right hand, the former is obviously 
equal to 


log (a? + pe + @) «...sceeeee ere (16), 
and the latter has been dealt with above. 
Ee. 4, er pies fF ; — =) ae 
Shere —ata =4) teers aa 
=, tan" “oy blog (1- x + x"). 


When the denominator can be resolved into real factors 
the integral on the left-hand side of (15) can be treated more 
simply by the method of ‘partial fractions.’ Thus, we have 

ax +b A B 
(@—a)(@—P’) eee ote @—B' Semone (17), 


vided az+b=A(x—P')+B(a-a), 
e. provided A+B=a, Af’+ Bo’ =—b........... (18), 


aa’+b ap’ +b 
A= TrR Sage 
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It is unnecessary, however, to go through this work in every 
case, as the values of A, B can be found more simply by the 
artifice explained on p. 173. 


The integration of (17) then gives 
ax+b ; 
(= Ssaa eG Va = A log (w—a’)+B log (x—’)...(20). 


Ex. 5. To integrate della bers Le 

ze grave (e—2) (a +1)" 

: ‘ A B 
Assuming that this = Par ea 

we find A=}, B=5. 


The required integral is therefore 
4 log (x — 2) + $ log (a + 1). 


EXAMPLES, XXI. 


La 


ii — dx = tan-'x+log /(1 +2’). 


ec 


S) 


an ; ; 
da = hx? - 1 +2’). , 
lr ae = 420° — log ,/(1 + x”) ried 


iF Pde =— 4p? —log J(1 - 2"). 


~ 


te 


————_,, = at (Das— 1), 
\Saaen Mead 


hi mq 2a +1 
trate Se ed 
3a + 7 37 _, 40-3 
Sr eal 5) +5 ait Jal 
2a —1 ,e+1 
ages D/ | : 
para 6 ee) 538 Be 


e+ at] as\ Lares. ml 
ae x + log (a” w+ 1) +5 tan ach: 7 


x+1 2 
by eine =log (a —1)- more e 


A 


Ge 


= 


go 


yo 
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(+4) 
lavmeree cs x+2 


a1 
11. erp ery @=2- 28 (e— 2) + 8 log (e —3). 


12. [a ewe ys 1) log (2a— ,/5 -1) 


a—a2—l 
— (3/5 —1) log (22 + ,/5—1). 

ged peat atte + art .. — et 
jsteee = ey ae 

a co) aaa Say oe i) ie) m—1 1 1 
14, [OP ane fat dah (Pt 

ax +b 

Bo EST “Sa eeee 


A somewhat similar treatment can be applied to functions 
of the above type. 


1°. If A be positive, the form is equivalent to 


ax +b 
) Ve + pa+¢) AOE CRS SER (1). 
Consider, in the first place, the form 
i 
MCE eeES) Pre Pek case (2). 


By completing the square, the expression under the root- 
sign may be put in one or other of the shapes 


(@—a)*+ Br 
Now, by Art. 72, (1), (0), 
da Mes Se 
i Jiw@=aF +h} = sinh Roce (3), 
and i CE =cosh7 = B Sacto (4). 


These functions have the alternative forms, 


pg SSP 
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or log Toes ee? read evcocesoans: (5); 
of. Art. 23. | 
In the more general case (1), we assume 
OL + O=N(CEEP) + fh overerrerseseres (6), 
which is satisfied by 
Ae 01 8 PO ecnn contests + (7) 
Hence 
ax +b a+4p i dx 
ee ee A A ne 
Veet patg) Sie tpargy "Se pag) 
marae ee (8). 
The former of these two integrals is obviously equal to 


Ve + pet Q); 
and the latter has been dealt with above. 
2°. We will next suppose that, in the form placed at the 
head of this Art., the coefficient A is negative. Without loss 
of generality we may put it =—1. 
Consider, first, the funétion 
1 
See ee 9). 
V(q+ pa—2") Oo 
Unless the quadratic expression be essentially negative, in 


which case the function would be imaginary for all real values 
of a, it can be put in the shape 


8? —(#@— ay’. 

dx . .@—4 
N lease —1 Erle Reseed (LAD 
a Ve-@-9} °"  B so 

In the more general case of the function 
ax+b 

BEDE PAE AE ETT 11), 
V(q + pa — @*) ( ) 
we assume ax +b=A(FP— 2) + Mh erseserereeeres (12), 
or S=—G, HDL EDA ..crerereeeeees (13). 


SS Se eS Oe ee ee 
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Hence 

ax+b a 4p—a“ dx 
Var pe—ay A gta ce) atl agrpeces 
Sl 


The former of these two integrals is equal to 
a/ (q =i pe — x ), 
and the latter has been treated above. 
Ex. 1. 
(e+$) +h 
quae = [yas 
A dx 
= | Facet ** [Ee 
10) ig Pa - a OTH 
(1-2 a") + 2 sin 5 


_, 2%+1 
5 


=—,/(1-a#-27)+4sin 


Ex. 2 


_ [_@+4) 
| qeterp = ee 


ae aes ee dat 
leet] eri 3 
= /(a?+a+1) +4 sinh- | 


ae +1 
J3 ° 


= J/(e?+2+1)+3sinh7 


Bx. 3, IJ G2) »= [atau 


a erie Re 
=sin7 a + ,/(1— 2’). 
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EXAMPLES. XXII. 
dat aT 
cf [ye=en- (/$a). 


dx Ie, 4 
2. lyovm- 7 (/$2). 


da ene 
a yet Or) 
dx Pe 


5. lase@ay-o™" (2x — i 

dx De Oe 
6. |oacseraa- 75 AE 
7 da Pet eee ek 
| eee 2 


8. SS (1 -*) 

9. ‘| oP (*<*) d= /{e (a-2)} + Jasin” et. 
10. sie (=) du =sin=' #— /(1-2). 
i he (5) da = (a? —1) + cosh" a, 


76. Change of Variable. 


There are two artifices of special use in integration; viz. 
the choice of a new independent variable, and the method of 
integration ‘by parts.’ 

To change the variable in the integral 


Uh = [ (B) AM. ...0ccercasseveeveceres (1) 
from to t, where x is a given function of ¢, we have, by 
Art. 39, 

du dudz da 
pce ded ce dk pe eeeesseeecerese (2), 
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and therefore, by the definition of the inverse symbol J, 
dx 
w= | o (a) dt. 


Hence z 
[e (ayda= | $e) ed cnaescesscseees (3)*. 
Conversely, whenever a proposed integral is recognized to 
be of the form 
du 
i Pile) oo es Au debrmnas (4), 
we may replace it by 
ND (0h) Ce ricer tectonics (5), 


which is often easier to find. 
The following are important cases : 


1 So(et a) da=f dh (u) du... (6), 
where u=2+4. 
20, fb (ket) dar => (1) db. cecseceee (7), 


where u=ka. 
These results have already heen employed in Art. 73. 


3°. Sb (@)ada=4f p (u) du ....ccseecees (8), 


where u = 2. 


The following are examples of (8). 


da ada 
ae ery | tiie) 


“+ fata 3 /(G-az5) 


Hog (= Hoe re 


= log a 


* Hence the rnle: After the sign { replace dx by oat. 
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adax 
Ex. 2. [z4- [4 


i) a 


=} tan 2”. 
ada ee 
Ex. 4. eee 2) =4 loea5 =) =4 sin“ ae 


oa 
=} sin“! —, 
a 


The student will, after a little practice, find it easy to 
make such simple substitutions as the above mentally. 


4°, Occasionally the integration of an algebraical func- 
tion is facilitated by the substitution 


x= lft, dx/dt = —1/?.* 
Thus 


i dg -| dt * -| 
af(@+2) JtVi(a@+t*) alv(P+a) 
ae sinh at 
a 
hee sinh- % 
a 


1, 2 


= dower er erry ee er Rg 
sate dx il a 
Similarly, J CEE eo cosh 2 


* The substitution is equivalent to writing 


Be or 
t x 
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da Lee 
and ero ata?) — 7 Sin eee 
More generally, the integral 
da 
ROR TST Te a, eigen 
is reduced by the substitution 
z+a=\/t 


to one or other of the forms discussed in Art. 75. 
Again, the substitution 2 = 1/t gives 


fora a ere emer 


agICoN 
GMs at 
1 x 
-@ ee cue 
fe Zz 
Similarly ee ea * ¥ Cz Cer 
and eee =—— SE CIEL 
ary ee ar 
The form lax aeivnakhienkenerire: 


can, by ‘completing the square, be brought under one or 
other of the preceding cases. 


77. Integration of Trigonometrical Functions. 
Lied | tan ada = | cacy! 


cos @ 
d (cos #) 


= —|——~=- log cosa 
COs & 


= TOS BOGS cnae tencen3<> seamen (1). 
Similarly foot oars lop SIN tii es s\n ccmen te (2). 


¥. 
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Again, by the same artifice, 
[22 do=—|"* (cos #) 
a 


cos? @ cos? & 


= oe ee eet ttettetneeenes (3). 


In a similar manner 


COS & 
E A= — COSCO H oeiscccccecreees 
| COEF lo = — C0800 vossssesnses nese (4). 


Cf. Art. 38, 2° 


ee 
‘ sna J2sindecosta 
_ 1 fsetdada _ (d (tan $x) 
=) tanda J tan4de 
= Og tan FH ..ecnecseeerreeseecseeeeners (5). 
From this we deduce 
= =|aaeas lop tan r+ 402) «..1.(6). 
The formule (1) to (6) rank almost as standard results, 
and should be remembered. 
30 | dx I dx 
* Jatbeosa J(a+b)cos*ta+(a—b) sin? a 
A sec? tarda (7) : 
(a+b) +(a—6)tan?ga °°" 
If we put tan 4 =u, this takes the shape 


du 
2 I GibsGcbee (8), 
and so comes under one or other of the standard forms (J), 
(P), (Q) of Art. 72. 


Similarly, with the same substitution, 


dar - du 
lexpene? |eeaerae Mere fs (9). 
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da sec? dx 
i | ote Pee ee 
If we put tan 24 = U, 
du 1s du) 1. be 
we get lesees3 a Guy ab OO 
er 
ay: tan (jtana) pa eee ah caa (11) 


The analogous results involving hyperbolic functions may be 
noted. We easily find 


ftanhadz=logcoshx, fcoth x dx=log sinh... (12), 


[35 dx =— sech x, Bele dx =— cosech az...(13), 


cosh? « anh? 2 
: da 
= 1 
i Sap 7 log tanh be... sseeveseeee. (14), 
da e*dax a 
lee? Je? > ll iene aoe (15). 


Similarly the forms 


daz dx 
nae aes 


can be integrated by the substitution tanh x=, 


78. ‘Trigonometrical Substitutions. 


The integration of an algebraic function involving the 
square root of a quadratic expression is often facilitated by 
the substitution of a trigonometrical or a hyperbolic function 
for the independent variable. 


Thus: the occurrence of ./(a?— 2) suggests the substitu- 
tion 2=qasin @, or =a tanhu; 
that of /(a* — a*) suggests 
x=asec 6, or e=acoshu; 
that of ./(2? + a’) suggests 
a=atan 0, or «=asinhu 


77-18] 


Ex. 1. 
Putting 
we find 


Fx. 2. 


Putting 


we obtain 
which 


Ex. 3. 


If we put 
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To find | he Cea 2, ESSE a eee (1). 
wx=asin§, dx=acos0dé, 
SJ (a — x") dx =a?{cos* 6 dé 
= }0?/(1 + cos 26) dd 
= 4a? (6 +4 sin 20) 
= ja? sin= + $e /(a?— a) ......(2). 
To find | (et at) che (3). 
Bett itesereeerereeeees 
x=asinhu, dxz=acoshu du, 
the form fcoth’ wu du, 
=/(1 + cosech? w) du =u —coth u 
=sinh7 2 — Cy) PEAS 29 dies ens vaees vias (4). 
a z 
dx 
To find } ae 
(=a) 0-2) 
x=cos@, dx=—sin 6d, 


the integral becomes 


do 
- |e —4 | aaryg=00t 2? 


EXAMPLES. XXIII. 


x? da 1 

1. ot =$log— 3 / 
ada 1 +2 x dx 

“i he Re es tee a 

3. fee Le 4 (log x)?. 4, fsina cosadxz=4sin?a 
sin” x Sg PRE 

5. 1 ee xy. \ 
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COs & ; 
6. ti = sing 1 = 108 (1 +sin 2), 


sin 2 1 
esas dx =— > log (a + 6 cos 2). 


7. fsin « cos*x dx =—} cos‘a. 
sin x“ cos x = 1 ; eo 
8. leeare pares = TE Tw 18 ( 008 z+ 6sin’ #). 


9. ftan* «dx =} tan? x + log cos a. 


10. pee dx=4sectx. 11. fsectadu=tana+}tan®x. 


12. S(sec 2 + tan x) dx = log Tr: 
J(sec a — tan x) dx =log (1 + sin ae 


13. eae cosec“—cota#, |-———_=- cota%—cosec a. 
1+cos2 1—cosx 


14. [regagn ten e—s008, le ee ee 
l+sin x l—sinz 


d. 
16. |saxsenx pnt 2 cot &. 
sin? a cos? x 
dix 
16. laaeewrs = sec x + log tan 4a. 
da : 
17. | Seema} x + log tan a, t 


dx : 
18. I retqra H+ Ue (ones sin #). 


da a 
19. ip Ss 5 —z tan™ (a tan n). 


20. far,/(a? + a) du=} (a? + a), 

dx 1 a” 

i leekeve er 8 

22. Evaluate f,/(a?+a*)dx and f,/(a?—a*) dx / 
by hyperbolic substitutions. 


dx ‘ah J (1 + x?) 
Sle las eee 
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da J(e—2 
oe age 5S. 
dx 


25. | Serra =F (O20) lat +a) 


79. Integration by Parts. 

The second method referred to in Art. 76, viz. that of 
‘integration by parts, consists in an inversion of the formula 
d dv du 

Seal ease par ie eaten: (1), 


given in Art. 37. Integrating both sides, we find 
du du 
w= [use de + [og de, 


whence [u . dz = uw — [e - Cir eres? taut (Sn 


This gives the following rule: 


If the expression to be integrated consists of two factors, 
one of which (dv/da) is by itself immediately integrable, we 
may integrate as if the remaining factor (w) were constant, 
provided we subtract the integral of the product of the inte- 
grated factor (v) into the derivative (du/dx) of the other 
factor. 


A very useful particular case is obtained by putting 
vy=2, in (2). Thus 


d 
[ude=au— | of de oe (3). 


The following are important applications of the method. 


La flogade=alog «— [e. Zax 
= LOG L— Le rsesereesenveseneenes (4) 
2°, To find f(a? — x) da. 


* If we write v for dv/dz, and therefore D~w for v, this takes the form 
D7 (uv) =uD—v - D“ (Du. D™2). 
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Putting w= »/(a?— 2”) in (3), we have 


i (a? — a) dx = 2 /(a? — a?) + laos Raa — ies (5). 
But [ve — a) da= ie raat 
da adz 
See) — | (aa) 
anit f[ ede 
= a* sin a V@e—a) ay) ibe 


Adding to the former result, and dividing by 2, we find 
[uc — a) da = fa Y(a — a) + $a sin ... (7); 


cf, Art. 78, Ex. 1. 
In exactly the same way we should find 


[vc@ + 2) da=tx/(a+2)+}a sinh*= ih t-4 8 


i Ua — a8) dar = ar /(a* a?) —fat cosh®...., (9) 
3°. To find the integrals 
P = fe cos Bada,  Q =fe* sin Brdz.....(10). 
Putting u=cos Sz, v= © 
in (2), we find 
Paton cos Bar — | =e. (— 8 sin Br) da 


ate cosBot+"Q Cr tees SET sat ean eae (11). 
Similarly 
Q=ies sin po—|~ e* .Bcos Bada 


=* ew sin BoP P... Whig PRE Sh) UAT IY 
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Hence aP — BQ =e cos Bz, a 
BP + aQ = e* sin Bx Rrevotevenreven.etarelsisis h 
and therefore 
[eros Bede = P= PSR BE OEE es, 
a? + 8? ee (14). 
le sin Bad« = Q _ asin Ba — 8 cos Ba ent 
* a? + ei 


80. Integration by Successive Reduction. 


‘Sometimes, by an integration ‘by parts, or otherwise, one 
integral can be made to depend on another of simpler form. 


1°, Let Un, = [UP CDG osrscrsercererecrorees (1). 
We have tn, = : em am — {| - et” na” da 
1 n 
me eee — Flip ine rob czresnetesireynse ss (2). 


If n be a positive integer, we can by successive applications 
of this formula obtain uw, in terms of 


Uy, = [ectae, = A aoe Serer re (3). 

a 
Ex. 1. Thus, if Ug = [OCP srecerrserreeccensees (4), 
we have Un = — UPC NU iy veereecrenee eee ees (5). 


For example, 
U,=— ve? +3u,=—H Ee? + 3.(— a2e7* + 2a) 
=— ge-* — Bare" + 6 (— we + UH), 


or fabe-*dax =— (x? + 3x? + 6a + 6) e~™. 
2°. Let Un = fa” cos Bada, (6) 
aie tienda eS : 
We find en Be.an— [5 sin Ba .na” da 
B B 
= 5 sin Ba. a" — Bu eee TEP tee 8 
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and n= , cos Ba. a” — | (- 5008 a) nx" dz 
= — 3,008 Ba. a + Uns aetieddtieene diay soi ae 


If n is a positive integer, these formule enable us to express 
Un and v, in terms of either u or %, which are known. 


Ex, 2. Thus, if B=1, we have 
Un =2L"SINL—NVg_1) U_g=—L™ COSL+ NUg_y eee (9). 
For example, 
u, =a sin x — 3v, = a sin x — 3 (— a? cos @ + 2x) 
= «sin x + 327 cos a — 6 (xsinx—»,), 
or fa? cos x da = (a? — 6x) sin x + (3a? — 6) cos x. 
Se ad hs ting = [tat OWE Bion ae ccrnestt (10) 
=f tan” @ (sec? 6 —1) dé 
=ftan”-? 6 d (tan 0)—ftan" 6 dé, 


we have Ug = 2 7 (Ms la ke a a oe (11). 
Hence if n be a positive integer, u, can be made to depend 
either on ty, =ftan 0 d0,=log sec @.............. (12), 
or on Uy PD Ne ©e sens a roeee ean iasnbe (18), 
according as n is odd or even. 

Similarly, if Uy =f COUP ODE nex ccnncvn¥ennueet (14), 
we find Oye = COUP GO ayy wwannerscees (15), 


81. Reduction Formule, continued. 
1° Let Ug =e [COE OOO ws. ncwereesenavns (1). 
We have wu, =f cos" 6d (sin @). 
=sin 6cos”6—Jfsin @.(n—1)cos”-*0.(—sin 6) d0 
= sin 8 cos" @ + (n— 1) / (1 — cos? 6) cos" dO 
= sin 6 cos” 6 + (n— 1) (Un—» — Un). 
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Transposing, and dividing by n, we find 
n—1 


Be sc seve ste ss k 2) 


By successive applications of this formula we reduce the 
index by 2 at each step; until finally, if n be a positive 
integer, the integral w,» is made to depend upon either 


U,, = [008 OdO, = Si Bs. 5..cscsendone (3), 
or on Mg EN LO =O nehe van sae to saiels vopineon tues (4), 


according as n is odd or even. 


Le 
Un => sin 6 cos" 6 + 


2°. By a similar process, if 


eT En oy ee (3), 
ag ee (6). 


In this way v», when n is a positive integer, is made to 
depend either on 


we find Un =— = cos @ sin” 6 + 


or on Bete LE, eae awh enue ss ssiaraosess (8). 


3°. The same method can be applied to the more general 
form 


Unn,n = [5in™ 8 CoB OA .......00seseees (9). 
We have 
m,n = J 8in™ 6 cos” 6 d (sin @) 
= a sin”+ 9 cos” 
m+l1 


hoe esa ve ae Oe 
—|s0 14,(n—1)cos"-* 6 .(— sin 6) dd 


= : sin” @ cos" 6 
m+1 


sin™ 0 cos"? 0 (1 — cos? @) dé 


fuels 
m+1 
n—1 


m+1 


(Um,n—2 — Um, n): 


= — 7 sin™t eos”—1 6 + 
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Clearing of fractions, transposing, and dividing by m+n, 
we obtain 
es) 


aa ymt1 n—1 n 
Umn = sin @ cos O+ pn emma: (10). 
In a similar manner we should find 
2a 1 + .m—1 n+1 m—1 
Umn = — 5g, Sin @ cos Ot ay lms, n-- (11). 


By successive applications of (10) and (11) we can reduce 
either index by 2 at each step, so that finally, if m,n are 
positive integers, the integral wm, is made to depend on one 
or other of the following forms: 


1, = fsin 8 cos 0d, = tsin? 0 ........... (12), 
Gin; FAO, ae ort ee (18), 
tes, = CORO CO, =a BING 7 vs cxee ts ties (14), 
5 tt, 9, = isin OE, = — COS 0 ci sanes cncesenes (15). 


The investigations of this section are important as leading 
to some simple and practically very useful results in definite 
integrals. See Art. 95. 

EXAMPLES. XXIV. 
Jace*!* da: = a (a — a) 9, 
fa log x dx = 42: (log «— 4). 


gomti il 
m = —— = 
fa log ada =" (loge axl): 


fa sin xdx=—2 cosa +sin a. 


Soc cos x da =a sin x + cos a. 

Jasin « cos « da = —x cos 2a +1 sin 2a, 

m sin ma cos nx —n cos ma sin nx 

Sa rear epee 
n? — ni 


eee Oe CO me 


feos mx cos nada = 


nm sin mx cos nx — m cos me sin ma 
m—n 
ene ey en re 


8. fsin me sin nada = 


9. fsin ma cos na dx = 


10. fsin~ eda=xsin-!x+ ,/(1—2*), 


81-82] INTEGRATION. 193 


ll, fian ads=2 tan-l a — log ,/(1 +a’). 
12. fsec—a dz=-a sec" x — cosh x. 


13. fatan-2dx=4}(1+2*) tan? a— fa, 


14. fasec?xdx=«x tan x + log cos x. 


15. CSS da =x tan 3a. 
1+cosz 
asin-le 

16. ———_—__ dy =— ,/(1—a*) sin 12 +a. 
J/(1 — 2) v( ) 


17. {cosh x cos x dx =} (sinh # cos « + cosh w sin a), 
18. fsinh x sin x dx =} (cosh x sin x — sinh & cos z). 
19. fcosh «sin # d=} (sinh «sin « — cosh # cos @). 
20. fsinh x cos «dx =} (cosh # cos # + sinh «sin 2). 
21. fe sin x cos x dx = +}, (sin 2a — 2 cos 2m) e*. 
22. fare~*da = — (x° + Sat + 200° + 60a? + 120% + 120) e. 
23. fatsin x dx=-—(at— 12a? + 24) cosa + (40° — 242) sin x. 
24. Tf Uy, = fx" coshadz, v,= fa" sinh x dx, 
prove that u,=a2"sinha—nvy_1, Up, =x" cosh a—nUy_y. 
Deduce the values of uw, and 7. 
[4 = (a+ 1207+ 24) sinh «— (4° + 24a) cosh x, 
U4 = (ot + 1227 + 24) cosh w — (40° + 24x) sinh a. ] 
25. If u be a rational integral function of x, prove that 
O05 2 
feruda = — (1 - _ + ae os) Uy 
where D = d/dz. 


82. Integration of Rational Fractions. 


We return to the integration of algebraic functions. 
There are certain classes of such functions which can be 
treated by general methods. 


We begin with the case of rational functions. A rational 
fraction 


L. 13 
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in which the numerator is of lower dimensions than the 
denominator, is called a ‘proper’ fraction. Any rational 
fraction in which this condition is not fulfilled can (by 
division) be reduced to the sum of an integral function and 
a proper fraction; it will therefore be sufficient for us to 
consider the integration of proper fractions. Accordingly, if 
f (a) be a polynomial of degree n, say 


Ff (a) = a? + py” + pa"? +... + Pn ak + pn --(2), 
we shall suppose that F(a) is at most of degree n —1. 


To facilitate the integration, we resolve (1) into the sum 
of a series of ‘partial fractions.’ The possibility of this 
resolution depends on certain general theorems of Algebra, 
for the proof of which reference may be made to the special 
treatises on that subject*. 

The student will find, however, that for such comparatively 
simple cases as are usually met with in practice, a mastery of 
the algebraical theory is not essential ; since the results obtained 
by the rules to be given may be easily verified @ posteriori. 


We will first suppose that the roots of the equation 
P ADY eA) case enn er eee (8) 


are all real and distinct, say they are a, %, ...... dd. .ne 


polynomial /(#) then resolves into n distinct factors of the 
first degree, thus 


SF (@) =(@— a) (@ — ay)... (@ — Gy) oo. cece. (4). 
It may be shewn that in this case the fraction (1) can be 


resolved into the sum of n partial fractions whose denomi- 
nators are the several factors of f(x); thus 


EF (x) = ie A, Ay, 
ONE EL A ea eee ee (5), 
where A,, A,,..., Ay are certain constants. If we clear (5) 


of fractions, and then equate coefficients of #7, 2, ..., a1, a 
on the two sides, we get m conditions to be fulfilled by the 
mn constants. This constitutes in fact one way (not the 
easiest) of determining the constants. 

* For the complete theory of the matter, see Chrystal, Algebra, c. viii. 


+ To complete the demonstration of the possibility of the resolution (5) it 
would be necessary to shew that the m equations are consistent. In the 
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We then have 


[Fe dx = A, log (a—%)+ A, log (w7—a)+..- +A, log (t—On) 


x da 
Ex. ite To find Perey AA COS CONT OOOO OCOLIEU (7). 
We write 
a Ba? — 4a A B 0 D 
ep fee aobeid "tal etd 2 ee? 
Sante (8). 


If we clear of fractions and then equate coefficients, we get 
four linear equations to determine 4, 3B, CO, D. It is simpler, 
however, to use the artifice explained on p. 173. If we 
multiply the assumed identity by «—1, and afterwards put 
a2=1, we obtain the value of 4; and similarly for the other 
coefficients *. We thus find 

eee De ee ee eee cae — ae (9) 

ped 6a-1 Ge+l dsx-2 yo pei maee 
a result which is easily verified. Hence the required integral is 


4a? — 1 log (a — 1) — $ log (a +1) +3 log (w— 2) + $ log (« + 2) 
(10). 


eeeewe 


dx 
Ex. 2. To find ‘eae SAPD ICOC CORO COO DDD (11). 
Treating 1/x*(1 +7) as a function of «*, we have 
iI 1 
a (1 + x") => ee = li2 ees be6 06:6 6060.00 ma (12), 
dx 1 ie 
whence ees =— z= a ATM ie wees ele slelesisivisinm (13). 


83. Case of Equal Roots. 


If the roots of the equation f(~)=0 are real but not 
all distinct, then, corresponding to an r-fold root B, we 
have a factor (c— 8) in f(a). It may be shewn that the 
present case it is sufficient to notice that by the method illustrated under 
fx. 1 we can make the two functions (of degree n—1), which are to be 
identified, equal for n distinct values of xz, and so ensure their equality for 


all values of z. 
* See the footnote on p. 173. 


13—2 
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corresponding series of partial fractions, in the expansion of 
Art. 82 (1), 1s now 
B, Bs ae B, 
a—B* @—BY 
where B,, B,,... B, are r constants, to be oa aden a by the 
method of equating coefficients, or otherwise. 


The indefinite integral of the expression (1) is 


ee pee C2) cae ee r—1(a@—py By . (2). 
d. 
Ex. 1. To find Fa) Se Or ee eee (3). 
1 A B Cc 
We assume SoA s es pe (4). 


If we multiply both sides by 1—a, and then put x=1, we get 
C=1. Again, multiplying by 2’, and then putting «=0, we 
find B=1. The constant =A remains to be found in some other 
way. If we multiply both sides of (4) by x, and then put x=, 
we find A~C=0, whence A=1. An equivalent method is to 
clear of fractions and equate the coefficients of 2. Again, we 
might assign some other special value to x; for example, putting 
x=-—1, we find 


-A+B+3C=}, 
which, combined with the previous results, gives d=1., 
dix Poe os 
Hepes a?(l—a) Gtatp)e@ 
if 
= log x—~ —log (Tey aceon eg (5). 
2e+1 
Ex. 2. To find (w+ 2)(@—3) 7 LD See Sh oe ee (6). 
2a +1 A B Cc 

Assume 


@+3)@os) oh a3 up hl 
The short method of determining coefficients gives 

=441 8 g_ 6417 

(Se SP epee ae oh 

Also, multiplying by #, and then putting a= , we find 
A+B=0, or B=4. 
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The as ag is therefore 
7 


5 log (w+ 2) + 3; log (a — 3) — Cae aes (8). 
Ex. 3. To find a 9 
3 GEE yp cee (9) 


We recall Art. 76, 3°. Regarding x?/(a?+1)? as a function of 2’, 
we find (by inspection) 
ingen cy el) leeds! al 
(41) (t+)? a74+1 0 (+1) 
a de 


Grice _ [ude [ «dz 
is et (a? + 1)? 


=} log (#*+1)+5 


84. Case of Quadratic Factors. 


The preceding methods are always applicable, but if 
some of the roots of f(x)=0 are imaginary, the integral is ~ 
obtained in the first instance in an imaginary form. If we 
wish to avoid altogether the consideration of imaginary 
expressions, we may proceed as follows. 


It is known from the Theory of Equations that a poly- 
nomial f(#) whose coefficients are all real can be resolved 
into real factors of the first and second degrees, Then, in 
the resolution of the function 


into partial fractions, we have 


(a) for each simple factor «—a which does not recur, a 
fraction of the form 


(b) for a simple factor «— £8 which occurs r times, a 
series of r fractions, of the form 


B, B, B, 
s-8+@tept  tG@see (3); 
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(c) for each quadratic factor a?+p«#+q which does not 
recur, a fraction of the form 

Ca+D 

“+ pe+¢q 

(d) for a quadratic factor «*+pa2+q which occurs 

r times, a series of partial fractions, of the form 
Cia + D, C.4+D, C2 + D, 

e+ petq' @+perg? + (e+ pet gy (6) 
It is easily seen that in this way we have altogether 
just sufficient constants at our. disposal to effect the 


identification of the function (1) with the complete system 
of partial fractions, by the method of equating coefficients. 


*It only remains to shew how the indefinite integral of the 
partial fraction 
C,2+D, 
(a? + px + q)° 
can be found. The case s=1 has been treated in Art. 74, and 
the general case can be reduced to this by a formula of re- 
duction. 


In the first place, we can find A, » so that 


Ce+D, _ 2+) ‘ a (7) 
(e+ pat) (a+ potrg) (ae +pa+gy ; 
viz. we have Ast, pa D,— 2p o. Sela (8). 
The integral of the first term on the right-hand of (7) is 
r i 
— el . (a? + pa +g) Pee eee eee reese ene (9), 
and it remains only to find 
da dt 
lose: or ic seeccusneue vvv(10), 
where 
d=et+dp, omg adp? ....cceceserernees (11). 


'* The investigation which follows is given for the sake of completeness, 
but it is seldom required in practice. The student will lose little by postpon- 
ing it. Another method of integrating expressions of the type (10) is 
indicated in Ex. 2, below. 
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Now, by differentiation, we find 


d t 1 ite 
dt (2 +c) ~ C40 (28 — 2) (E+) 
_ Ee Ree 
Ses cs fave (P+c)% 
i 
=- 08-3) @ygat G5-2) aay ISOC (12). 


Hence, integrating, 
t dt dt 
ee fe pAb ees Le — 
@ + “> ( 8 3) le es ee" x (2s 2) ¢ Ie a ey? 


ee Wh Dentin to te 2s—3 1 dt 
he +e) (2s—2)c(P+c)" 2-2 ; ake +c)s-? 


weenie 13). 
Returning to our previous notation, we have 
f da - 1 x+hp 
J (@+pet+gye 2@—1)(q- 4p’) @+pe+ ay” 
2s—3 da 
ee | eee 


which is the formula of reduction required. By successive 
applications of this result, the integral (10) is made to depend 
ultimately on 


dx 
+ pet+q eee eeoreeeeaeeeereserere (15), 
which is a known form (Art. 74). 
dx 
Be. 1, To find Pera Pe Be (16). 


The denominator has here two quadratic factors, 2? +a+1 and 
a?—x+1, which are not further resolvable. We _ therefore 
assume, in conformity with the above rule, 


1 _ Avt+B Cz + D ‘11) 
Pigel e etl got) ey a d 
or 1 = (da + B) (2? 0 +1) + (Ca + D) (a? + 2+ 1). 


Equating coefficients of the several powers of x, we have 
A+C=0, -A+0+B+D=), 
A+C—B+D=), B+D=1. 
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Hence As-Csk BEDS} vdieo (18). 
The integration can now be effected by the method of Art. 74. 
We ra 


e+] a—l 
=1.[/ 
aise = feon® bie 
(QQa+1)+TF (2a —1)- 1a 
a e+e+1 Std ae x+1 
=} log (a? +” +1)-1 log (a? —x+ 1) 


thea leara 


Fit 1 t _, 2241 t _, 2-1 
=4 log sal ait ys (tm 2B + tan a 
ee 1 ee 
=the aay +373" ea. eee ee (19). 
da ; 
Fe, 2. To find Init aera e (20). 


This comes under (14), but may be treated more simply as follows. 
If we put 


x = tan 6, 
we get 
dx P 
= 3/(1 + cos 26) dé 
=}6+4sin 20 
x 
= }tan Lhe ree Lee ceasenecves (21) 


EXAMPLES. XXV. 


» fageayn he ay 
Qe +3 (w—1)% 
ose ke ee ae a 
ada 
3 [eae EH 
= } log (w—1) —4 log (w—2) + 2 log (a - —3). 
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2a—3 
= i canes T) @ax3) 
= $ log (a + 1) — zy log (w — 1) — 32 log (24+ 3). 


5 a dx 1 r= 2 
ie poe 885i: 
dx * 1 ie 
levi 4~3(e+2)** SoD 
a? dx 
ie KHIeHe-H G ae ae Se 
* Gag Gra 8-9 + Gay Gays e-4) 
dz 1 1 1% 1 1% 
8. Grae Fa a (gens — 5am i)" 
9 a dx - 1 ete 
fae ae es a) baa BF 


adx et 1 =f) —1 3) 
10. Ieeearercey= av (0 <—b tan yi e 


11. leaern- are eas log (2? + a*) —D* log (a? +8%)}. 
a leaieeyr-zs 
13. lenerar a we 5 + log (w+ 1). 
aa eee ene Sct: 
ey [etprriea tes - 
16. Jaden zace tere 


ada x x 
pee aay (per 
bf le=y- Ieo1 * Sz 
xv 


d Brees Til gs 
Pe ee ae 
as eae Te Sorel xe L2or-1* 


yo al. 


31. 
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dx il 1 
(e+) dart ee + log a. 
30+ 2 2 1 
a (x z(erip = 2 log +1 Feel 2(e+l)* 


“it, 


dx fm 35 i 2 
i 2 3= 75 log ee See 
(?—1) w+1 82-1 4(a—1) 


l+a 
leq log Sam Sen Le 


de. 4, +a 
(fae blog ** 4} tanta, 


[Fe flog ae ~ —} tan, 


1 = 

de (tay at ou tesd 
i coats tn 3° 
wde , l-vw+2? 1 - te—1 


leet ere a ae 


J ereayersays Hee 2) Bog 48) + fant 


wide =e ane ae 3 
oa) ae ae ae tana, 
ada Re = 
= . | ~I 
lane 3 $ log a+ tan ya 
adx 
a Bata 9 7 10g (w* + 2) — 3 log (x* + 1). 


ad. 1 
Gate =h8@e- Ips tea Suge ery pe 


es eee 


at +a? +1 Stat l’ 
(sa) Neto ape 
a dx 1 + 2a 


(l+a% ~ 41 +a)" 
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2 + 32? any 
pak fancy Sasser acre) fa 
1+a,/2 + 2° il em xi2 
dines le “Ea sree * 28 Toa" 
ada 1- =a J/2 +o 1 x, /2 
3 pemteeaN Seek eh ee tay 
bs  pearer' ede owe 2Ge | la 


85, Integration of Irrational Functions. 
The following are the leading results in this connection. 
1°. In the case of an algebraic function involving no 


irrationalities except fractional powers of the variable, we 
may put 

=U, Aa[dt= Mt... ..eeevererevees (1), 
where m is the least common multiple of the denominators 
of the various fractional indices. The problem is thus 
reduced to the integration of a rational function of t. 


92°, Any rational function of # and X, where 


X = NGA DL) vrscscscserioveereees (2); 
can be integrated by the substitution 
atba=t, dafdt =2t/b .......-eee. (3). 


Thus [F(@, X)de= es a8 , 1) aor (4), 


and the function of ¢ which follows the integral-sign is now 
rational. 
x das 


Ex. 1. To find ceri 
If we put x=?, this becomes 
=2 [FS =2/(e- t+1)dt— 2[ 
= 2—¢+ 2t—2log (t+ 1) 
= 208—a + 2ak—2 log (xt + 1). 


da 
Ex. 2. To find eae ’ 


put l+a=@, dx/dt= 
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Qdt _. f ae 
(+f; jise 
=2tan-1¢=2 tan ,/(1 +2). 
3°. If X stand for the square root of a quadratic ex- 
pression, say 
X = (az + ba +c), 
the problem of finding 


We obtain 


where F(x, X) is a rational function of # and _X, can also be 
reduced to the integration of a rational function. 


If a be positive, we may write 
DP SN ae LE pee eT ey ere (6), 
where p=6/a, g=c/a. Now assume 
J (a? + pe t+ q)=t—a, 
Pq de 2(#+pt+q) 


whence x= 2+ p 3 a => ~ Qt+ py Stale shataiet ove Sinie (7), 
P+ pt + 
and J (a2 + pe +q) = ies Wer eee (8). 


It is evident that by these substitutions the problem is reduced 
to the integration of a rational function of ¢. 


If the factors of 2? + px + q are real, say 


a + pa +g = (2 —a) (a — PB)... cece eveeenecs (9) 

we may also make use of the substitution 
OR BU a) Ec savananimsadecns ts cng (10), 

_  B-a du _ 2(B-a)t 
whence cam cy eae a -e cee eccescens (11) 
and l(a + par + q) = (wa) t=F— 9)" wists he (12). 

If a be negative, we may write 

X= f(—@). JQ t+ pE— 2) ...eccsecsseees (13), 


where p=~—b/a, g=-c/a. If the radical is to be real, the 
factors of q+ px—«x? must be real, for otherwise this expression 
would have the same sign for all values of a, and since it is 
obviously negative for sufficiently large values of a, it would 
be always negative. We have, then, 


qt pu—a=(%—a)(B-2) weeeccceeee (14), 
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where a, Bare real. If we assume 


Bese see tees: (15), 

., B-«a dx _ 2(B—a)t 
we find S=a+ 7a a ae asec (16), 
and (q+ po=a) = (e—a) = B=)! Rie cat <p) 


These substitutions evidently render 
dx 
F (x, X) oF 
a rational function of ¢. 


The above investigations are of some importance, as 
shewing that functions of the given forms can be integrated, 
and that the results will be of certain mathematical types ; 
but the actual integration, in particular cases, can often be 
effected much more easily in other ways*. We have had 
instances of this fact in the course of the Chapter; and we 
add one or two further illustrations. 


Ex. 3. By rationalizing the denominator, we have 


[aaages lv +9) - va} ee 


a 3 (1 ie x) — Zach, 


Ba, 4. lerecn = fle — J (a 1)} dn 

= ha? — f,/(a*-1) dx 

= ha? — far f(a? -1) +4 cosh a. 
Otherwise, putting «= cosh u, the integral takes the form 


i sinh wu du 


ee yO IN As Ce 
cosh w + sinh w J 


=4/(1 —e-™") du=hut de-™, 


which may be easily shewn to differ from the former result only 
by an additive constant. 


* See especially the methods of Arts. 75, 76, 78. 
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fa J(1 +2) dx=2(1 eats +a), 

(a + a) — (@ + bi}. 


= 


- le ee te Te 3@a)s 
3. [pei ~2N+ Dog (1 a). 


dx 1+ /a 
. (1-2) oe 


hespier) I) = yatanr/ (5%). 
aa fisay7— tt /(F"). 


SE eee ee Nee ee tk 
feeieey = Pete t Me) - Feta WO 


— 


for) 


_ 


ae | oe = 2,/a + log ae 


a ow Al +x)—1 

I aIi+8 Siler 
i dx Beith ee J/(1+2)-1 
x /(1 + x) x s J(l+2)+1° 
11. [gerpy =P +1) dink 

xa x re 
12. (aay = lea) + sinha, 
| du 1 x, J/2 


90 


2 


1 


S 


13. 


(+e) J —2%) pie tae 
ree | hel Sica Se a /2 + J(1 +22) 
(1—a*),/(1 + 2%) a log ae J2—J(1 +a)" 


EXAMPLES, XXVII. 


1. A particle moves according to the law 


ds 
oe gt; 


prove that the space described before it comes to rest is w,?/29. 
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2. Ifa point start from rest at time ¢=0 and move with a 
constant acceleration, and if v, be the velocity after any interval 
and » the mean velocity in this interval, then 


v= 40,. 


3. If, with the same notation, the acceleration vary as ¢", 
then 


4. A particle moves according to the law 


ds : 

Spake net ; 
prove that the space described from time ¢=0 until it first comes 
to rest is »/n. 


5. If the velocity of a particle moving in a resisting medium 
be given by 
ds 
its ve™, 
prove that the particle never attains a distance v,/k from its 
position when ¢=0. 


6. A particle moves according to the law 
ds 
aa? 

prove that the space described from time ¢=0 until it first comes 


to rest is ‘ 
ne "rn +. fe 


n? + i? 


e~™ cos nt; 


Uo: 


7. If the angular velocity of a body rotating about a fixed 
axis be given by 


— =2nsech nt, 


dt 
prove that 6=4tan-e™—7, 
supposing that @ vanishes for ¢= 0. 


CHAPTER VIL. 


DEFINITE INTEGRALS. 


86. Definition, and Notation. 


Let y,=¢(«), be a function of # which is regarded as 
given (and therefore finite) for all values of # ranging from 
a to b, inclusively. Let the range b —a be subdivided into a 
number of intervals 


ee ie ee Ram Ae er (1), 
all of the same sign, so that 
bigs Reh hg Sees eae (2). 


Let 4% be one of the values which y assumes in the interval 
hy, Y2 one of the values which it assumes in the interval hy, 
and so on; and let 
© = hy + Yaltg + oe. TY legennscartewnents (3). 

The value of this sum will in general vary with the mode of 
subdivision of the range b—a, and with the choice of the 
values %, Y2,++-, Yn Within the respective intervals (1). But if 
we introduce the condition that none of these intervals is to 
exceed some assigned magnitude &, then in certain cases, 
which include all the types of function ordinarily met with 
in the applications of the Calculus (and more), the value of 
= will tend, as & is diminished, to some definite limiting 
value S,in the sense that by taking & small enough we can 
ensure that > shall differ from S by less than any assigned 
magnitude, however small. 


If the function ¢ (~) admit of graphical representation, & will 
be represented by the sum of a series of rectangles, whose bases 
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BS, Jha gas ans h, make up the range b—a, and whose altitudes are 
ordinates of the curve at arbitrarily chosen points in these bases. 
And the limiting value S, to which & tends as the breadths of 
the rectangles are indefinitely diminished, is known as the ‘area’ 
included between the curve, the axis of x, and the extreme or- 
dinates x=a,z=b. See Fig. 46. 


Y 
re) A a ae 
Fig. 46. 
_ The sum which we have denoted by = is more fully 
expressed by 
S2 ySa or TE p(%) Ov.....sserveseeeers (4), 
é2 standing for the increments | eo) ea pe hy of w The 


limiting value (when it exists) to which this sum converges, 
as the increments Ss are all indefinitely diminished, and 
their number in consequence indefinitely increased, is called 
the ‘definite integral’ of the function $(x) between the 
limits a, and b*, and is denoted by 


[ yee or [¢@de Ree ites fee (5), 


* It is a little unfortunate that the word ‘limit’ has to be used in 
several different senses. The word ‘terminus’ might perhaps be substituted 
in the present case. 


L. 14 
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the object of this notation being to recall the steps by which 
the limiting value was approached*. 


The connection of the notation (5) with the notation for an 
indefinite integral used in the preceding chapter has of course 
yet to be explained. See Art. 92. 


Problems in which we require the limiting value of a sum of 
the type (3) occur in almost every branch of Mathematics. The 
area of a curve has already been used as an illustration ; other 
simple instances are: the length of a curved arc, regarded as the 
limit of an inscribed (or circumscribed) polygon; the volume of a 
solid of revolution, and so on. These will be considered more 
particularly in Chap. vil. 

Again, in Dynamics, the ‘impulse’ of a variable force, in any 
interval of time, is defined as the ‘ time-integral’ of the force over 
that interval; viz. if / be the force, considered as a function of 
the time ¢, the impulse in the interval ¢, — ¢ is the limiting value 
of the sum 

Pity Mots + 2c. + Fyty ...e, co cceccecccevecs (6), 
where 7, T:) ...) T, are subdivisions of the interval ¢,—-%, such 
that 

Me AT Poocc oe Tieg =—eg ese oenaaiew as eee (7), 
whilst 7, F,, ..., #, denote values of the force in these respec- 
tive intervals, Hence, in our present notation, the impulse is 


Newton’s Second Law of Motion asserts that the change of 
momentum of any mass (m) is equal to the impulse which it 
receives, or : 


where ¥,, v, are the initial and final velocities. 


Again, the work done by a variable force is defined as the 
space-integral of the force. If / denote the force, regarded now 
as a function of the position (s) of the body, the work done as s 
changes from s, to s, is 


* The symbol is a specialized form of S, the sign of summation employed 
by the earlier analysts. The mode of indicating the range of integration 
was introduced by Fourier. 
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For example, the work done by unit mass of a gas as it 
expands from volume vw, to volume 2x is 


Vo 
if p be the pressure when the volume is v. This is seen by 


supposing the gas to be enclosed, by a piston, in a cylinder of 
sectional area unity. 


The graphical representation of the integral (10) or (11) is 
frequently employed in practice. Thus, in the-case of (10), if a 
curve be constructed with s as abscissa and J’ as ordinate, the 
work is represented by the area included between the curve, 
the axis of s, and the ordinates corresponding to s, and s,. 
This is the principle of Watt’s indicator-diagram*, 


87. Proof of Convergence. 


Whenever the sum & has a definite limiting value, in the 
manner above explained, the function ¢(#) is said to be 
‘integrable.’ It may be shewn that every continuous function 
is integrable in this sense+, but as regards the formal proof 
we shall confine ourselves to the particular case where the 
range of the independent variable can be divided into a finite 
number of intervals within each of which the function either 
steadily increases or steadily decreases. This will be sufficient 
for all practical purposes. 


Before, however, introducing any restriction (beyond that 
of finiteness) we may note that two fixed limits can be 
assigned between which = must necessarily lie. For if A and 
B be the lower and upper limits (Art. 24) of the values 
which the function $(#) can assume in the interval b —a, it 
is evident that = will lie between 


A (hi the+...+hn), =A (b-a), 
and Bh, +h +... thn), = B(b—a). 
We will now suppose, for definiteness, that b>a, and 


A Bes Maxwell, Theory of Heat, c. v.; Rankine, The Steam-Engine, 
rt. 43, 


; Ses is not implied that a mathematical formula for the integral can be 
oun 


14—2 
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that $(a) steadily increases as # increases from a to BD. 
Consider any particular mode of subdivision 


diy Wa jetoere Win cdietnan de desendhe (1), 
of the range b—a, and let 
2 = Yphy FYahg + 200 FY nln. ceeesseeveeees (2), 


where, as in Art. 86, y, denotes some value which the function 
assumes in the interval h,. 


Now if in (2) we replace 7, yo,.-. Yn by the values which 
the function has at the beginnings of the respective intervals, 
none of the terms will be increased ; and if the resulting sum 
be denoted by &’, we shall have 


Again, if we replace 4, Y,... Yn by the values which the 
function has at the ends of the respective intervals, none of 
the terms will be decreased; hence if the resulting sum be 
>”, we shall have 


Fig. 47, © 
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In Fig. 47 the quantity >’ is represented by the sum of 
a series of rectangles such as PN, and &” by the sum of a 
series of rectangles such as SN. Hence the difference 
>” —’ is represented by the sum of a series of rectangles 
such as SR. The sum of the altitudes of these latter rect- 
angles is KB— HA, or ¢(b)—¢ (a), and if & be the greatest 
s the bases, z.¢. the greatest of the intervals (1), we shall 

ave 


SES 1h (b) = b(ONacsosee rises: (5). 


Now, considering all possible modes of subdivision of the 
range b—a, the sums >’, being always less than B(b—a), 
will have an upper limit, which we will denote by S’, and 
the sums >”, being always greater than A (b—a), will have 
a lower limit, which we will denote by 8”, and it is further 
evident that S’¢ S’. It follows, from (5), that the difference 
S” — S’ must lie between 0 and k{$(b)— ¢(a)}; and since, 

‘in this statement, & may be as small as we please, it appears 
that S’ and S” cannot but be equal. We will denote their 
common value by S. 


Finally, it is evident that 
|S —8]< 8” Y< bh 1g 0) — 9 (a) «6; 


hence by taking & small enough we can ensure that |>— S| 
shall be less than any assigned quantity, however small*. 


A similar proof obviously applies if the function ¢(«) 
steadily decreases throughout the range b—a. 


It follows that the final result also holds when the range 
admits of being broken up into a finite number of smaller 
intervals within each of which the function either steadily 
increases or steadily decreases. See Fig. 48. 


It has been supposed that 6>a. If b<a, the intervals 
hy, hy, ..., Rn will be negative, but the argument is sub- 
stantially unaltered. 


* The proof is a development of that given by Newton, Principia, lib. i., 
sect. i., lemma, iii. (1687). It would be easy to eliminate all geometrical 
considerations and present the argument in a purely quantitative form. 


~ 
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Fig. 48. 


88. Examples of Definite Integrals calculated ab 
anitio. 

The meaning of a definite integral may be further 
illustrated by the study of a few cases in which the limitin 
value can be calculated from first principles. ‘The methods 
to which we are obliged to have recourse for this purpose 
will at all events enable the student to appreciate the 
enormous simplification which was introduced into the sub- 
ject by the invention of the special rule of the Integral 
Calculus, to which we afterwards proceed (Art. 92). 


b 
Ex. 1. To find I Pe her GP be meiie ae a) (1). 


This is equivalent to finding the area of the trapezium PABQ 
in the figure, where OA =a, OB=6, and OPQ is the straight line 
y=, 
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Take bh, =hy= 60... =h,, =h, say, 
so that nh =b—a, 
and let ¥,, Yq) ---+:- Yn, be the values which the function to be- 
integrated has at the beginnings of the successive intervals, viz. 
Yi=A, Yz=Ath, yz=at+2h, ...... Yn=at(n—-l)h. 


Then S=ah+(at+h)h+(a+2yh+... + {a+(n—1) hth 
=nah+{1+2+... +(n-1)}=nah + $n (n-1)? 


=a(b-a)+4(1 -=) mee 
When h=0, we have n=, and the limiting value of the above 
expression is 
a(b—a)+4(b—ay=4 (0? — a’). 


b 
Hence I vx Ua = & (0? —G?) ..rreveesereresserens (2). 
a 


b 
Fix. 2. To find I OE Steger Roa Can ete es oF estes (3). 
a 


This is equivalent to finding the area included between the 
parabola y=’, the axis of x, and the ordinates =a, «= b. 


Putting 
Yy=@, Yo=(ath), ys=(at Qh)’, os Yn = {a+ (n—1)h}, 

we have S=a@h+(ath)Pht (a+ 2hpPar... + {a+(n—1) hp 
=noh+2{1+24+...+(n—l)pah?+ {12+ 2+ ...4+(n—1)}h? 
= nah +n (n—1) al? +3 (n—1)n(2n- 1)? 


ab ea) +(1-3) a@-ay+4(1-7) (ss) (b-a)® 


~ 
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The limiting value of this for n =o is 


a? (b—a)+a(b—a)?+4(b-a)’, or 3 (0?—a’). 


Hence I : OO ea dP AAP), aie iano (4). 


b 
Ex, 3. To find i Bee innit od RUONY Gat c (5). 
a 


This is the limit, for m=, of 
S, =he™ + hear 4 Aebath) +... 4 hehate—M), 


-where h=(b—a)/n. 
Now | Sahe@* (1 +e 4 e+... + oP) 
enkh _ | kh 
=he. yh har ae 5 (ee RO Eos ee (6). 
And, by Art, 29, the Sate: value of the first factor, for kh =0, 
is unity. 
1 
Hence [ edn = i Ca aed MOSER RE CorP a oerk? (7). 
B 
Ex. 4. To find i SE MMe Ae ee pO (8). 


This is the limit of 
3S, = {sin (a + $h) + sin (a + 3h) +... + sin (B — 3h) + sin (B — 4a)} A, 
where h=(B-a)/n, 


and the values of sina at the middles of the respective intervals 
have been taken. Now 


“ " 3 =2sin ph sin (a+ $h) + 2 sin $4 sin (a+ $h) +. 


+ 2 sin $h sin (8 — $h) + 2 sin dh sin (6 — ‘y 
= Cos a — cos (a + h) 
+cos(a+h) —cos (a+ 2h) 


+ cos (8 — 2h) — cos (B ~h) 
+cos(B—h) —cosB 
= Cos a Sk ety eee ee er evem sagen ee (9). 


o£ 
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Hence, proceeding to the limit (A= 0), we find 
B 
I RIN UG = COSA — COS P....23ceesce ae (10). 


beans 
89. Properties of | $ (x) da. 


1°. If we compare the integrals 
b 
| $(x)dx and ["s (x) da, 
a b 


we see that they may be regarded as limits of the same 
summation, with this difference, that in one case the incre- 
ments h,. hy, ... hn of x, which make up the interval b—a 
(or a—b) have the opposite sign to that which they have in 
the other. Hence 


‘a 1) 
[e@=--| ¢@e en ee (1). 
2°, Again, it follows from the definition that 


i: $ (a) daw =| $ (a) de +[ $ () debs ssssesu(2). 


This is illustrated graphically in Fig. 51. 
uf 


fo) A B Cc 
Fig. 51. 


3°. If A, B be the least and greatest values which ¢(«) 
assumes as x ranges from a to J, the integral 


b 

[ $@d, 
being intermediate in value to A (b—a) and B(b—a), 
must be equal to C(b-a), 
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where C is some quantity intermediate to A, B. If, as we 
suppose, ¢(#) is continuous, it 
assumes within the range b—a 
all values intermediate to A, B. 
Hence there must be some value 
(c) of w, between a and b, such 


that 
$(c)=C. 

In the graphical representation, 
Fig. 52, the area PABQ is equal 
to a rectangle, on the base AB, 
whose altitude is equal to the ordi- 
nate at some point C of the range 
AB. 

We may evidently write 

c=a+6(b—-a), 
where @ is some quantity between 0 and 1. On this under- 
standing, 


b 
[6 @de=@-a)$(a40b=a) Pee ea (3). 
4°, More generally, if uw, v, y be three functions such 


that for values of z ranging from a to b, 


: iG 
then the integral | WD owas nx adacn er ea (5) 
will be intermediate in value to 
b b 
| udx and | REG eine eto as vate hens (6). 
a a 
Suppose, first, that b>a. We have 
b b b 
| ude — | yd = | (u — y) da. 
a a a 


In virtue of (4), every term of the sum, of which the latter 
integral is the limit, will be positive. Hence 
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wae b b 
Similarly i yda > | DOE ron apas ate = o0s (8). 


If b <a, the inequalities in (7) and (8) must be reversed. 


EXAMPLES. XXVIII. 


1. Prove by the method of Art. 88 that 


b 
I ode = 1 (b'—a'). 


a 


2. Prove from first principles that 


B 
| cos dz =sin 8 —sin a. 
3. Shew from graphical considerations that 
b b 
I ep (ce) de= | (a) dan 
a a 
b b-a 
I # (2) de= | $ (w +a) de, 
a 0 


b ki 
it (ka) dae = : i. (x) da. 


4. By dividing the range b-a into n intervals such that the 
abscissee of the points of division are in geometric progression, 
and finally making m infinite, prove that 


: 1 m eae. 
I, ada = art (o™+1 a #2), (Wallis method.) 


90. Differentiation of a Definite Integral with 
respect to either Limit. 


b 
Let ie [. HOD eos Pate (1). 


Evidently, I is a function of the ‘limits of integration’ a, b, 
and will in general vary when’ either of these varies. 
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Regarding a as fixed, let us form the derived function of I 
with respect to the upper limit b. We have 


b+85 
r+8r=| $ («) de 


b b+66 e 
=| g(a)de+ | sites (2), 
by Art 89, 2°. Hence 
t+66 
sr= | (a) d= 85. (04 08). .0c00s-. (3), 


by Art. 89, 3°. This shews that 62 vanishes with 6b, so 
that J is a continuous function of 6. Also, since 


oF =o (b+ 080) ile: Shae daoneee (4), 
we have, on proceeding to the limit (6b = 0), 


Fig. 53. 


In the figure, 0A =a, OB = b, BB = 8b, and ST is represented 
by the rectangle having BB’ as its base. 
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In the same way, if we regard the upper limit b as fixed, 
and the lower limit a as variable, we find that J is a 
continuous function of a, and that 


dI 


91. Existence of an Indefinite Integral. 


We can now shew that any function ¢ (a), having the 
character postulated in Art. 87, has an indefinite integral, 
i.e. there exists a definable (but not necessarily calculable) 
function »(z) such that 


AMY SD KE) Mase tevp aco' satesecens @)} 

or MAG) DBE) Gee we wns as + haces (2). 
For if we write : 

vy ()= | PO) rereererrieeceen (3), 


the expression on the right hand is, by Art. 87, a determinate 
function of £, and the investigation just given shews that it 
satisfies the condition 


iE GEN eee eae ties (4). 


The lower limit of integration in (8) is, from the present 
point of view, arbitrary, and the function yp (&) is therefore 
indeterminate to the extent of an additive constant. For, 
by Art. 89, 2°, the substitution of a’ for a, as the lower limit 
in (3), is equivalent to the addition of 


[/$@ae 
to the right-hand side. Cf. Art. 71. 


92. Rule for calculating a Definite Integral. 


Whenever the analytical form of a function yy («), which 
has a given function ¢(a) as its derivative, has been dis- 
covered, the value of the definite integral 
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can be written down at once. For, if we regard a as fixed, 
we have, by Art. 90, 


dl 
5= oO) 


HW (D) vererreceeeeereeeseetens (2), 
by hypothesis. It follows by Art. 56 that J and (6) can 
only differ by a ‘constant,’ i.e. a quantity independent of b; 
thus 


[¢@a-vo+e WG! wast oes (3). 


To find the value of C we may, since it does not vary with 
b, put b=a, whence 


¥(a)+C=|"$(e)dv=0 an ee (4). 
Hence C =— 1 (a), and 
b 
[26 @)de=4O- FO verses (6). 


This is the fundamental proposition of the Integral 
Calculus. It reduces the problem of finding the definite 
integral of a given function ¢(#) to the discovery of the 
inverse function (x), or D“¢(#). The reason why this 
inverse function is usually denoted by 


fp (G) die Seance at Se (6) 
is now apparent. The form (6) is simply an abbreviation for 
x 
i Dahil iad Rasen eae (7), 


where a is arbitrary. We have seen that a change in a 
is equivalent to the addition of a constant. 


The notation E | a ere (8) 
is often used as an abbreviation for a (b) — y (a). 
Ex. 1. To find 7" HOS. eo navenschedety dus stente (9), 
Here  $@)=%, Ye)=4e 
whence i x de = (b) — py (a) =} (Ba?) oe, (10). 
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Ex. 2. To find i DENA as Sa ie dashes iisin ways hasan (a1), 
Here be) =a v@)=Bs 

whence if Pte SANG SW) vie oee sisters neve? (12). 
Ex. 3. To find i Cea tet acini bine Ger (13). 
Here b(@)=e%, Yla)=e% 

whence I ” ge da = : aS ad Weert pe eas (14). 


The above results agree with those obtained, by much greater 
labour, in Art. 88. 


93. Cases where the function ¢(«), or the limits 
of integration, become infinite. 


Before proceeding to further examples, it will be con- 
venient to extend somewhat the definition of an integral 
given in Art. 86. It was there assumed that the limits of 
integration a, b were finite, and also that the function ¢ (a) 
was finite throughout the range b—a. We proceed to 
explain how, under certain conditions, these conditions 
may be relaxed. 


1°. Suppose ¢ (2) to be finite and continuous for values 
of z ranging from a to «, and consider the integral 


| ; CS age a Os PE) a (1), 


where w>a. If, as w is increased indefinitely, the integral 
tends to a definite limiting value, this value is denoted by 


The integral (1) is then said to be ‘convergent’ for w=. 
As might be anticipated from the theory of infinite series (Art. 6) 
it is not a sufficient condition for convergence that 

MR od OE) Uae spognoess sae secnerse (3) ; 
this condition is moreover not essential, for there may even be 
convergence when ¢ (a) has no definite limiting value for =, 
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A similar definition of 


b 

i PUAN GG sivas Genscan sioevert (4) 

can obviously be framed. 
Ex. 1. [reeds = [-z-e] pes! wale het (5). 

0 a 0 a 
As w increases this tends to the limit 1/2. Hence we say that 
erm 1 
i} OD os ssansccennnnnsnsssecs (6). 
Fn, 2. if = [log a J =10g w.sseeeseseenee (7). 
1 3% 1 


This increases without limit with w. Hence there is no limiting 
value for w=, although 


limz—2 B = Once cts ceneauer eer (8). 


2°. Let @(x) become infinite at or between the limits 
of integration. 


It will be sufficient to consider the case where there 
is only one value of # for which ¢(w)=0. The general 
case can be reduced to this by breaking up the range b—a 
into smaller intervals *. 


If d(x) become infinite at the upper limit (only), 
we consider in the first place the integral 
b-e 


where ¢ is positive. If, as ¢ is diminished indefinitely, this 
integral tends to a definite limiting value, this value is 
adopted as the definition of 


[. bla ea 


A similar definition applies to the case where (a) 
becomes infinite at the lower limit a. 


* It being assumed that ¢ (x) becomes infinite only at a finite number of 
isolated points, 
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Ex. 3. 


The function 1/,/(1 — x) becomes infinite for ~=1, but 


Poe ~2,/(1-2) |" =2-2/e Ly; 


and as e is indefinitely diminished this tends to the limit 2. 
Hence 


If g(x) becomes infinite between the limits a, b, say for 
a“ =c, we consider the sum 


[Op @ det fb © denn (13). 


If, with diminishing ¢ (and e’) each of these integrals tends 
to a finite limiting value, the sum of these values is adopted 
as the definition of 


i d (x) da*. 


The cases where ¢(x) becomes infinite, or is discontinuous, 
at a finite number of isolated points, are dealt with by dividing 
the range into shorter intervals bounded by the points of 
discontinuity. 


94. Applications of the Rule of Art. 92. 


We give a few more typical examples of the evaluation of 
definite integrals. 


* Cases may arise in which each of the integrals 
ec 


~* 6 (x) dx and th _ od (a) da 
a c+e 


is ultimately infinite, whilst, if some special relation be assumed between the 
ultimately vanishing quantities «, ¢’, the infinite elements of the two 
integrals cancel in such a way that the sum remains finite. The value of the 
sum will then depend on the nature of the assumed relation. The considera- 
tion of such cases is, however, beyond the scope of the present treatise. They 
do not often occur in physical problems, 


By 15 
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7. hr 
Ex. 1. f sin «da = E cos | 4 eee? (1); 
) 
dor 
[F cossde=| sina] SF A ie hacages teeams (2) ; 
0 


i ** in x cose-de = E sin? al = pean duas ence? (3). 
0 
Ex. 2. By Art. 79, we have 
cd : asin Be+BcosBx _ | 
I e-ersin Bede =— | a+ BR é =| 
oe asin Bw + B cos Bo ,_,, 
~ a2 + 8? 7 a? +? E 
If a be positive the last term tends, as w is increased indefinitely, 
to the limiting value 0. Hence 


co 2 : rt B 
ie é aon oe ocd a/ciaidicla «es wemiewa (4) 
Sirilariy | e-* cos Bede =~ fst AE i: 
0 


Ex. 3. We have 


th poe = [tan a = tan w —tan—0. 


The function tan™+# is many-valued (Art. 21), but it is im- 
material which value we take, provided we suppose it to change 
continuously as x varies through the range of integration. Hence 
if we take tan-'0=0, we must understand by tan-!w that value 
which increases continuously from 0 with wo. As w increases 
indefinitely, this value tends to the limit $7, so that 


° dz 
t ee ae ROG c ae eee ene (6). 


Ex. 4. By Art. 77, 4° we have 


thy Lae OFS ee Res tan7} ( a 3 . tan 6) |. 


Now, as @ increases from 0 to $7, ,/(a/f8).tan 6 increases from 0 
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to co, and we may therefore suppose that tan {,/(a/{) . tan 6} 
increases from 0 to 4x. Hence 


ie do a 
i asin? 6 + 8 cos? 6 — 2, (ap) Steiateralavstavaects (os 


The student may have remarked in the course of the 
preceding Chapter that when an ‘indefinite’ integration is 
effected by a change of variable (Arts. 76, 78) the most 
troublesome part of the process consists often in the transla- 
tion back to the original variable. This part is, however, 
unnecessary when the object is merely to find the definite in- 
tegral between given limits. It is then sufficient to substitute 
the altered limits in the indefinite integral as first obtained. 


Fx, 6. To find i PUG ueNdch Oe ere, (8). 
0 


We found (Art. 78), putting z=asin 0, that 
J J(@ — 2?) da = a? {cos* 6 dd = 4a? (0 + 4 sin 26). 


Now, if @ increase from 0 to 47, « will increase from 0 to a. 
Hence 


Ar 
i Ma? — 0%) dee = 4a? [2 +}sin 20 | drt. 4.19): 
EXAMPLES. XXIX. 


1 . 1 da _ 1 dz = 3 
[ vede=3, eae 1 saa ils 
st 1/W3 dx 7 
Jo qa-a7 0 (2— 3a?) 4,73" 


a 
Ly 


bo 


= dx eh 
if a? + b?a?  Qab- 
1 wdx 1 «wdx 


pas) 2!) Ja+ay 7?! 


en 2 de 
| Teret 8 +V%) ery = hoe + V9) 


° dx 2 du 
ae ee ind, 
i a (1 +2) log 2, I x (1 + a”) gees 


se 


an 


15—2 
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1 ee 3 1]-—77 Ly 
We emomeen 8. [peer 
dx a T 
0 (a? + a?) (a? +6)  2ab(a+b)°" 
10 i ada = 2 
wap (a? + a?) (a? + 6?) 2(a+b)° 
4 x dx ce 
. |, @1a@tR aR log 5 
he ae = 
12. fz 2 a? (1+ 2) Fs az) — log 2, ai a(1+a) = log 2 =z 
ahs oy 
13. ; (i+a) 4” 
oo dx Be ao dx fe 
1 dx 1 x fr 
Lailiie caes ca AO 
= B dx 
16. iE JZ =) d | ean 
one « \\(e-4) (B-2)} ™ 


18, {he sect @d0=1, [tanto d0=1— 4, 
0 0 


19. [sin 20.a0=1, [/" c0s26d0=0. 
0 0 


i™ cos 0 tt =sin 6 : 
a), Trem ge” oh Yemen a 


dor T 
21. i sec* 0 d0 = 4, ik tan! 6 dé = 4a -2. 
0 0 
ee wT 
me beeen o" a=wy bell: 
hn ie = db 


23. ioe o l+sin0 et. 


24. pe tan 6 dd =0, [F800 6 d8 = tog (3 + 24/2). 
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1 1 
25. i log xda=-—1, I log ada =—}. 
0 0 
1 1 
26. i sin” «dxz= 42-1, i tan" « dx =12 —h log 2. 
0 0 
ae a7 
7. I 6sin 6d =1, i 6cos 6 d0=49-1. 
0 0 
kn 
28. I @ sin 6 d0 =x — 2, [6200s 6d0 = 17° — 2. 
0 0 
in 
29. | 6sec? Odd =418 —hlog 2. 
0 
30. 1 e* cos (x + 47) dx=0, 
0 
~ de 
31. iB oe Sta 
95. Formule of Reduction. 
The methods of Arts. 80, 81, when applied to the re- 
duction of definite integrals, sometimes lead to specially 


simple results, owing to the vanishing of the integrated 
terms at both limits. 


a7 
To at Un = | COSSU GO pve teteaaoae (1), 
0 
we have, by Art. 81 (2), 
in — 
Un = E sin 0 cos” | + Orml aca sense (2). 
n 0 n 
If n>1, the first part vanishes, since 
sin0Q=0, cos47=0. 
hr = hor 
Hence i cos” 6dé = a—! i COs tO UD tinasee se: (3). 
0 0 


Similarly, from Art. 81 (6), 
40 = dr 
i ipa i sin"? 0d0 .c.eseee (4). 
0 n Jo 
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If n be a positive integer, we can, by successive applica- 
tions of (8), express 


= cos" 6d@ 
0 


in terms of either 
ir ie 
| eos 040,41, or i wae (5), 
0 0 
according as n is odd or even. In the same way 
a7 
[° sinn oao 
0 
can be made to depend either on 


an it 
i sin @d0,=1, or on db, <tr ey 
0 0 
fiz. 1. lig cost ado = [ cos* 6d6 
0 0 


=4.3/ cos 0d0 = 8. 


After working out one or two examples in this way, the 
student will be able to supply the successive steps mentally, 
and write down at once the factors of the result; thus 


[costodo= $4.4. eka 


The general values of the preceding integrals can be 
written down without difficulty. Thus, if n be odd, we have 


hr a ae. 
[cos ea0 = =| AY pg Md Nae Ly 
0 = Nitis 
whilst, if m be even, 


ne. ae (n—1)(n—8).. 
ih cos aaa = | sin” 0d0 = ea T .-(8). 


Integrals of this type are of frequent occurrence in the 
physical applications of the Calculus. 
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dr 
ete) a, = i sin® 0 cos” Od0 «....se01es++4(9), 
0 
we have, by Art. 81 (10), 
‘| ee az n—1 
— m+1 n—1 
tn, n= Ee sin™+! cos a + pore Gags ss( LO): 


If n> 1, the expression in [ ] vanishes at both limits, and we 
have 


ar 
i sin” @ cos” 6d0 = 
0 


st [sam 60 Pet dob) 
tea ea s mel yi 


In the same way from Art. 81 (11) we obtain, if m >1, 
m 


a0 = in 
i semi 00 = | sin”? 9 cos"Od0 ...(12). 
0 m+rnlo 


By means of these formule, either index can be reduced 
by 2, and by repetitions of this process we can, if m,n be 
positive integers, make the integral (9) depend on one in 
which each index is 1 or 0. The result therefore finally 
involves one or other of the following forms: 


40 4 
| sin 6 cos 040,=4; | d0,2 4m; 
0 0 dake: 


47 hr 
| sai die= 1: | cos 046, = 1 
0 


0 


Ex, 2. We have 
[osm 0 costbdd= $f sin’ 6 cos? 0d0=4. 2 fF sin 6 cos* 0d6, 
by (12). Again, by (11), 
[os Gost 6d = 2.[° sin 6 cos 0d0=2.4. 


Pil 
ind 3 Ae ae |, 
Hence ip sin’ @cos*0d0=4.%.2%.¢=a4 


After a little practice, the result can be written down immedi- 
ately, Thus 


in 
i sin® 6 cos? 6d0=§.3.4.4.407= 557. 
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The formule (11) and (12), as well as (3) and (4), are often 
required in practice, and should be remembered. 


Again, the algebraic integral 


is reduced by the substitution # = sin? @ to the form 
hr 
2 | Binet 8 Cost Pat scxsuees os (15), 
0 


and can therefore be evaluated by means of the formule 
given above, whenever 2m+1 and 2n+1 are positive 
integers or null. 


Similarly, if we put #=sin @, the integral 


. 


1 
| BP Coe) han 2 A San aoc cee (16) 
0 
takes the form 


dr 
i sin™ 9 cos™4 00 ......csceeees (17). 
0 


1 
Ex, 3. i a? (1—a)tde = 2 |" sin® 0 cost 6d 
0 0 


<n ee a en 
=2.$.7.3.4.1=3%. 


1 dor ~nk 
Ex. 4. | 2(1—2)t= | sin’ @ cost 6d0 
0 0 
=GE+E+ 37 = ga7 


96. Related Integrals. 


There are various theorems concerning definite integrals 
which follow almost intuitively from the definition of Art. 86. 


For example, 
[°¢@ac=["$@-e) de ie (1). 
This is proved by writing 


e=a—a, dr=—dz', 
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the new limits of integration being a’ =a, « =0, correspond- 
ing to z=0, =a, respectively. Thus 


a 0 
| 6 (a)de=— | $(a-a)de' =| $(a—2) da, 
0 a 0 
the accent being dropped in the end, as no longer necessary. 


This process is equivalent to transferring the origin to 
the point «=a, and reversing the direction of the axis of «. 
The areas represented by the integrals in (1) are thus 
seen to be identical. 


An important case of (1) is 


te (sin 6) d0 = ihe feeb) d0n eae 2) 


Bx. 1. Thus ** sin? 0db = | * cos? Od. 
Hence each of these Hien 
=3 |" (sint 6+ 00s" 8) d0=3 "dd = 3. 
Again, if f(x) be an ‘even’ function of #, that is 
Di(— 2) HBB) sis rs ceossasscsessoess (3), 
we have i ‘ $ (a) da = 2 : ‘ P(E) AE .csceversensns (4), 


the area represented by the former integral being obviously 
bisected by the axis of y. 
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On the other hand, if ¢(#) be an ‘odd’ function of a, so 
that 
a@ 
we have Pp (thir = ON aa daesnnemensdecne (6), 
since in the sum, of which the definite integral is the limit 


(Art. 86), the element ¢() dz is cancelled by the oppositely- 
signed element ¢ (— a) da 


i 


Ex. 2. We have 
ig sin*@ cos! 6d6=2 |" sin? @ cos! 0d0=2.4.3.1= 3 
0 


whilst | . sin’ 6 cos? 6d@ = 0, 
-tor 
since sin? @ changes sign with 8, 


For similar reasons, if 


ba becicch nicks setts a aes (7), 

poiars I. b(a\dn= 2] ONS tered ee (8); 

whilst if b(¢spee ee. ae (9), 

we have | ; $ (a) Dae) me wssiyieececen (10). 
As a particular case of (8), we have 

| * f(ein 6) d0 = 2 | a CHL een: (11), 


since sin (7 — #)=sin 0 
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Ex. 3. 


wT da 
I sin* § cos? 9d0=2 | sin? 6 cos? 6d0=2.2.4.1= +45; 
0 0 


While i sin? 6 cos* 6d0 = 0. 
0 


EXAMPLES. XXX. 


1. Write down the values of the following integrals: 


: 2 - 
(1) i **sint a8, [ cost ad, i * ain’ Odd. 
0 0 0 
iv a 
(2) I sin? 6 cos 0d0, if : sin? 6 cos’ 0d6, i u sin’ 6 cos® 0d0. 
0 0 
(3) I sin’ 6d6, i: ” cos? 6d8, I " sin? 6 cos! 6d6. 
0 0 


pus D dr 
(4) i sin‘ 6d6, i Mat Add. i cos? 6d6, 
-}n -tn -}e 
4 
i sin® 6 cos’ 0d0. 
—in 
2. Prove from first principles that 


1 1 
I ae (1 — a)" de= | x” (1 — a)” da. 
0 0 
Prove that the common value is 
m'\n! 
(m+n+1)!" 
8. Prove that 


[s@)au=2 f “go (ayde, |” o(tada=0. 
4. Prove that 
[9 () de = iE ff (a) +6 (-2)} dey 
a [“e@-#Cmjae=0 
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aut iis i * tan" 0d6, 
0 


1 
n—1 


prove that t,= = Ugg: 


1 1 
6. [eQ-aide= a 7. [2 Q-2) de xe. 


1 
8, | at (1—2)§du= 357. 
0 


: if a dx 1 afdx - 
; 0 


8 


ee Piha cendlons aS TORN 
at) OMe eet 
10. | bem 8 oases | * sin? 6d0 = 0. 
-in -} 


11. [0 sin 0 cos* 90=3n, [/ @sint 0.005 648 =— $. 
0 0 


aT gj it gj 
[ sin aes ee eat 
0 


i? sin 6 o sind 


ise) 


*13. Prove that 
ie dz _nW-3 ("dx 
o (L+a?)" 2n—2 Jo (L+a°)"° 
[Put «=tan 0.] 
14. Prove that, if m>1, 
i peer of EB 
o {a+ J/(a?+1)}" n?-1° 
[Put #=sinh w.] 
15. Prove that 


1 us 
i (1 +a)" (1 —2)"da = Qm+nes vk sin™"*1 9 cos?"+ 9d. 
=I 0 


16. Prove that 
i OUR ae m—-2/(° du 
9 cosh"w m—1 Jy cosh™?x" 
[Put cosh w= sec 6.] 


* The Examples which follow are of a more difficult character, and may 
be passed over on a first reading of the subject, 
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17. Prove from first principles that 
I sin 66 < | * in® 0d. 
0 0 


Hence show that 47 lies between 
2.2.4.4.6.6...20. In 
1.3.3.5.5.7...(2n—1) (2n + 1) 


and the fraction obtained by omitting the last factors in the 
numerator and denominator. (Wallis.) 


18. Prove from first principles that 
dr 7 
I tan"*! 6d0 <[ tan" 0d0. 
0 0 


Hence, using the result of Ex. 5, shew that 


[ * tan" 9d0 
0 

lies between 
) AO pe 
2(n—1) 2(n+ 1)’ 
19. Shew that 


ie sin @d@ and is cos 6d0 
0 


0 
are indeterminate. 


20. Shew from graphical considerations that 


? inf 
i ae) 


is finite and determinate. 

91. Prove that if ¢ (x) be finite and continuous for values of 
x ranging from 0 to a, except for z= 0, when it becomes infinite, 
the integral ; 


[e@e 


will be finite, provided a positive quantity m can be found, less 
than unity, and such that 

lim,—) 2” > (a) 
is finite. [Put «=2".] 
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22. If ¢(a) be finite and continuous for all values of 2, the 
integral 


[ $@ae 


will be finite, provided a quantity m can be found, greater than 
unity, and such that 
limy oot” (2) 


is finite. [Put e=¢-".] 
23. Prove that 
i cos 27dae and i sin a? dx 
0 0 


are finite and determinate. 
24. Prove that 


i “car? de=i, | "Ge da 0. 
0 


—-o 


25. Prove that the integral 


fo2) 
I wre“ da » 
0 


(where n >— 1) is finite and determinate. 
26. Prove that, if n>1, 


I ate“ da = $(n — 1) i ah 2e- Toe 
0 0 
Hence shew that, if m be a positive integer, 


i “artleBde = honk, 
0 


oi, “38 Un = i mee ce. 
0 
prove that U,= = tints 


n being positive. 


Hence shew that, if m be integral, 


[ wrorsae= ni 
0 


hai? 
qhtt 
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28. If f(x) and $(a) be finite and continuous, and if ¢ (x) 
retain the same sign, throughout the interval from «=a to x=6, 
then 


b b 
[ F(a) $ (@) da =f [a+ 0 (b—a)] i (a) da, 
where 1>6>0. 


29. Shew how it follows from the equality 


x dy 1 
[G- Og x 


that the sum of m terms of the harmonic series 
1+44+ 3+... 


lies between log (n + 1) and 1+logz. 


Shew that the sum of a million terms of this series lies 
between 13°8 and 14:8. 


30. Shew from graphical considerations that if f(«) steadily 
diminishes, as x increases from 0 to o, the series 


S() + £Q)+F(8) +» 
is convergent, and that its sum lies between J and J+/(1), 
provided the integral 


L= | f@)de, 
1 
be finite. 


Apply this to the series 
stl, Py esiec eh pean 
(n+l (n+2y (n+p 


EXAMPLES, XXXT. 
1. Prove that if the pressure (p) and volume (v) of a gas be 


connected by the relation 
pv =const., 


the work done in expanding from volume w% to volume % is 


v 
Po log a 
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9. Prove also that if the relation be 
pv" =const., 


the work done is a (29% — p1%1)- 


3. If the tension of an elastic string vary as the increase 
over the natural length, prove that the work done in stretching 
the string from one length to another is the same as if the 
tension had been constant and equal to half the sum of the 
initial and final tensions. 


4. Prove that the work done by gravity on a pound of 
matter, as it is brought from an infinite distance to the surface of 
the Earth, is » foot-lbs., where 2 is the number of feet in the 
Earth’s radius. [Assume that the force varies inversely as the 
square of the distance from the Earth’s centre. ] 


CHAPTER VIL 


GEOMETRICAL APPLICATIONS. 


97. Definition of an Area. 


In Euclid’s Elements a system of propositions is developed 
by means of which we are able to give a precise meaning to 
the term ‘area,’ as applied to any figure bounded wholly by 
straight lines. In particular it is shewn that a rectangle 
can be constructed equal to the given figure, and having any 
given base, say the (arbitrarily chosen) unit of length. The 
‘area’ of the figure in question is then measured by the ratio 
of this rectangle to the square on the unit length. 


This process obviously does not apply to a figure bounded, 
in whole or in part, by curved lines, and we require therefore 
a definition of what is to be understood by the ‘area’ in such 
acase. To supply this, we imagine two rectilinear figures to 
be constructed, one including, and the other included by, the 
given curved figure. There is an upper limit to the area of 
the inscribed figure, and a lower limit to that of the circum- 
scribed figure, and these limits can be proved to be identical. 
The common limiting value is adopted, by definition, as the 
measure of the ‘area’ of the given curvilinear figure. 

Thus, in the case of a circle, if, in Fig. 4, p. 7, PQ be the 
side of an inscribed polygon, the area of the polygon will be 
4 (ON.PQ). Now ON is less than the radius, and } (PQ) 
is less than the perimeter, of the circle. Hence the upper 
limit to the area of an inscribed polygon cannot exceed 


L. 16 
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da x Qrra, or 7a’, where a is the radius. Similarly we may 
shew that the lower limit to the area of a circumscribed 
polygon cannot be less than za* Moreover, the difference 
between the area of an inscribed polygon, and that of the 
corresponding circumscribed polygon, is represented by 
3 (PN.NT), and is therefore less than =} (PV).¢, where ¢ is 
the greatest value of V7. Since this can be made as small 
as we please, the upper and lower limits aforesaid must be 
equal, and each is therefore equal to 7a’. 


In the same way we may prove that the area of any 
sector of a circle of radius a is a0, where @ is the angle of 
the sector. 


98. Formula for an Area, in Cartesian Coordi- 
nates. 


If the equation of a curve in rectangular coordinates be 


OCS, aoc duwa tanner casgeenee (1), 


the area included between the curve, the axis of x, and the 
ordinates =a, =), is 


if Engen [. iiicleni its ask eae. (2), 


it being assumed that ¢ («) is a function of the type contem- 
plated in Art. 87. The, 


This follows at once from the definition of the preceding 
Art. and the investigations of Art. 87. 


Ea. 1. To find the area included between the curve 


Bf xe MO, oss aavabeebsicek sand eho (3), 
the axis of 2, and the ordinate x=a; we have 
a mtl mq Aa™t? 
hea ie | Mens fe oe 
I oa m+1llo m+l1 
1 
=> m+l1 af Peete eee rece ree eeeeeenenees (4), 


where £ is the length of the extreme ordinate. The area in 
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question is therefore equal to the fraction 1/(m +1) of the area of 
the rectangle contained by the extreme ordinate and its 
abscissa. 


In the case of the parabola 
GF AGS nie ses te dese sia egicmanis (5), 
we have m=, and the ratio is 3. 


Ex. 2. The area of a quadrant of the ellipse 


go? 2 
— + aol er SatEh eee (6) 
<= - one 
is given by I y dx ae ‘ J (a — 2?) dx. 
0 0 


The value of the definite integral was found in Art. 94 to be 
jaa*. Hence the whole area of the ellipse is ab. 


Ex. 3. In the rectangular hyperbola 


Pe a MMe ayiases af eenew ones (7), 
we may put, for the positive branch, 
= COS, Ff = BIND Wc... snvnoepvosveses (8), 


since these satisfy (7), and give the required range of values of x 
and y. 
The area included between the curve, the axis of x, and the 
ordinate defined by the variable u, is 
x uU UU 
i y de= | sinh? udu =} | (cosh 2u — 1) dw 
1 0 0 


=4 sinh 26 —40 ...cccrcoees (9). 


, 
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This gives the area PAW in the left-hand figure. Hence the 
area of the hyperbolic sector AOP is 


4PN.ON —area PAN = $u........0-000+ (10). 


We have here an analogy between the ‘amplitude’ (w) of the 
hyperbolic functions cosh u, sinhw, &c., and the amplitude (@) 
of the circular functions cos 6, sin 6, &c.; viz. the independent 
variable in each case represents twice the sectorial area AOP 
corresponding to the point P whose coordinates are (cosh wu, 
sinh u), or (cos @, sin 4), respectively. 


In the case of the general hyperbola 


the coordinates of any point on the positive branch may be 
represented by 


So meosh ty Sy = Fein ocececs (12), 


and the sectorial area is tab wu. 


If the axes of coordinates be oblique, making (say) an 
angle w with one another, the elementary rectangles ydz 
which occur in the sum, of which the area is the limit, are 
replaced by elementary parallelograms ydxsinw; the area 
included between the curve, the axis of 2, and two bounding 
ordinates is therefore given by 


taken between the proper limits. 


4 


Fig. 57. 


98-99] GEOMETRICAL APPLICATIONS. 245 


Ex. 4. The equation of a parabola, referred to any diameter 
and the tangent at its extremity, is 


The area of the segment cut off by the chord «=a is therefore 
2 sin o | yde = 4a'tsin w [ at da = 8a/tal sin w 
0 0 


Bere ete GN One dean eden ods neh nive sistem (15). 


Hence the area of any segment of a parabola is two-thirds the 
rectangle contained by the intercept (a) of the chord on its dia- 
meter and the projection (28 sin w) of the chord on the directrix. 


99. On the Sign to be attributed to an Area. 


It was tacitly implied in Art. 98 that b >a, and that the 
ordinate (a) is positive throughout the range of integration. 
If we drop these restrictions, it is easily seen that the 
integral 


is equal to +S, where S is the area included between the 
curve, the axis of 2, and the extreme ordinates; the sign 
being + or — according as the area in question lies to the 
right or left of the curve, supposed described in the direction 


Fig. 58. 


from P to Q, where PA, QB are the ordinates corresponding 
to «=a, «=b, respectively*. If the curve cuts the axis of « 
between A“and B, the integral gives the excess (positive or 


* It is assumed here that the axes of x and y have the relative directions 
shewn in the figures, In the opposite case, the words ‘right’ and ‘left’ 


. must be interchanged. 
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negative) of the area which lies to the right over that which 
lies to the left. 


Even with these generalizations, the formula 


still applies in strictness only when there is a unique value 
of y, or } (a), for each value of # within the range b—a. If 

owever we replace a, as independent variable, by a quantity 
t such that, as ¢ increases, the corresponding pomt P 
moves in a continuous manner along the curve*, the formula 


Fig. 59. 


the curve, the axis of x, and the ordinates of the points P,, 
P, for which t=t,, t=4, respectively, viz. it will give the 
excess of those portions of the area swept over by the ordinate 
y as it moves to the right over those swept over as it moves 
to the left, or vice versd, according as y is positive or negative. 


If, for a certain value of ¢, P return to its former position, 
having described a closed curve, the integral 


d. 
ly = dt tee e er ener ece res eeeeeens (4), 


taken between proper limits of ¢, will give the area included 
by the curve, with the sign + or —, according as the area lies to 
the right or left of P, when this point describes the curve in 


* For instance, we may take as the new variable the arc s of the curve, 
measured from some fixed point on it. 
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accordance with the variation of t*. If the curve cut itself, 
the formula (4) gives the excess of those portions of the 
included area which lie to the right over those which lie to 
the left. (See Fig. 59.) 


Tt is sometimes convenient, in finding the area of a curve, to 
use y as independent variable, instead of «. The area included 
between the curve, the axis of y, and the lines y=h, y=h, 
is evidently given, with the same kind of qualification as 
before, by 


k 
MEY, Coenen issn gins’ vents ets 5). 
few (5) 
The more general formula, analogous to (3), is 
4 dy 
[eae Tae eae (6), 


but it will be found on examination that the words ‘left’ 
and ‘right’ must now be interchanged in the rule of signs. 


100. Areas referred to Polar Coordinates. 
If the equation of a curve in polar coordinates be 


nO (Cp Ree (1); 


the area included between the curve and any two radil 
vectores =a, 0=A is given by the formula 


4[" 1200 or 4 ['e@pas......2). 


For we can construct, in the manner 
indicated by the figure, an including 
area S, and an included area 8’, each 
built up of sectors of circles. The area 
of any one of these sectors is equal to 
47°80, where r is its radius, and 60 its 
angle, and the sum of either series of 
sectors is therefore given by a series 
of the type 


Fig. 60. 


* Thus, in the indicator-diagrams referred to on p. 211, the area 
enclosed by the curve gives the excess of the work done by the steam on the 
piston during the forward stroke over the work done by the piston in 
expelling the steam during the back stroke, and so represents the net 
energy communicated to the piston in a complete stroke. 
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Hence either series has the unique limit denoted by 


(2). 

It is here assumed that @>a and that each radius 
vector through the origin intersects the are considered in 
one point only. If however we introduce a new independent 
variable ¢, such that, as ¢ increases, the corresponding point 
P moves in a continuous manner along the curve, the ex- 
pression : 


will give the net area swept over by the radius vector as ¢ 
varies from ¢, to t,, t.e. the (positive or negative) excess of 
those parts which are swept over in the direction of @ in- 
creasing over those swept over in the contrary direction. 
Moreover if, as ¢ increases, P at length returns to its original 
position, having described a closed curve, the expression 


taken between suitable limits of f, gives in a generalized 
sense the area enclosed by the curve; viz., it represents the 
excess of that part of the area which lies to the left of P (as 
it describes the curve in accordance with the variation of ¢) 
over that part which lies to the right. Cf. Art. 99. 


Ex, 1. The area of the circle 
Ps IQ8INO. ekonomi (6) 
(see Fig, 39, p. 126) is given by 


2 [rao = Ont in sin? 6 dO = qa?... ...cccesse0s (7). 


Ex, 2. The equation of an ellipse in polar coordinates, the 
centre being pole, is 


1 _cos?@_ sin’6 
Pos = a + ~h Se eas (8). 
Hence the area is 


nr 2 7,2 a, 
+f, rare Ferg O= 208 [ ld 
0 


a sin? 6 + b? cos? @ a sin? 6 + b? cos? 6 


mosieenl 
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The value of the latter integral has been found in Art. 94 to be 
47/(ab). Hence the required area is zab. 


101. Area swept over by a Moving Line. 


The area swept over by a moving line, of constant or 
variable length, may be calculated as follows. 


Let PQ, P’Q’ be two consecutive positions of the line, 
and let their directions meet in C, Let R, R’ be the middle 
points of PQ, P’Q’, and let RS be an arc of a circle with 
centre C. Then if the angle PCP’ be denoted by 60, we 
have, ultimately, 


area PQQ’P’ = AQCQY — APCP’ 
=140Q@.50 —40P?.50 
=PQ.4(CP + CQ) 60 
= PQ.CR.50=PQ. RS. 


Q’ 


Fig. 61. 


Hence, if we denote the length PQ by u, and the elementary 
displacement of R, estimated in the direction perpendicular 
to the moving line, by dc, the area swept over may be 
represented by 


The student will notice that the formule of Arts. 98, 100 
are particular cases of this result. Thus in the case of Art. 98 
(13) we have w=y, d0 =6dx. sin w. 


It is tacitly assumed, in the foregoing proof, that the areas 
are swept over always in the same direction. It is easy to 
see, however, that the formula (1) will apply without any 
such restriction, provided areas be reckoned positive or nega- 
tive according as they are swept over towards the side of the 
line PQ on which dc is reckoned positive, or the reverse. 
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For example, the area swept over by a straight line whose 
middle point is fixed is on this reckoning zero. 


We will suppose, for definiteness, that 5c is positive when 
the motion of £ is to the left of PQ as regards a spectator 
looking along the straight line in the direction from P to Q. 
If PQ return finally to its original position, its extremities 
P, Q having described closed curves, the integral (1) will, 
on the above convention, represent the excess of the area 
enclosed by the path of Q over that enclosed by the path of 
P, provided the signs attributed to these areas be in accord- 
ance with the rule of Art. 100. 


TA 


——_> 
Fig. 62. 


102. Theory of Amsler’s Planimeter. 


A ‘planimeter’ is an instrument by which the area of 
any figure drawn on paper is measured mechanically, 


Many such instruments have been devised*, but the simplest 
and most popular is the one invented by Amsler, of Schaffhausen 
in 1854. This consists of two bars OP, PQ, freely jointed at P, 
the former of which can rotate about a fixed point at O. If a 
tracing point attached to the bar PQ at Q be carried round any 
closed curve, P will oscillate to and fro along an are of a circle 
describing (as it were) a contour of zero area. Hence by the 


* See Henrici, ‘Report on Planimeters,’ Brit. Ass. Rep., 1894, p. 496, 
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Fig. 63. 


theorem stated at the end of Art. 101, the area of the curve 
described by Q will be equal to 

ido 2araec wie tae seetaecits sore s-ncs Gd); 
where J is the length PQ, and fdo represents the integral motion 
of R, the middle point of PQ, estimated always in the direction 
perpendicular to PQ*. : 

Now if, as is generally the case in the actual use of the 
instrument, PQ return to its original position without making 
a complete revolution, the integral motion of # at right angles 
to PQ is the same as that of any other point &’ in the line PQ. 
For if 8c, 50’ be corresponding elements of the paths of FR, F’, 
estimated as aforesaid, we have 

S80 — 80’ = R'R. 80, 
where 86 is the angle between the consecutive positions of A’. 
Hence 
fdo = fdo' + R'R {do 
SN Gr fee ioe siens vatena aitira <0 -Wa nase (2), 


since, under the circumstances supposed, we have dd =0. 


R’ 


Fig. 64. 
* This is of course not in general the same thing as the length of the 
path of R. 
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In the instrument, as actually constructed, the integral 
motion normal to the bar of a point R’ in QP produced. 
backwards, is recorded by means of a small wheel having 
its axis in the direction PQ. As Q describes any curve, the 
wheel partly rolls and partly slides over. the plane of the paper 
on which the curve is drawn, and the rotation of the wheel is in 
exact proportion to the displacement of 2’ perpendicular to its 
axis. The wheel is graduated, and has a fixed index for the 
record of partial revolutions ; the whole revolutions are recorded 
by a dial and counter. . 


There is also an arrangement for varying the length PQ; this 
merely alters the scale of the record. 


EXAMPLES*. XXXII 
1. Ifa curve be such that 
y™ ox”, 
the rectangle enclosed between the coordinate axes and lines 


drawn parallel to them through any point on the curve is 
divided by the curve into two portions whose areas are as m: n. 


2. The area included between the hyperbola 
oy =k, 
the axis of x, and the lines x= a, x=b, is 
? log b/a. 


8. The area included between the axis of « and one semi- 
undulation of the curve 
y = bsin a/a 


4, The area included between the catenary 
y =c cosh x/c, 
the axis of a, and the lines x=0, 2 = a, is 
e sinh a,/c. 
5. The curve ary = a? (a + a) 


includes, with the axis of a, an area ja’, 


* Some further Examples for practice will be found in the Chapter (tx) 
on ‘Special Curves,” 
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.6. The areas included between the axis of x and successive 
semi-undulations of the curve 


y =e“ sin Ba 
form a descending oo: series, the common ratio being 
e-7a/B. 
7. Thearea included between the positive branch of the curve 
y=b tanh a/a, 
its asymptote, and the axis of y, is ablog2. (See Fig. 22, p. 43.) 


8. The area included between the coordinate axes and the 


parabola 
+ 
(-@= 
a b 


is 1a) sin w, where w is the inclination of the axes. 
[Put «=asin'#, y=6bcos*6.] 
9. The area swept over by the radius vector of the parabola 
hy fe aa 
~ 1+cos0 
is equal to the difference between the initial and final values of 
a’ (tan $6 + 4 tan’ 40). 
10. A curve AB is traced on a lamina which turns in its 


own plane about a fixed point O through an angle 0, Prove that 
the area swept over by the curve is 


1 (OA? ~ OB?) 0. 


11. Prove that, with a proper convention as to sign, the 
area of a closed curve is given by 


dy dx 

ne ay 

aG (« a? =) as 

provided the total variation of ¢ corresponds to a complete circuit 


of the curve. 


12. The formula (Art. 79 (2)) for integration by parts may 


be written 
fudo = uv — frdu; 


interpret this geometrically in terms of areas. 
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13, The area common to the two ellipses 
2 2 


oS one. are 
ete ° Bi @ 


2 


i my 


is 4ab tan™ b/a. 


14. The area common to the two parabolas 


y=4ax, 1° = 4ay 


is 18a. 
15. Prove by integration that the area of an ellipse is 
7a sin w, 


where a, @ are the lengths of any pair of conjugate semi-diameters, 
and w is the angle between these. 


16. Prove by transformation to polar coordinates that the 
area of the ellipse 
Av? + 2Hay + By =1 
is 7/,/(AB - H”). 


17. A weightless string of length /, attached to a fixed point 
O, passes through a small ring which can slide along a horizontal 
rod AB in the same vertical plane with O, and the lower portion 
hangs vertically, carrying a small weight P. Find the locus of P, 
and prove that the area between this locus and AB is 


LJ (? —h?) —h? cosh™ d/h, 
where f/ is the depth of AB below O. 


18. Prove directly from geometrical considerations that the 
area included between two focal radii of a parabola and the 
curve is half that included between the curve, the corresponding 
perpendiculars on the directrix, and the directrix. 


19. What is indicated by the record of the wheel in 
Amsler’s Planimeter when the bar PQ (Fig. 63) makes a com- 
plete revolution whilst the point @ traces out the closed curve? 


20. If S,, S,, S, be the areas of the closed curves described 
by three points A, B, C on a bar which moves in one plane, and 
returns to its original position without performing a complete 
revolution, prove that 


BO s84+C4.8,+4B.S,=0, 
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where the lines BC, CA, AB have signs attributed to them 
according to their directions, and the signs of S,, S;, S, are 
determined by the rule of Art. 99. 


21. If P bea point on a bar 4B which moves in one plane, 
and returns to its original position after accomplishing one revo- 
lution, prove that 

_ aS, + bS, 


a+b rae? 


P 
where a= AP, b=PB, and the meanings of S,, S;, Sp are as in 
the preceding question. 


Hence shew that if the extremities A, B of the bar move on 
a closed oval curve 


S,—Sp=7ab. (Holditch.) 


22. If astraight line AB of constant length move with its 
extremities on two fixed intersecting straight lines, any point P 
on it describes an ellipse of area 7. AP, PB. 


103. Volumes of Solids. 


It is impossible to give a general definition of the 
‘volume, even of a solid bounded wholly by plane faces, 
without introducing, in one form or another, the notion of a 
‘limiting value.’ 


It may, indeed, be proved by Euclidean methods that two 
rectangular parallelepipeds are to one another in the ratio 
compounded of the ratios, each to each, of three concurrent 
edges of the one to three concurrent edges of the other; and, 
more generally, that two prisms are to one another in the 
ratio compounded of the ratio of their altitudes and the 
ratio of their bases. In this way we may define the ratio of 
any prism to that of the unit cube. 


But it is not in general possible to dissect a given poly- 
hedron into a finite number of prisms. The simplest general 
mode of dissection is into pyramids having a common vertex 
at some internal point O, and the faces of the polyhedron as 
their bases, And the volume of a pyramid cannot be com- 
pared with that of a prism without having recourse to the 
notion of a limiting value. A triangular prism may, indeed, 
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be dissected into three pyramids of equal altitude standing 
on equal bases (Euc. xu. 7); but we cannot prove these 
pyramids equal to one another except by a process which 
involves the consideration of infinitesimal elements (Euc. 
Xt. 5). 


A general definition of the volume of a solid bounded by 
any surfaces, plane or curved, may be framed similar to that 
of the area of a plane figure (Art. 97). It is always possible 
to construct two figures, built up of prisms, such that one 
figure includes, and the other is included by, the given 
solid, and that the difference between their volumes admits 
of being made as small as we please. The limiting value 
to which the volume of either of these figures tends, as the 
difference between them is indefinitely diminished, is adopted 
as the definition of the ‘ volume’ of the given solid. We may 
easily satisfy ourselves, as before, that this limiting value is 
unique. 


The volume of any cylinder (right or oblique), with plane 
parallel ends, is equal to the product of the area of either 
end into the perpendicular distance between the two ends. 
For we may construct an including, and also an included, 
prismatic figure, whose bases are polygons respectively in- 
cluding, and included by, the base of the cylinder. The 
above statement is true of each of these figures, and there- 
fore in the limit it is true of the cylinder. Thus the volume 
of a circular cylinder is 7a*h, where a is the radius of the base, 
and h is the altitude. 


Having found the volume of a cylinder with parallel plane 
ends, we are at liberty, if we find it convenient, to use such 
cylinders, in place of prisms, to build up the accessory figures 
employed in the general definition given above. The limit 
finally obtained in either way must evidently be the same. 


104. General expression for the Volume of any 
Solid. 


The axis of # being drawn in any convenient direction, 
let the area of the section of the solid by a plane perpen- 
dicular to this axis, at a distance a from the origin, be f(a). 


~ 
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If we draw a system of planes perpendicular to 2, at intervals 
dz, it is evident that the required volume will be the limit 


of the sum 
STAR) Oia Raman tas tar aoe (1), 


since each element of this sum represents the volume of a 
cylinder of height da and base f(«#). Hence the volume 


will be given by 
1 RCAC ED 2 oF eer ecstatic (2), 


taken between suitable limits of a. 

Ex. 1. Thus, in the case of a cone (or a pyramid), right or 
oblique, on any base, we take the origin O at the vertex, and the 
axis of x perpendicular to the base. If A be the area of the base, 
and / the altitude, the area of a section at a distance « from O 
will be 

0 2 
f (2) = (=) ok Delete ety A (3), 


since similar areas are proportional to the squares on correspond- 
ing lines. Hence the volume, being equal to 


h 
zl MN MOL Ai Mem vain sais «v0 sales (4), 


is one-third the altitude into the area of the base. 
Ex. 2, The volume of a tetrahedron is 
SRGOMBIO IG cde or aiis tesoiana eee ss 4s (5), 
where a, @ are any pair of opposite edges, # their shortest 
distance, and a the angle between their directions. 

Divide the tetrahedron into lamine by planes parallel to the 
edges a, a’, and therefore perpendicular to the shortest distance h. 
It is evident, on reference to Fig. 65, that the section made by a 
plane of the system at a distance « from the edge a is a 
parallelogram whose sides are 


a = 
~.a@ and a 
h jon 
and whose area is therefore 
, 
aa : 
ae & (h— 2) sin a. 


aa. : 
Hence the volume = 7a sina | x (h—«x) de, 
0 
which reduces to the value given above, 


L 17 
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a 


Fig. 65. 


105. Solids of Revolution. 
Let the equation of the generating curve be 


the axis of # being that of symmetry, and let the solid be 
bounded by plane ends perpendicular to #. In this case, 
the area f(x), being that of a circle of radius y, is 7y*. Hence 
the required volume is 


taken between proper limits. Each element of the sum, of 
which this integral is the limit, represents, in fact, the 
volume of a circular plate of thickness 6a and area ay’. 


x. 1. The equation of a circle, referred to a point on its 
circumference as origin, is 


gf (BS) rs cnanansouese tetas (3). 
Hence the volume of a segment of a sphere, of height h, is 


h h 
| a (2a—«) dx=7 | aa? — 4a" | 
0 0 
= 7h? (@—$h) cisrecccoccenes (4), 
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a being the radius of the sphere. For the complete sphere, we 
have 4 =2a, and the volume is $7a*, or two-thirds the volume 
(xa? x 2a) of the circumscribed circular cylinder. 


Ex. 2. The volume of a segment, of height /, of the parabo- 
loid generated by the revolution of the curve 


Cir ea Ang Crh Ar SBR ReR panacea (5) 
about the axis of a, is 


h h 
7 if y?da = 4ra Eel = Darn? cicasesesees (6). 


If 8 be the radius of the base, we have 6?=4ah. Hence the 
volume is }7b?.f, or one-half that of the cylinder of the same 
height on the same base. 


Ex. 3. To find the volume of the ‘anchor-ring,’ or ‘tore,’ 
generated by the revolution of the circle 


about the axis of x[a>b]. See Fig. 70, p. 272. 


For each value of x(<b) we have two values of y, say 


Yrs Ya3 Viz. 
y,=a+,]/(—a), y,=a—/(P— 2) ......... (8). 


The area of a section of the ring by a plane perpendicular to x is 


therefore 
Ye — rye = Ara] (BD? — 2?) rrecorserscceereee (9) 
and the required volume is 
b 
Ana | M08 — 2) dn 2n2aB* aesesseeess (10) ; 
_b 


' by Art. 94, Ex. 5. 


This is the same as the volume of a cylinder whose section (7b") 
is equal to that of the ring, and whose length (27a) is equal to 
the circumference of the circle described by the centre of the 


generating circle. 


106. Some other Cases. 


We give some further examples of the general formula 
(2) of Art. 104. 
17—2 


- 
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Ex. 1, The section of the elliptic paraboloid 


Ee 
by a plane «=const. is an ellipse of semi-axes ,/(2px) and 
,/(2qx), and therefore of area 27,/(pq)x. Hence the volume of 
the segment cut off by the plane x=h is 


h 
2n/(pq) i adidacm Jipgyit 2 eee (2). 


This is one-half the volume of a cylinder of the same height 4 on 
the same elliptic base. 


Lx. 2. In the ellipsoid 


the section by a plane x = const. is an ellipse of semi-axes 


»./ (1-5) and e, /(1- 5) pete (4), 


and therefore of area 


The volume included between any two planes perpendicular to x 


therefore 
a 
— abe it _ =) dx Rinlelusic sive 60 \nlemioiwarn ee (6), 


taken between the proper limits of z. For the whole volume the 
limits of « are +a, and the result is $zabe. 


107. Simpson’s Rule. 


Most of the preceding results are virtually included in 
a general formula applicable to all cases where the area of 
the section by a plane perpendicular to w is a quadratic 
function of w, say 
a ee a 
f(®)=A+t+ z+ Ca Je amualts sags (1). 


Integrating this between the limits 0 and h, we find 
h 
| Fede (AAR P40) ee (2). 
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Now A is evidently the area of the section ©=0; and 
denoting the areas of the sections # = $h, and #=h, respec- 
tively, by A’ and A”, we have 


Beene ac Ae AY Be O= A"... (8), 
h 

whence i F(@) de =4h(A +444 A") ssc (4), 
0 


This gives the volume included between two parallel 
sections, in terms of the areas of these sections and of the 
section half-way between them. 


The formula (1) is obviously applicable to the case of a cone, 
pyramid, or sphere, and also to the case of a paraboloid, 
ellipsoid, or hyperboloid, provided the bounding sections be 
perpendicular to a principal axis. The student who is familiar 
with the theory of surfaces of the second degree will easily convince 
himself, moreover, that the latter condition is not essential. 


Another case coming under the present rule is that of a 
solid bounded by two parallel plane polygonal faces and by plane 


ee eae 


ee 


Fig. 66. 


lateral faces which are triangles or trapeziums. We may even 
include the case where some or all of the lateral faces are curved 
surfaces (hyperbolic paraboloids) generated by straight lines 
moving parallel to the planes of the polygons, and each inter- 
secting two straight lines each of which joins a vertex of one 
polygon to a vertex of the other (see Fig. 67). And since the 
number of sides in each polygon may be increased indefinitely, 
the rule will also apply to a solid bounded by any two plane 
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parallel faces and by a curved surface generated by a straight 
line which meets always the perimeters of those faces. 


Fig. 67. 


EXAMPLES*. XXXIII. 


1. The volume generated by the revolution of one semi- 
undulation of the curve 
y= bsina/a, 
about the axis of @ is one-half that of the circumscribing 
cylinder. 


2. The volume of a frustum of any cone, with parallel 
ends, is 
An {A, + ,/(A,4,) + A}, 
where A,, A, are the areas of the two ends, and h is the perpen- 
dicular distance between them. 


3. In the solid generated by the revolution of the rectangular 
hyperbola 
a —y?=a? 
about the axis of #, the volume of a segment of height a, 
measured from the vertex, is equal to that of a sphere of 
radius a. 
“ See the footnote on p. 252. 
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4 The volume of a segment of a sphere bounded by two 
parallel planes at a distance A apart exceeds that of a cylinder of 
height / and sectional area equal to the arithmetic mean of the 
areas of the plane ends, by the volume of a sphere of diameter h. 


5. If a segment of a parabola revolve about the ordinate, 
the volume generated is 58, of that of the circumscribing 
cylinder. 


6. The volume of the solid generated by the revolution of a 
parabola about the tangent at the vertex is 1 that of the 
circumscribing cylinder. 


7. The volume of a frustum of a triangular prism cut off by 
any two planes is 
4 (hy +hg+hs) A, 
where h,, h,, h; are the lengths of the three parallel edges, and A 
is the area of the section perpendicular to these edges. 


8. If be the radius of the middle section of a cask, and a 
the radius of either end, prove that the volume of the cask is 
qst (3a? + 4ab + 8?) h, 


where fA is the length, it being assumed that the generating 
curve is an are of a parabola. 


9. An arc of a circle revolves about its chord; prove that 
the volume of the solid generated is 
gra’ sin a + $7a’ sin a cos’ a — 27a* o cosa, 


where a is the radius, and 2a is the angular measure of the are. 


10. The figure bounded by a quadrant of a circle of radius a, 
and the tangents at its extremities, revolves about one of these 
tangents; prove that the volume of the solid thus generated is 


G - 4 ma’, 


11. The axis of a right circular cylinder of radius 6 passes 
through the centre of a sphere of radius a(> 06); prove that the 
volume of that portion of the sphere which is external to 
the cylinder is 

4 (a? — B23, 
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12. The volume enclosed by two right circular cylinders 
of equal radius a, whose axes intersect at right angles, is 4,%°. 


Tf the axes intersect at an angle a, the volume is 4,° a’ cosec a, 


13. If the hyperbola 

c 

sar eae tl 

mt. 17 
revolve about the axis of «, thé volume included between the 
surface thus generated, the cone generated by the asymptotes, 
and two planes perpendicular to 2, at a distance h apart, is equal 
to that of a circular cylinder of height A and radius 6. 


14. A right circular cone of semi-angle a has its vertex on 
the surface of a sphere of radius a, and its axis passes through 
the centre. Prove that the volume of the portion of the sphere 
which is exterior to the cone is $7a* cos‘ a. 


108. Rectification of Curved Lines. 


The perimeter of a rectilinear figure is the length obtained 
by placing end to end in succession, in a straight line, lengths 
equal to the respective sides of the figure. 

But since a curved line, however short, cannot be super- 
posed on any portion of a straight line, we require some 
definition of what is to be understood by the ‘length’ of 
a curve. The definition usually adopted is that it is the 
limit to which the perimeter of an inscribed polygon tends 
as the lengths of the sides are indefinitely diminished. 
It will appear that, under proper conditions, this limit is 
unique; and it can also be shewn that it coincides with the 
corresponding limit for a circumscribed polygon. 


If (a, y) and (a + da, y + dy) be the rectangular coordinates 
of two adjacent points P, Q on a curve, the length of the 


chord PQ is 

V{(Sa)? + (Sy)?}: 
Tt has been shewn, in Art. 56, that if y and dy/dx be 
finite and continuous, the ratio dy/dx is equal to the value 
of the derived function dy/da for some point of the curve 
between P and Q. Hence, with a properly chosen value of 


dy/dx, we have 
PQ=,/{1 + (2) | ba 
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The limiting value of the perimeter of the inscribed polygon 


is therefore 
2 
[Jp+(z ay) Ieee), 


taken between proper limits of x. The fact that this limiting 
value is unique has been established in Art. 87. 


If « be regarded as a function of y, the corresponding 


formula is 
I nid {1+ aa | eh Te. (2) 


If we denote by s the arc of the curve measured from 
some arbitrary point (a), and if as in Art. 53, we put 
dy/dx=tanw, the formula (1) becomes 


a=| BEC NOB. cae sesaevasadsveon (8): 
Xo 


There is of course a similar transformation of the formula 
(2). 


Ex. 1. In the catenary 


we have | iy. fis (4 dee = I s/ (1+ sink? *) ae 


= [eosh = d= esinh =. 
c c 
Since this vanishes with a, the arc (s) measured from the lowest 


point is given by 


Ex. 2. In the fea 


we have [J t+ {1+ “wy dé = (VE =e) ESRC LO (7). 


This may be integrated C } method of Art. - first rationaliz- 
ing the numerator, or we may put 


x=asinh? wu, 
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and obtain 2a | cosh? udu = a | (1 + cosh 2a) du 


=a(u+4sinh 2u) ............ (8). 
Since w vanishes with a, this gives the length of the are measured 
from the vertex. 
For example, at the end of the latus-rectum we have 
sinhu=1, coshu=,/2, w=log(1+,/2), 
whence we find that the length of the are up to this point is 
a {log (1+ ,/2) + ,/2} = 2-296a. 


109. Generalized Formule. 


It is a consequence of the definition above given that any 
infinitely small arc PQ of a curve is ultimately in a ratio 
of equality to the chord PQ. 


This may be verified immediately by differentiating the 
formula (3) of the preceding Art. with respect to the upper 
limit (w) of the integral. We thus find 


- Since, when Q is taken infinitely near to P, secy is the 
limiting value of the ratio of the chord PQ to 6&z, we have, 
ultimately, 


ho: 
lim Os oS epre errs re (2). 


This leads to several important formule. In the first 
place, if the coordinates 2, y of any point P on the curve be 
regarded as functions of the arc s, we have, in Fig. 26, p. 66, 


PR &« &8 : QR sy &s 
'P — = —_—- = oy — 
cos QPR PQ 3s PQ’ sin QPR PQ~ 8s PQ’ 
da . dy 
and therefore cos yp = ds? = = Sinan Ouse (3). 


The former of these results might have been written 
down at once from (1). It follows that 


(Sy + (54) Riek Fa caninsingthee (4). 
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Again, if x, y be functions of any other variable t, we 


have a 
roma/{(t+(i)} 


eee ie ada? dys? 
and therefore lim ar \(3e) + (H) \, 


: UOC INU aimee: 6. 
Hence 8 =[/\(B) + (=e) ee Soe eas (6). 


This may be regarded as a generalization of Art. 108 (1). The 
formula referred to was obtained on the supposition that there is 
only one value of y for each value of «, within the are considered. 
The result (6) is free from this restriction ; all that is essential is 
that as ¢ increases, the point P should describe the curve con- 
tinuously. 

In the same way, the formule (3) may be taken to apply to 
any rectifiable curve, provided we understand by yp the angle 
which the tangent, drawn in the direction of s increasing, 
makes with the positive direction of the axis of a. 


The formule (5) and (6) have an obvious interpretation in 
Dynamics. If x, y be the rectangular coordinates of a moving 
point, regarded as functions of the time ¢, then dx/dt and dy/dt 
are the component velocities parallel to the coordinate axes, and 
if v be the actual velocity, we have 


ve he {(S) 4 (fy) Age ie ahr: (7). 


The formule (5), (6) are thus equivalent to 


a=, e= [vt Peace iaherepe rane (8). 
Lx. In the ellipse 
N= Asn, Y=DO COGS .crsceseeceesssvens (9) 
da\2 (d«e\? (dy\’ _ 4.3 ree 
we have . = (=) + a =a’ cos’ fb + 0’ sin? 
=a? (1- sin’ 9), 
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where ¢ is the eccentricity. Hence the arc s, measured from the 
extremity of the minor axis, is 


s=0 I * KL =P EUP IP) db barccdoseosode. (10). 
0 


This cannot be expressed (in a finite form) in terms of the 
ordinary functions of Mathematics. The integral is called an 
‘elliptic integral of the second kind,’ and is denoted by £ (e, ¢). 
It may be regarded as a known function, having been tabulated 
by Legendre*, The whole perimeter of the ellipse is expressed 
by 


4a | eS et ere (11). 
0 


The integral in this expression is denoted by # (e, 47), or more 
shortly by £,(e). It is called a ‘complete’ elliptic integral of 
the second kindt. The quantity e is called the ‘modulus’ of the 
integral. 

The calculation of the integral (11) by means of a series will 
be treated in Chap. x11. 


110. Arcs referred to Polar Coordinates. 


Let OP, OP’ be two consecutive radii of the curve, and let 
PWN be drawn perpendicular to OP’. If we write 


OP=r, OP =r+é6r, Z2POP'=80, 
then, as in Art. 55, PN will differ from ré0, and NP’ from 
dr, by quantities which are infinitely small in comparison 
with PN, NP’ respectively. Hence PP’, or /(PN?+ NP’), 
is ultimately in a ratio of equality to 
J {r? (80)? + (dr)}. 
It follows that, if @ be the independent variable, 


dS: SPP dr\? 
lim = f+ (GG) fore, 


* Traité des Fonctions Elliptiques, t. ii. (1826). 
+ The elliptic integral of the ‘first kind’ is 
Sede ee 
» Jl =e sin?) 
and is denoted by F'(e, #). The corresponding ‘complete’ integral (with 472 
as the upper limit) is denoted by F, (e). 
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i= ‘ vi {r i (33) 2a Geena (2), 


provided the integral be taken between the appropriate 
limits of @. 


and therefore 


Fig. 68. 


If r and @ be given as functions of an independent variable 


t, we have 
"fale ad tal dr\?_,(d@? 
dt -—~ lim St =/ 1) + 7 (=) eeeecoos (3), 


and therefore 
s=| “/ (a) +r (ar) t Hibs ale (4), 


which includes (2) as a particular case. 


Ex. In the circle Gf ce ALBUS aisle calppaiens sens sa e4ase tas (5), 
drs? 
2 Lee dd 
we have r +(5) 43, 
and therefore = =2a, 8=2a0+ Const. oo... secsceeeee (6), 


as is otherwise obvious. See Fig. 39, p. 126. 


Again, if r, 0 be regarded as functions of the arc s, and 
if @ denote the angle which the positive direction of the 
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radius vector makes with the tangent-line, drawn in the 
direction of s increasing, we have 


ee bw ; ee il 
cos VP P=ap sin VP’P= Pp” 
and therefore, in the limit, 
dr : dé 
cos p= 7, SIN G = TT vereeeeeees (7). 


These results, again, have a dynamical illustration. If v 
denote the velocity of a moving point, the component velocities 
along and transverse to the radius are 


v COS P= - “ = = ; 
Pe ere 4 (8), 
and vsing= a G_1@ 
respectively ; and the formula (4) is equivalent to 
$= 1 Shin Set eee Ce (9), 
as before. 


111. Areas of Surfaces of Revolution. 


To frame a general definition of the area of a curved 
surface, and to prove that the area so defined has a 
determinate value, is a matter of some nicety. We shall 
here only consider the case of a surface of revolution limited 
(af at all) by planes perpendicular to the axis. 


We begin with the case of a circular cylinder. The curved 
surface may be defined as the limiting value of the sum of 
the lateral faces of an inscribed prism. These faces have all 
the same length, and their sum is equal to this common 
length multiplied by the perimeter of the cross-section of 
the prism. In the limit this perimeter becomes the peri- 
meter of the cylinder. Hence the curved surface of a right 
cylinder of radius a and height h is 2ah. 


Take next the surface of a right cone included between 
two planes perpendicular to the axis. We can inscribe 
in this a frustum of a pyramid, whose bases are similar and 
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similarly situated regular polygons, inscribed in the two 
bounding circles. The curved surface in question may be 
defined as the limit of the lateral area of this frustum. 
This area is made up of a number of trapeziums having 
a common altitude, viz. the perpendicular distance between 
their parallel sides, and is 
therefore equal to this common 
altitude multiplied by the 
arithmetic mean of the peri- 
meters of the two polygons. 
In the limit, these perimete.s 
become the circumferences of 
the bounding circles, and the 
common altitude becomes the 
length of a generating line of 
the cone included between 
these circles. In other words, 
the curved surface generated 
by the revolution of a straight 
line PQ about any axis in the 
same plane with it is equal to 
PQ multiplied by the arith- Fig. 69. 

metic mean of the circum- 

ferences of the circles described by P and Q. This is the 
same as the product of PQ into the circumference of the 
circle described by its middle point. 


Q 


Next consider the surface generated by the revolution of 
any arc of a curve 
YH=P (A) crrecrscrvvensceecrarens (1), 


about the axis of # Taking any number of points in this 
- arc, and joining them by straight lines, we obtain an open 
polygon; the curved surface is then defined as the limiting 
value to which the sum of the areas described by the sides 
of the polygon tends, when the lengths of the sides are in- 
definitely diminished. Hence if PQ be the chord: of any 
element 8s of the generating curve, and y the ordinate of the 
middle point of PQ, the curved surface is the limiting value 
of thesum %(2ry.PQ). Ultimately, PQ is in a ratio of 
equality to és, and y may be taken to be the ordinate of 
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the curve; the surface is then equal to the limiting value 
of 27> (y. 6s), that is, to 


taken over the proper range of s. 


Ex. 1. In the case of the sphere the coordinates of any point 
of the generating curve may be written 


BAGcoe, yg GO ise cnnne canes (3), 
whence CS NEO hn cc dag ng ee gee tab wigan 0 (4). 2 9, a4 
Hence the surface of a zone bounded by planes perpendicular to 
x is anal 
Os TY 
Qra? I sin 6d6 = 27a? (cos 6, — cos 6) hs 
44 
= 27a (a, = Xa) Sees Saws wavs es since (5). 


where the suffixes refer to the bounding circles. Hence the zone 
is equal in area to the corresponding zone of a circumscribing - 
cylinder having its axis perpendicular to the planes of the 
bounding circles. In particular, the whole surface of the sphere 
is 27a. 2a, or 47a’. 


Ex. 2. To find the surface of the ring generated by the 
revolution of a circle of radius b about a line in its plane at a 
distance a from its centre, we may put 


*z=bsin@, y=a—bcos0, ds/d@=b..... anh Ol, 


ee Das 


 ——— = 


7? 


Vv 


INA 


em ey 1 i ee 


= 25 T 
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and obtain Qa | yds = Ib | (a— bcos 8) dO.........000+-- (7); 


The limits of 6 being 0 and 2z, the result is 27b x 2ra, which is 
equal to the curved surface of a right cylinder of radius 6 and 
length (27a) equal to the circumference described by the centre 
of the generating circle. 


Ex, 3. To find the surface generated by the revolution of 
the ellipse 
BGS h, 3 =D COS Hy. sys00ceeeeovensess (8) 


about the major axis, we have 


2x [yds=2n [y 73a 


ey, | J —esin® $) d (sin $) eeceeceesee (9), 

by-Art. 109, Ifwe put esin$=sinO eee (10), 
this 

aoe i cost 0d0 = 72° [9 4 sin 8 005 6 sees (11). 


To find the whole surface we take this between the limits 
$= Fiz, or O=Fsin*e. The result is 


oe fsinte+e,/(1-e)}, 


es | 
or Qarb? + Qrab ieee “NSS AA (1 2). 
é 


By a similar process we find, for the surface generated by the 
revolution of the ellipse about its minor axis, the value 


Qaab 
e’ 
where é =,/(a? — b”)/6, or 
sinh-1eé’ 
Qra? + Qrab a (13). 


{sinh-1e +¢',/(1+e”)}, 


This may also be put into the form 


Qra?+ ab? : log ee SE ORE sak (14). 
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EXAMPLES*, XXXIV. 


1. The length of a complete undulation of the curve of sines 
y=b sin x/a 
is equal to the perimeter of an ellipse whose semi-axes are 
J (a+ 0) and a. 
2. Prove the following formula for the length of the 
perpendicular (p) from the origin on any tangent to a curve. 
a 
P=" as 1 ds’ 


Also prove that the orthogonal projection of the radius vector 
on the tangent is 


CK dy or MLZ 
as "ds ds* 


3. The surface generated by the revolution about the direc- 
trix of an arc of the catenary 
y =c¢ cosh w/e, 
commencing at the vertex, is 
(ca + ys), 
where «, y, s refer to the extremity of the are. 


4, The curved surface cut off from a paraboloid of revolution 
by a plane perpendicular to the axis is 


35 ((ane soy, 


where hf is the length of the axis, and b the radius of the 
bounding circle. 


5. The curved surface generated by the revolution about 
the axis of « of the portion of the parabola y?=4aa included 
between the origin and the ordinate x = 3a is 5%7a*, 


6. The segment of a parabola included between the vertex 
and the latus-rectum revolves about the axis; prove that the 
curved surface of the figure generated is 1-219 times the area 
of its base. 


* See the footnote on p. 252, 


112] ; GEOMETRICAL APPLICATIONS. 275 


7. A circular are revolves about its chord; prove that the 
surface generated is 
47a? (sin a —a cosa), 


where a is the radius, and 2a the angular measure of the are. 


8. A quadrant of a circle of radius a revolves about the 
tangent at one extremity ; prove that the area of the curved 
surface generated is 7(7- 2) a’. 


9. A variable sphere of radius r is described with its centre 
on the surface of a fixed sphere of radius a; prove that the area 
of its surface intercepted by the fixed sphere is a maximum 
when 1 = 4a. 


112. Approximate Integration. 


Various methods have been devised for finding an 
approximate value of a definite integral, when the indefinite 
integral of the function involved cannot be obtained. For 
brevity of statement, we will consider the problem in its 
geometrical form ; viz. it is required to find an approximate 
value of the area included between a given curve, the axis of 
x, and two given ordinates. 


The methods referred to all consist in substituting, for 
the actual curve, another which shall follow the same 
course more or less closely, whilst it is represented by 
a function of an easily integrable character. 


The simplest, and roughest, mode is to draw n equi- 
distant ordinates of the curve, and to join their extremities 
by straight lines. The required area is thus replaced by the 
sum of a series of trapeziums. If h be the distance between 
consecutive ordinates, and %, Yo,---, Yn the lengths of the 
ordinates, the sum of the trapeziums is 


b (ys tyr) h+d(yotys) b+. + 4 (YnotYnayh+F(Ynatyn)h 
= (by: + Yat Yat oe + Yn + Ynat Syn) h...(1); 


that is, we add to the arithmetic mean of the first and 
last ordinates the sum of the intervening ordinates, and 
multiply the result by the common interval h. 


18—2 


~ 
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The value thus obtained will obviously be in excess if 
the curve is convex to the axis of a, and in defect in 
the opposite case. 


Y 


Pipl 


Another method, originally given by Newton and Cotes*, © 
is to assume for y a rational integral expression of degree 
nm — 1, thus 

y= Ay + Ayo + Aga? + 004 Ag OP sc gnns (2), 


and to determine the coefficients A,, A>, ... An_, so that, for 
the m equidistant values of #, y shall have the prescribed 
values 4, Yo, +++, Yn» The area is then given by 


i y de, = Aye + $Aya + $AsaP oe FE Ay 20. rsn(B), 


taken between proper limits of a. 


Thus, in the case of three equidistant ordinates, taking 
the origin at the foot of the middle ordinate, we assume 


x 


xv 2 
y=A,+ A, yt A (F) see eeccceere (4), 


* See the latter’s tract De Methodo Differentiali, printed as a supplement 
to the Harmonia Mensurarum, Cambridge, 1722. 
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with the conditions that 


¥y a U1 Yo» Y3, 
for a i, 0, h, we eeeeesessoeeee (5) 


respectively. These give 

A,—A,+ A, —Ui> A, =Y.; A,+A,+ A,=4;s--.(6), 
so that 

A,= Y25 A,= 4 (Ys a 1); A, = 4 (% + Y3— 22). : (7). 


h 
Hence yda=2(A,+4Aa)h 
—h 
=h (y+ 4 yet Ys) ccrecerecee (8). 


The method here employed is equivalent to replacing 
the actual curve by an are of a parabola having its axis 
vertical; and the result represents the difference between 
the trapezium 


B (yi + Ys). 2h 


and the parabolic segment 


2. {4 (41 + ys) — yo} . 2h; 
see Art. 98, Ex. 4. 


In the case of four equidistant ordinates a similar 
process leads to the formula 


BY, + Bye + Bye + Ys) Ah crsccrecreceees (9), 
whilst for five ordinates we get 
Be (Ty, + B2Yfa + 12yp + B2y et Tys) be vee (10). 


With an increasing number of ordinates the coefficients 
in this method become more and more unwieldy*. A simple, 
but generally less accurate, rule was devised by Simpson f. 
Taking an odd number of ordinates, the areas between 
alternate ordinates, beginning with the first, are calculated 


* The coefficients for the cases n=3, 4, 5,...11, were calculated by 
Cotes ; see also Bertrand, Calcul Intégral, Art. 363. 
+ Mathematical Dissertations (1743). 
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from the ‘parabolic’ formula (8), and the results added. 
We thus obtain 
$ (ji + 4y2+ Ys 
U3 1 Ais + Ys 
+ Ys+ 446+ Yr 


+ Yon—1 + 4Y/on + Yona} h 
=$[(Yi + Yongr) + 2 (Ys + Ystoee+ Yona) + 4 (Yot Yat. --+Yon)} h 


That is, we take the sum of the first and last ordinates, 
twice the sum of the intervening odd ordinates, and four 
times the sum of the even ordinates, and multiply one-third 
the aggregate thus obtained by the common interval h. 


Ex. To calculate the value of z from the formula 


dr= Tae a eee (12). 
Dividing the range into 10 equal intervals, so that h=-1, we find 
ny = 1, Y2 = ‘9900990, Ys = 9615385 
Y, =°9174312, Ys = 8620690, 
8000000, Y7 = 77352941, 
Ys = °6711409, Y = 6097561. 
Yu =°5, Yro = 5524862, 
Hence + Yu = 15, 


= 
i 


Ys + Ys + Yr + Yo = 31686577, 

Yot Yat Yet Yet Yo = 3°9311573. 

The formula (11) then gives 
fm = gy (1:5 + 63373154 + 15°7246292) 

= ‘78539815, 

whence, retaining only seven figures, 
aw = 3'141593. 

This is correct to the last figure. 
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The formula (1) would have given 
fa = 78498150, 2 =3-139926, 
which is too small by about one part in 2000. 


113. Mean Values. 


TRE Way Seb Yn be the values of a function ¢ (a) 
corresponding to n equidistant values of «# distributed over 
the range b—a, say to the values of w which mark the 
middle points of the m equal intervals (h) into which this 
range may be subdivided. The limiting value to which the 
arithmetic mean 


il 
— (Ys + Yat vee + Yn) vreeeereeneerenen (1) 


tends, as n is indefinitely increased is called the ‘mean 
value’ of the function over the range b—a. 


Since h =(b—a)/n, the expression (1) may be written 
Yl + Yah+ ... +Ynh 

b-a 
and the limiting value of this for n=, h =0, is 


[ $@ae 
Pa ines rept nnnesenne (2). 


In the geometrical representation the mean value is the 
altitude of the rectangle on base b—a@ whose area is equal to 
that included between the curve y= ¢ (x), the extreme ordinates, 
and the axis of a See Fig. 52, p. 218. 

The theorem of Art. 89, 3° may now be stated as follows: 
The mean value of a continuous function, over any range of the 
independent variable, is equal to the value of the function for 
some value of the independent variable within the range. 


In applying the conception of a mean value it is essential to 
have a clear understanding as to what is the independent variable 
to which (in the first instance) the equal increments are given. 
Thus, in the case of a particle descending with a constant accelera- 
tion g, the mean value of the velocity in any interval of time ¢, 
from rest is 


’ 


1 4 1 4 
— | vdt=— gidt=t9t,; 
4 /0 ty JO 
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i.e. it is one-half the final velocity. But if we seek the mean 
velocity for equal infinitesimal increments of the space (s), we 
have, since v= 29s, 


1 a ps 
 [" vdg= EOP | dds = 2. (298,)*; 
$1 JO §; JO 
a.¢. it is two-thirds the final velocity. 


Ex. 1. The mean value of sin @ for equidistant intervals of 0 
ranging from 0 to is 


: I At Othe ae GIES. 
TT Jo Tv 
Hence the mean value of the ordinates of a semicircle of 
radius a, drawn through equidistant points of the arc, is 6366a. 


If the ordinates had been drawn through ‘equidistant points 
on the diameter, the mean value would have been 


a hes 2 i 2 
= ite J(a = 28) de = 30 |” cos 6d6 =47a, 


or ‘7854a. It is easily seen @ priori why this latter mean should 
be the greater. 


Ex. 2. To find the mean latitude of all places north of the 
equator. 


The surface of the hemisphere is here supposed divided into 
infinitely narrow zones of equal area. If z denote distance 
from the plane of the equator, the area of the zone included 
between the planes z and z+ dz is proportional to 8z. Hence, if a 
be the radius, the mean latitude is 


=, [sin tede= [600s 040 
@ Jo a 0 


= [6 sin § + cos aw 
0 


=}r-1, 
or, in degrees, 90° — 57-296", = 32°704°, 
_ The various formule of Art. 112 may be interpreted as 
giving approximate expressions for the mean value of a 


function, over a given range, in terms of a series of values of 
the function taken at equidistant intervals covering the 
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range. For example, in terms of three and of four such 
values, the mean values, as given by Cotes’ method, are 


tHAt4yatys) and § (A+ 3y+3ys+ Ys), 
respectively. 


EXAMPLES. XXXV. 
1. Apply Simpson’s rule to calculate log, 2 from the formula 
1 
log, 2= ii i 
[The correct value is log, 2 = 693147...] 


2. Calculate the value of z from the formula 


aoe (27 et ae 
a= Righacg e 


3. The mean of the squares on the diameters of an ellipse, 
drawn at equal angular intervals, is equal to the rectangle 
contained by the major and minor axes. 


dx 
+x 


4. A point is taken at random on a straight line of length a; 
prove that the mean area of the rectangle contained by the two 
segments is +a”, and that the mean value of the sum of the squares 
on the two segments is $a’. 


5. Ifa point move with constant acceleration, the mean 
square of the velocities at equal infinitely small intervals of time 
is equal to 

& (097 + Uy % + V1’), 
where %, v, are the initial and final velocities. 


6. Prove that in simple-harmonic motion the mean kinetic 
energy is one-half the maximum kinetic energy. 


7. The mean horizontal range of a particle projected with 
given velocity, but arbitrary elevation, is ‘6366 of the maximum 
range. 


8. A particle describes an ellipse with a velocity varying as 
the conjugate diameter. Prove that the mean kinetic energy is 
equal to the kinetic energy of the particle when at an extremity 
of an equiconjugate diameter. 
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9. A particle describes an ellipse with a velocity varying 
inversely as the perpendicular from one focus on the tangent 
line. Prove that the mean kinetic energy is equal to the kinetic 
energy of the particle when at either extremity of the minor 
axis, 


10. The mean of the focal radii of an ellipse, drawn at equal 
angular intervals, is equal to the semi-minor axis. 


11. The mean distance of points on the curved surface of 
a hemisphere from the plane of the base is one-half the radius. 


12. If the orbits of comets were uniformly distributed through 
space, their mean inclination to the ecliptic would be equal 
to the radian (57:296°). 


13. The mean distance of the points of a spherical surface of 
radius a from a point P at a distance ¢c from the centre is 
a” 12 
e+i— or a+34— 
+ 3 - ats a 5 


according as P is external or internal. 


14, The mean distance of points on the circumference of a 
circle of radius @ from a fixed point on the circumference 
is 1:273a. 


15. The mean distance of points within a circular area 
of radius a from a fixed point on the circumference is 1:132a. 


16. The mean distance of points within a sphere from a 
given point on the surface is $a. 


*114. Multiple Integrals. 


This book deals mainly with functions of a single vari- 
able, and therefore, as regards the Integral Calculus, with 
problems which depend, or can be made to depend, upon a 
single integration. Multiple integrals occur however so 
frequently, as a matter of notation, in the physical applica- 
tions of the subject, that it may be useful to give here a few 
explanations concerning them. We shall pass very lightly 
over theoretical points; what is wanting in this respect may 
be supplied by a proper adaptation of the method of Art. 87, 


* This Art. may be postponed. 
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Let z be a continuous and single-valued function of the 
independent variables a, y; say 


Be LG, Uae sem oawa esses «sis ae (is; 


This may be interpreted, geometrically, as the equation of a 
surface (Art. 45). Take any finite region S in the plane ay, 
and let a cylindrical surface be generated by a straight line 
which meets always the perimeter of S, and is parallel to the 
axis of z We consider the volume (V) included between 
this cylinder, the plane zy, and the surface (1). See Fig. 72. 


If the region S be divided into elements of area 
64,0 Az, O4,,-.., and if 2,,-2, 2%, +.. be ordinates of the 
surface (1) at arbitrarily chosen points within these ele- 
ments, then, the coordinate axes being supposed rectangular, 
the sum 


Z,0A, + 2,0Ag + 2 0A gt ooe vercerererevers (2). 


will give us the total volume of a system of cylinders, of 
altitudes 2, 2;, 23, ..., standing on the bases 6A,, dA anOAnsee: 
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And if the function ¢(a, y) be subject to certain generally 
satisfied conditions*, the above sum will, when the dimensions 
of 8A,, &A,, 6A;,... are taken infinitely small, tend to a 
unique limiting value, viz. the aforesaid volume V. 


If the subdivision of the region S be made by lines 
drawn parallel to the axes of # and y, the elements 
5A,, 5A,, OA;,... are rectangular areas of the type dxdy, 
and the sum (2) may be denoted by 


SL bed y ewe esse (3), 


where the sign & is duplicated because the summation is in 
two dimensions. The limiting value of this sum is denoted by 


[fdas 52 eke (4), 


and we have the formula 


Vie {lb ey) de dy). cs.stensesenen (5). 


The expression on the right hand is called a ‘ double integral’; 
it is of course not determinate unless the range of the 
variables a, y, as limited by the boundary of S, be specified. 


The volume V may, however, be obtained in another 
‘way. If f(#) denote the area of a section by a plane 
parallel to yz, whose abscissa is 2, we have, by Art. 104, 


where a, b are the extreme values of a belonging to the 
area S. But, by Art. 98, 


F(@) at RO cn sesso an in cu etened (7), 


where a, 8 are the extreme values of y in the section f(a), 
and are therefore in general functions of 2 Hence we have 


v=/{['s@nay| ies <x tex vck 3 (8), 


* The already stipulated condition of continuity is sufficient, but the 
proof is simplified if we introduce the additional condition that ¢ (a, y) shall 
have only a finite number of maxima and minima within any finite area of 
the plane wy. Cf. Art. 87. 
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or, as it is more usually written, 


v=[ ['$@, By alu hentia (9)*, 


If the limits of both integrations be constants, ae. if the 
region S take the form of a rectangle having its sides parallel 
to # and y, the volume V is expressed also by 


ib [sen de} 2 ene ete (10), 


and we may assert that 


This is illustrated by Fig. 30, p. 96. In other cases the 
limits of the respective integrations require to be adjusted 
when we invert the order. 


The above explanations have been clothed in a geometrical 
form, but this is not of the essence of the matter. The same 
principles are involved, for example, in the calculation of the 
mass of a plane lamina, having given the density at any point 
(x, y) of it, and in many other physical problems. See 
> Chapter VII. 


Another mode of decomposition of the area S is often useful. 
Taking polar coordinates r, 9 in the plane wy, we may divide 
the area into quasi-rectangular elements by means of concentric 
circles and radii. The area of any one of these elements may be 
denoted by 786. 6r, if r be the arithmetic mean of the radii of the 
two curved sides. The formula (8) is then replaced by 


Vie POO OI rarativ ai santa searcvecs (12), 
where z is supposed given as a function of r and 6. 
After what precedes, the meaning of a ‘triple-integral, 
SIS BG, y, 2) Ady .....seocccasess (13), 
will not require much development. If a finite region R be 
divided into rectangular elements da6y6z by planes parallel 


* Viz. the first { refers to the dz, and the second to the dy, There is not 
absolute uniformity of usage, however, on this point. 
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to the coordinate axes, and if we multiply the volume of each 
of these elements by the value of the function $(z, y, 2) at 
some arbitrarily chosen point of it, the expression (13) is 
used to denote the limiting value to which (under certain 
conditions) the sum of the products tends when the 
dimensions of the elements are infinitely small. The same 
limiting value may be obtained by a succession of three 
simple integrations, thus 


[ALC, +@ y,2)de) dy} de ee (14), 


where the integration is with respect to z between the limits 
a and b, which are in general functions of x and y, then with 
respect to y between the limits a and 8, which are in general 
functions of a, and finally with respect to 2 between the 
limits a and b. If the limits of integration be all con- 
stants, they are unchanged when the order of integration is 
varied. 


As an example, consider the determination of the mass of 
a solid, whose density is a function of a, y, z. 


fix. 1, To find the volume of the wedge included between 
the plane z =0, the cylinder 


Cle A RRA ORR ER Rn eS (15), 
and the part of the plane z = tana for which z is positive. 
(02-22) 
We have | I zdudy = tana I i | GAGLY sccna nese (16). 
0 J—W(a?—2%) 


The integration with respect to y gives 


—N(a?—a2) 


We then have 
a a 
I 2a ,/(a? — x") dx = [- 2 (a? - ap] = 2a%, 
0 0 


The required volume is therefore 


Hr GAN Gah oda caisnueiniedatalowica telaine (17) 
Ex. 2. To find the volume included within the sphere 
Oe nap 4 BP Pic th bys viva) senda cde (18), 


by the cylinder GFF OD Garis Sis owtinais settee cede (19). 
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(The cylinder has a radius half that of the sphere, and its axis 
bisects at right angles a radius of the sphere.) 


If we introduce polar coordinates in the plane ay, the equation 
(19) takes the form 


and (18) gives Bee AIG le )ha cn eedisssoncoosrages (21). 


The required volume is therefore given by 


0 7 
2" ‘a ardbdr= 4 | ‘ee V(@ =r") rd dr ...(22). 
-irJo a 
Now 


a@cos@ a COs @ 
| Ja — 9) rdr = [- 2 (a? “| = 14°(1— sin? 0), 
0 0 
and fe (1 —sin® 9) do = 40-2. 
0 


The final result is Zra®— Ba® .......0000 Mevdee its 283 (23). 


CHAPTER VIII. 


PHYSICAL APPLICATIONS. 


115. Mean Density. 


Many interesting applications of the process of integration 
present themselves in physical problems. They consist, often, 
in the calculation of the mean values (Art. 118) of various 
physical quantities. 

The ‘mean density’ of any continuous distribution of 
matter is defined as the ratio of the total mass to the total 
volume which it occupies. Hence, if we have masses 
M,, Mg, ..+, My, Aistributed over volumes 2, Us, ... Un, Te- 
‘spectively, their mean densities p,, po, ... pn are given by 


i= m,/V,, P2>= Mas/Vo, “++ Pn = Mn/Un,; 
and the mean density of the whole is 
—— M+ Mg+... + Mn _ Pits + pode + see t+ PnUn (1) 


Dh hte see oe Byte te-b as Un 
If the volumes 2, v, ... Un be all equal, this becomes 
ee 
P =~ (pi + pat... + Pn) Par aaeweeeuses (2), 


or, the mean density of the whole is the arithmetic mean of 
the mean densities of the several parts. 


A continuous distribution of matter is specified com- 
pletely when the ‘density at a point’ is given as a function of 
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the coordinates (a, y, z). Denoting this density by p, and 
an element of volume containing the point (, y, z) by 8V, 
the mass of the body is the limit of the sum 


> (péV), 
and the mean density is given by 


—_ x 2(poV) _fifpdadydz 
Sry SpE EP me Deets (3). 


The above definitions relate to the case of ‘volume- 
density.’ If a finite mass be supposed concentrated in a 
surface, or in a line, we are led to the conceptions of ‘ surface- 
density’ and ‘line-density, which may be defined in a similar 
manuer. 

Thus if o be the surface-density of a plane film of 
matter, and 6A an element of area, the mean surface-density 
is 

_' , 3% (068A) ffodady 
o=lim Edi eae (4). 


And if w be the line-density of a linear distribution of 
mass, and és an element of the line, the mean line-density is 


_ _,. &(ubs) _ fuds . 
p=lim Sie ae (5). 


Lz. 1. To find the mean density of a semicircular lamina, 
whose density varies as the distance from the bounding diameter. 


Taking the centre as origin, and the medial line as axis of a, 
we have 


0 


where @ is the radius, and y=,/(a?-2’), Putting o=ka, the 
numerator becomes 


hr 
aR —2*) dx = has | sin 0 cos? 6d6 = tha’, 
0 0 
L. 19 
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and the denominator is of course =47a*. Hence 


4 


o=5-* ka = -4244 x maximum density ......... (7). 
T 


Ex. 2. If the density of a sphere be a function of the 
distance r from the centre, taking as the element of volume 


8V =8 (427°) = 427° br, 


we have, if a be the external radius, 


a a 
tn | pridr 3 | pr°dr 
Bm a weteseaen eects 8). 
pe Era a’ ; (8) 
Thus, if po, we find that the mean density is 3/(n + 3) of 
the density at the surface. 


Again, assuming that in the Earth 


7 
mp, (1-%3) neem ie. ir (9), 
ean Tait! 1 ee PT ee (10), 


where p, is the density at the surface (r=a). If the above law 
of density be really applicable (as it appears to be, approximately, ) 
to the case of the Earth, then since p= 2p,, roughly, we infer that 
Po= 4p, or the density at the centre is 3} times the density at 
the surface. 


EXAMPLES. XXXVI. 


1. If the line-density of a rod vary as the square of the 
distance from one end, the mean density is equal to the actual 
density at a distance of 1/,/3 of the length from that end. 


2. The mean thickness of a circular plate, whose thickness 
varies as the nth power of the distance from the centre, is equal 
to 2/(n + 2) of the thickness at the edge. 


_ 8, If, in a spherical mass whose density p is a function of the 
. distance (r) from the centre, D denote the mean density of the 
matter included within a concentric sphere of radius r, then 


dD 
p=Diir—. 
m: BV Sy. tdoae] d= Vdd+ Day, 


p fttde= 473d8 + d 4nd, | 


— , oe rs  & ew = al D> 
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4. If the density of a solid hemisphere of radius @ vary as 
the distance from the base, the mean density is equal to the 
density at a distance 3a from the base. 


5. A disk has the form of a very flat oblate ellipsoid of 
revolution, prove that its mean thickness is two-thirds of the 
thickness at the centre. 


6. A rod has the form of a very elongate prolate ellipsoid of 
revolution, prove that its mean sectional area is two-thirds that 
at the centre. 


7. If the density at a distance r from the centre of the 
Earth be given by the formula 


sin kr 
PS fore » 


where & is a constant, prove that the mean density is 
sin ka — ka cos ka 
Po Bae ’ 
a denoting the Earth’s radius. 


116. Centre of Mass. 


The ‘centre of inertia,’ or ‘centre of mass, of any system 
of particles is a geometrical point whose position may be 
defined in various ways*. For our present purpose it is 
sufficient to recall that the coordinates of the centre of mass 
of a system of particles m,, mz, .... Mn, situate at the points 
(21, Yar 21)s (a; Yas %a)s -00-e (an, Yn» Zn), are given by 


_ (ma) —__ S(my) ~_ = (mez) 
om) TS nyt oes Ay Saks (1), 


whether the axes be rectangular or oblique. The summations 
> are supposed to include every particle of the system ; for 
example > (ma) stands for mx + My% + «+. + MnXn- 


* The simplest and best being the vector definition proposed by Grass- 
mann, Ausdehnungslehre (1844). 


19—2 
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If the origin be at the centre of mass we have 
> (mx)=0, & (my) =0, &(mz)=0........- (2). 


If the masses 1, Mm, ... M%, be all equal, the formulz 
(1) reduce to 


B=*3(0), J=—-S(y), B=23 (2) -...-.-(8) 


If the masses m,, mM, ... My, though unequal, be com- 
mensurable, then each may be regarded as made up by 
superposition of a finite number of particles, all of the same 
mass, and the formule (3) will then still apply. And since 
incommensurable magnitudes may be regarded as the limits 
of commensurable magnitudes, the formule (1) may in all 
cases be interpreted as expressing that the distance of the 
centre of mass from any plane is in a sense equal to the 
mean distance of the whole mass from that plane. 


An important principle, constantly made use of in the 
determination of centres of mass, is that any group of 
particles in the system may be supposed replaced by a 
particle equal in mass to the whole group, and situate at 
the mass-centre of the group. This is an easy deduction 
from (1). 


- 

In the case of a continuous distribution of matter, if we 
denote by 6M an element of mass situate about the point 
(a, y, 2), the formule become 


* Sait) SSM): Oo Stee) 
Bm Me Tap 2 y = lim Say ’ Z=lim ¥ (SM) 
aseees (4). 
or : 
a S[jupdadydz __ fffypdxdydz c= [[lzp da dydz 
[pdudydz’ %~ ffjpdadydz’ *~ [[Jpdedydz 
lhe: (5), 


In the application to particular problems or classes of 
problems the integrations can be greatly simplified. This 
is illustrated in the following paragraphs, 
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117. Line-Distributions. 
If uw be the line-density, and és an element of the arc, we 
have 
fapds __ fypds 
ane y= Relepe eo es (1). 


We consider only plane curves, and take the axes of 2, y 
always in the plane, so that 7=0. 


e= 


Ez. In the case of a uniform circular are, if the origin be 
taken at the centre, and the axis of x along the medial line, we 
have ¥=0, by symmetry. Also, putting »=1, as we may do, 
without loss of generality, we have, writing «=a cos 6, 5s=a00, 


ig acos @.ad6 [cos a0 
-a Bech 


is adé % % 


if 2u denote the angle which the whole arc subtends at the centre. 


c= 


As a increases from an infinitely small value to 7, % decreases 
from a to 0. For the semicircle, we have a= 47, and 


x Se oe 6370. 
T 


118. Plane Areas. 


If the surface-density be uniform, and if the area in 
question possess a line of symmetry, then taking this line as 
axis of x, we have, if y be the ordinate of the bounding line, 


f= 


fa. yda C 
Syda * 
the integrals being taken between the proper limits. 


Ex. 1. For an isosceles triangle, taking the origin at the 
vertex, we may write y =m, and therefore 


h being the altitude. 
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Ex, 2. Yor a semicircular area of radius a, we find 


ee eee @). 


[Me — a8) de 


The integrations are exactly the same as in Art. 115, Ex. 1; and 
the result is 


The formule (1) will apply also to the case of oblique 
axes, provided the axis of # bisect all chords drawn within 
the area parallel to the axis of y. For instead of an ele- 
mentary rectangle yéx we have now an elementary parallel- 
ogram ydxsin w, where o is the inclination of the axes. The 
constant factor sin w, occurring both in the numerator and in 
the denominator of the expression for #, will cancel. 

Thus, with the same integrations as in Exs, 1, 2, 3, above, we 
ascertain that the mass-centre of a triangle is in any median line, 
at a distance of 2 of the length, from the vertex; that the mass- 
centre of a semi-ellipse bounded by any diameter lies in the 
conjugate semi-diameter, at a distance 4/37 of its length from the 
centre; and that the mass-centre of any segment of a parabola 
is in the diameter bisecting the bounding chord, and divides the 
breadth in the ratio 3 : 2. 


In the case of any area included between a curve 
y= (a), the axis of #, and two bounding ordinates, the 
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mass-centre of an elementary parallelogram yéz sin » will be 
at the point (#, $y). Hence 


_ feyde _ ftyde 
aieick y= [eee ae i (ans 


the factor sin » cancelling as before. 


8 


Ex. 4. The mass-centre of the area included between the 
parabola 


the axis of #, and any ordinate x=h, is given by 


af ada 
see = 8 (ah)}= eee oe (2); 


h 
i at da 
0 


if & be the ordinate corresponding to x=h. 


Z=$h, Y= 


In polar coordinates, we may resolve any sectorial area 
into elementary triangles 4r°50. The mass-centre of any one 
of these is ultimately at the point (2r, @). Hence referring 
to rectangular axes, of which the axis of # coincides with the 
origin of 0, we have 
J3rcos0.47°d0 4 frecos dd 


i — 


fyede ~ gfrdd | ay 
___farsinO.4r°d0 _ 4 fr*sin 0d0 anancn ( f 
es ea? 


the integrals being taken between proper limits of 0. 


Ex. 5. Tn the case of a circular sector of angle 2a, taking 
the origin at the centre, and the initial line along the bisector of 
the angle, we have ¥=0, and 


4a° |” cos 0d0 aah 
c= 7a = % —— Gh ve veasesesenen (11). 


If the surface-density be not uniform, it is sometimes 
convenient to take as the element of area the area included 
between two consecutive lines of equal density (a = const.). 
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Ex. 6. For example, take the case of. a semicircular lamina 
whose density varies as the distance from the bounding diameter 
(Or, say, an infinitely thin wedge cut from a uniform solid sphere 
by two planes meeting in a diameter). With the same axes and 
the same notation as in Art. 115, Ex. 1, and putting o=4a, as 
before, we have ¥=0, and 


a a 
i x. ke. 2ydx i x*,/(a? — x) dx 
0 0 


|) be. Que [ev@-2) ae 
0 0 


The 


af" sin? §cos?6d0 oo 
= 77 “aie = ig” =D S OMe acon aden (12). 
i sin 6 cos? 6d0 
0 


119. Mean Pressure. Centre of Pressure. 


A system of parallel forces distributed continuously over 
a plane area will in general have a single resultant equal to 
their sum. The quotient of this resultant by the area is 
called the ‘mean intensity’ of the force over the area. The 
‘intensity at a point’ is defined as the mean intensity over 
an infinitely small element of the area, including the point 
in question. 

Thus, in Hydrostatics, we speak of the ‘mean pressure- 
intensity’ over an area, and of the ‘ pressure-intensity at a 
point’ of the area. 


If the pressure-intensity (p) at every point of an area be 
given, the total pressure is the limiting value of the sum 


Pe ee omen ik (1), 


where 6A is an element of the area. The mean pressure- 
intensity (p, say) is then given by 


Sele ye Leek OL 
p= lim ~>(84) fa ielainiayhipte 4/sie's)aninis in wie (2). 
In the limit the summations are to be replaced by integrals, 
thus 
. _|[pdxdy 


p= (Cre Re waa (3). 
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In a homogeneous liquid under gravity, the pressure- 
intensity varies as the depth below the free surface. It # 
therefore uniform over any horizontal area. In the case of an 
inclined area we may say that the pressure-intensity varies 
as the distance (x) from the straight line in which the plane 
of the area meets the plane of the free surface ; or 


Hence, in this case, 


p=l|lm (5A) 
where % refers to the mass-centre of the area. That is, the 
mean intensity is equal to the intensity at the mass-centre 
of the area. 

The ‘centre of pressure’ of a system of parallel forces 
distributed over a plane area is the point in which the line of 
action of the resultant pressure on the area meets the plane. 
Its position may be found, on statical principles, by taking 
moments about axes 2, y in the plane of the area. Thus, 
denoting the coordinates of the centre of pressure by (&, 7), 


we have : : 
re (ge pod)... (@.p6A)  ffapdady 
eS 84) GA). Aidedy ie 
Pees =(y.psA) _y. =(y-psA) _ flypdady 
S(p.84) ~ "B.S GA) ~ Blfdedy 
The axes here may be rectangular or oblique. 


PURER) op). (5) 


In the particular case of a liquid under gravity, if the 
axis of y be the intersection of the plane of the area with 
the free surface, we put p=ka, and therefore 
2(a?.6A) a 
oy ee es dy. 
or, if we write ydz sin w for 6A, where o is the angle between 
the axes of a, y, 


—&=hm 


_ fa’yda _ fayda 
ada ” Bly da Coeeresvocecrer (8). 


Ex. 1. To find the centre of pressure of a rectangle, immersed 
in a liquid, with one pair of sides horizontal. 
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Taking the axis of x along the line which bisects this pair of 
sides, we have obviously 7=0; and if we denote the distances 
(measured in the plane of the rectangle) of these sides from the 
free surface by h+a, we have 


h+a 
dau 2 
Pon ee nil ; 
é= ar h+35 bs Oh eee Pitee (9) 


Hence the centre of pressure is beneath the centre of figure, at 
the distance 4a7/h. As h increases, this interval diminishes, as we 
should expect, since the pressure-intensity over the area becomes 
more and more nearly uniform. 


Ez. 2. In the case of a triangle having a vertex in the free 
surface, and the opposite side horizontal, the origin is conveniently 
taken at this vertex, and the axis of x along the medial line. 
We have, then, 7 = 0, and, since the breadth of the triangle at any 
point varies as a, 


where f is the length of the medial line. 


Ex. 3. In the case of a triangle with one side in the surface, 
taking the origin at the middle point of this side, and the axis of 
x along the medial line, the breadth of the triangle will vary as 
h—«x; so that 


[Ga de 
RAE RED ee Labs (11). 
i x (h — x) dx 


Ex, 4. To find the centre of pressure of a semicircular area 
having its base in the free surface. 


é= 


This is analytically the same problem as Art. 118, Ex. 6, and 
the result is 


Em Derr = JOB sea dsnvacomvseonty (12). 


_ It may happen that the sum of a system of parallel forces 
distributed over an area is zero. In this case there is no 
single resultant, but (unless the forces balance) a ‘couple.’ 
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An example of this occurs in the theory of the flexure of 
beams. In a pure flexure the algebraic sum of the tensions at 
the various parts of a cross-section is zero, and the action across 
the section reduces to a couple. See Art. 130. 


EXAMPLES. XXXVII. 


1. | Prove by integration that the mass-centre of a trapezium 

divides the line joining the middle points of the parallel sides in 
J the ratio 2a +b: a+ 2b, where a, 6 are the lengths of the parallel 
sides. 


9. The mass-centre of the area included between one semi- 
undulation of the curve . 
#, y=bsin 2/a 
and the axis of x is at a distance }7b from this axis. 
8. The mass-centre of the area included between the curve 


a but a me oO te, x re 


Y~ 4? / 


and the axis of x is at the point (0, 3a). ck ee 
4. The coordinates of the mass-centre of the ‘parabolic 
spandril’ bounded by the curve 


yy? = 4aa, 
the tangent at the vertex, and the line y=4, are 
ph, 2k, 


where / is the abscissa of the ordinate &. 


5. Prove that the mass-centre of the area of the circular 
spandril formed by a quadrant of a circle and the tangents at its 
extremities is at a distance ‘2234a from either tangent, a being 
the radius. 


6. The mass-centre of a segment of a circle of radius a is at 
a distance 
a sin? a 


3 qa—sinacosa 


from the centre of the circle, 2a being the angular measure of 
the are. 
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7. The mass-centre of the area included between the co- 
ordinate axes and the parabola 


w\t  /y\t 
Gia 
is at the point (4a, 3). [Put «=asin‘ 6, y=bcos*6.] 


8. If the density (co) of a semi-circular lamina be a function 
of the distance (r) from the centre, the distance of the centre of 
mass from the base is given by 


pe te ad 
aL ortdr = | ordr, 
eee 0 


where a is the radius. 


Hence shew that if car, %='4775a, and that if ocr’, 
%='5093a. 


9. If the density of a parabolic arc whose axis is vertical 
vary as the cosine of the inclination to the horizon, the co- 
ordinates of the mass-centre, referred to horizontal and vertical 
axes will be 


% = } (x, + wy), Y=t (Mit 4y + Yo), 


where (2, 4), (#2) Yo) are the coordinates of the extremities of 
the are, and y’ is the ordinate half-way between y, and yp. 


10. A uniform rod of length 7 is bent into the form of a 
circular arc of radius (£) large compared with 7. Prove that the 
displacement of the mass-centre is ,1,/?/A, approximately. 


11. A triangular area is immersed in liquid, with one side 
in the free surface. Prove that if it be divided into two portions 
by a horizontal line through the centre of pressure, the resultant 
pressures on these two portions are equal. 


12. The centre of pressure of a trapezium having one of the 
two parallel sides (a, 6) in the surface divides the medial line in 
the ratio a+ 3b:a+6, where a is the side which is in the surface. 


13. The centre of pressure of a rhombus immersed in a 
liquid with a diagonal vertical and- one angular point in the 


surface is at a depth equal to {4 of the diagonal. 
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120. Mass-Centre of a Surface of Revolution. 


If the axis of # coincide with the axis of symmetry, and 
if 5s denote an element of arc of the generating curve, and y 
its ordinate, the annular element of surface will be repre- 
sented as in Art. 111 by 
Qary ds. 
Hence if the surface-density be uniform, the position of the 
mass-centre of a zone of the surface included between 
planes perpendicular to # is given by 
_ fa.2mryds__fayds 
z= ie ae C1); 
If the surface-density (o) be a function of «, the formula 
must be replaced by 


Jao. 2nyds _fouyds (2) 
fo.2myds A foyds see eeseeees ) 


Ex. 1. For a zone of a spherical surface, putting 


a 


z=acos6, y=asin§, 68= 000 ........... (3), 
B , 
: if cos 6 sin 6d6 | costa — cos? 8 
we have =a = jo -—— Soa 
4 sin 0d0 is 
= 4a (cos a + cos B) =4 (1 + Hg) -.eeereesseeeenes (4), 


if a, B be the limits of 6, and 2, 7 the abscisse of the bounding 
circles. Hence the mass-centre of the zone is on the axis, half-way 
between the planes of the bounding circles. 

For example, the mass-centre of a uniform hemispherical 
surface bisects the axial radius. 

These results might also have been inferred immediately from 
the equality of area of corresponding zones on the sphere and on 
an enveloping cylinder (Art. 111, Ex. 1). 


Ex. 2. To find the mass-centre of a spherical ‘lune,’ 2.¢. of 
the area on the surface of a sphere included between two 
meridians. 

The ‘angle of the lune’ is the angular distance between 
the two bounding meridians. We shall denote it by 2a, and 
the radius of the sphere by a. 
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Divide the lune into elementary lunes of equal infinitely small 
angle. The mass-centre of any one of these will be at a certain 
distance « from the centre of the sphere. Supposing the mass of 
each elementary lune to be transferred to its centre of mass, we 
obtain a uniform circular arc of radius 2, and angle 2a. The 
mass-centre of this is in the bisecting radius, at a distance 


sin a 


a 
from the centre, by Art. 117. Now in the case of the hemisphere 


(a= 47) this distance must be equal to $a, by Ex. 1, above. Hence 
x = na; and the centre of mass of the given lune is at a distance 


from the centre of the sphere. 


Ex. 3. In the case of a thin hemispherical shell, whose 
thickness varies as the distance (x) from the plane of the rim, we 
have 


dn 
Py tae 
5 Satu de _ iF cos? § sin 6d6 


fay ds te cos § sin 6d0 
0 


where a is the radius. 


Fa. 4, A simple rule for finding the mass-centre of any 
portion of a uniform spherical surface may be obtained as follows. 


Let 8S denote any element of the superficial area, a its 
distance from a fixed plane through the centre. The distance of 
the centre of mass from this plane will be 


Now if @ be the angle which the normal to dS makes with the 
normal to the plane of reference, we have «=acos 6, where a is 
the radius of the sphere, and therefore 


LOS = 0.08 URS = MO eterna ssapeeateees (8), 


where 8 is the orthogonal projection of the area 8S on the plane 
of reference. Hence 
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if S be the total area of the portion of the spherical surface con- 
sidered, and & the area of its orthogonal projection on the plane 
of reference. 


Thus, for a hemispherical surface, projecting on the plane of 
the bounding circle, we have S = 27a’, 3} =7a’, and therefore 


as before. 


For a spherical lune, of angle 2a, we project on the plane 
perpendicular to the central radius. The two bounding meridians 
project into the two halves of an ellipse whose semi-axes are a 
and asina. Hence S=4aa*, }=7za*sina, and therefore 


sina 


sdiee * Eneerme ee (11), 


as above. 


121. Mass-Centre of a Solid. 


In the case of a homogeneous solid, if the area of a section 
by a plane perpendicular to # be denoted as in Art. 104 by 
f(a), the x-coordinate of the mass-centre of the volume 
included between two such sections is obviously given by the 


formula 

_ jaf (x) dx 

p= THC os aa (1), 
taken between the proper limits of «. 


It will sometimes happen that the mass-centres of a 
system of parallel sections lie in a straight line; in this case, 
taking the straight line in question as axis of x, we have 
y= 0, and z=0. 


In the case of a solid of revolution, taking the axis of « 
coincident with the axis of symmetry, we have 


S(a)=T7y’, 
if y be the ordinate of the generating curve. Hence 


_ japda , 
L = mg (2). 


. 
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Ex, 1. Tn the case of a right circular cone, the origin being 
at the vertex, f(a) o a, so that 


if h be the altitude. 


Ex, 2. For the segment of an elliptic paraboloid 


y 2 
Dae A aacec enews ataannasnesee 4 
Sie (4) 
cut off by a plane w=h, since f(x) «< a, as in Art. 106, Ex. 1, we 
have 
h 
f ao” dae 
e=~2 PEGS. Bo Raea eee (5) 


Ex. 3. For a hemisphere of radius a, putting y?=a?— a’, we 
have 


The same formula gives the position of the mass-centre of the 
half of the ellipsoid 


= yf? g2 


which lies on the hes side of the plane yz, since f(x) in this 
case also varies as a?—a*. See Art. 106, Ex. 2. 


Ex. 4. In the case of the more general formula 


a 

F(R) A + BE OTe corseeneercenneseen (8), 

the w-coordinate of the mass-centre of the volume included between 

the planes «= 0 and #=h is, by (1), 

= WA jo eee (9) 
ATLE+ EOC Aaa A 
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where, as in Art. 107, A, 4’, A” denote the areas of the sections 
x=0, x=}h, x=h, respectively. The distance of the centre of 
mass from the middle section is therefore 
A" —A 
Ts A ae) 
x—th (444d 4a" Retina acess (10). 
This result has the same degree of generality as that of Art. 

107. 


The application of the formula (1) is easily extended 
to the case of oblique axes. Denoting by f(a) the area of a 
section parallel to the plane yz, the appropriate element of 
volume is 


J (a) 6x sin 2, 


where 2 is the inclination of the axis of x to the plane yz. 
The constant factor sin d, occurring both in the numerator 
and in the denominator of the expression for &, will cancel, 
and we are left with the same form as before. 


Lx. 5. In the case of a cone, or a pyramid, on a plane base, 
taking the origin O at the vertex, and the axis of x along the line 
joining O to the mass-centre G of the area of the base, the area 
of any section parallel to the base will vary as the square of its 
intercept «on OG. We are thus led as before to the result 


Z= 3h, 


where h now =OG. Hence the mass-centre of the pyramid, or’ 
cone, is at a point H in OG, such that OH=304. 


In a similar manner the investigations Exs. 2, 3, above, can 
be modified so as to apply to any segment of a paraboloid, and to 
a semi-ellipsoid cut off by any diametral plane. 


For special forms of solid other methods of decomposition 
into elements will suggest themselves. 


Ex. 6. Thus in the case of a ‘spherical sector,’ i.e. the 
portion cut out of a solid sphere by a right circular cone having 
its vertex at the centre, the volume of a thin spherical stratum 
of radius r is proportional to r?5r. Also the distance of the 
mass-centre of this stratum from the vertex is, by Art. 120, 
Ex. 1, 

4 (7 +1 cos a), =r cos? da, 


L, 20 
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where ais the semi-angle of the cone. Hence the distance of the 
mass-centre of the sector from the vertex is 


dr 
a7. cos? fa = 3a cos? $a.......00... (11), 


dr 
0 


where a is the external radius. 


For the hemisphere we have a=}, and %=3a, as in 
Ex. 3, above. 


Ex. 7. To find the mass-centre of a wedge cut from a solid 
sphere by two planes meeting in a diameter. 


Let a be the radius of the sphere, and 2a the angle between 
the planes. Divide the wedge, by planes through the aforesaid 
diameter, into elementary wedges of infinitely small angle, and 
let x be the distance from the diameter of the mass-centre of any 
one of these. Transferring the mass of each elementary wedge 
to its centre of mass, we obtain, as in Art. 120, Ex. 2, a uniform 
circular arc, whose centre of mass will be at a distance from the 
centre equal to (xsina)/a. Since, for a=4z, this must equal 
ga, we infer that 
_ 3 
ares 


in agreement with Art. 118, Ex. 6. Hence the distance, from 
the edge, of the mass-centre of the given wedge of angle 2a, is 


x 


OT. Shh 
we Te ere Gveawe «cules Sie sain Kintie (12). 


122. Solid of Variable Density. 


In a solid of variable density, if the surfaces of equal 
density be parallel planes, and if f(#) be the area of the 
section made by one of these planes, supposed expressed in 
terms of the intercept on the axis of «x, we have, in place of 


Art. 121, (1), 
= Japf(w) da i 
Sef (2) az Sed Rbiasie he wee Seales i 


For example, in the case of a solid of revolution, in which 
the surfaces of equal density are planes perpendicular to the 


“= 


Ae 
on 


eas x 
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} 
’ 


axis (x), we have f(x) = ry’, where y refers to the generating 
curve, and therefore 


eee eer eeseeeesoecsere. cee 


Ex. 1. Thus in the case of a hemisphere whose density p 
varies as the distance (x) from the bounding plane, writing 
y’ =a? — a, we have 


a 
i a? (a? — x?) dae 
x — : — Ps were ence ces coerce (3). 


For other laws of density, other methods of decomposition 
may suggest themselves. For example, when the density 
is a function of the distance from a fixed point, a decom- 
position into concentric spherical shells is indicated. 


123. Theorems of Pappus. 


1°. If an arc of a plane curve revolve about an axis in 
its plane, not intersecting it, the surface generated is equal to 
the length of the arc multiplied by the length of the path — 
of its centre of mass. 

Let the axis of a coincide with the axis of rotation, 
and let y be the ordinate of the generating curve. The 
surface generated in a complete revolution is, by Art. 111, 


equal to 
2arfyds, 


the integration extending over the arc. But if 7 refer to 
the mass-centre of the arc, we have 


by Art. 117. Hence 
Dar feds = 27K [dS v0ss:s raveuseese (1), 
which is the theorem. 


2°. If a plane area revolve about an axis in its plane, 
not intersecting it, the volume generated is equal to the 


20—2 
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area multiplied by the length of the path of its centre of 
mass. 


If 5A be an element of the area, the volume generated 
in a complete revolution is 


lim } (2rry. dA). 
But if 7 refer to the centre of mass of the area, we have 


Piet Poe) 
y = lim (5A) ’ 
by Art. 116. Hence 
lim 3 (2ary .6A4) = 277 x lim & (6A)......... (2), 
which is the theorem*. 


The revolutions have been taken to be complete, but the 
restriction is obviously unessential. 


Ez. 1. The ring generated by the revolution of a circle 
of radius 6 about a line in its own plane at a distance a from its 
centre. 


The surface is 2ab x Ira, = 4n* ab 3 
and the volume is ab* x 2ra, = 27° ab’. 
Cf. Art. 105, Ex. 3, and Art. 111, Ex. 2. 


Ex. 2. A segment of the parabola y*?= 4ax, bounded by the 
double ordinate «= h, revolves about this ordinate. 


If 2k be the length of the double ordinate, the area of the 
segment is $hk, by Art. 98; and the distance of the centre 
of gravity from the ordinate is 24, by Art. 118. Hence the 
volume generated is 

ghk x rh =18rh?h, 


The theorems may be used, conversely, to find the mass- 
centre of a plane arc, or of a plane area, when the surface, or 
the volume, generated by its revolution is known indepen- 


dently. 


* These theorems are contained in a treatise on Mechanics by Pappus, 
who flourished at Alexandria about a.p. 300. They were given as new by 
Guldinus, de centro yravitutis (1635—1642), (Ball, History of Mathematics.) 


i ere af 
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Ex. 3. Thus, for a semicircular are revolving about the 
diameter joining its extremities, we have 


ma x Iry = 47a’, 
whence y= 


Again, for a semicircular area revolving about its bounding 
diameter, 
gra? x Iry = Saa', 
By. 
whence Y¥=5-4. 


37 
Cf. Arts. 117, 118. 


124. Extensions of the Theorems. 


A similar calculation leads to a simple formula for the 
volume of a prism or a cylinder (of any form of cross-section) 
bounded by plane ends. 


In the first place we will suppose that one of the ends, 
which we will call the base, is perpendicular to the length. 
Let P be any point of the base, and let z be the length 
of the ordinate PP’ drawn parallel to the length, to meet 
the opposite end in P’, and let Z be the ordinate of the mass- 
centre of the oblique end. If 5A, 6A’ be corresponding 
elements of area at P and P’, we have 


Bec (e2 0 prim (8, 04) 
EN OY ye ae mamta ACY WEE 


since 6A, being the orthogonal projection of 6A’, is in a 
constant ratio to it. Hence the volume of the solid 


Bi) 2S (8A Vi vapocnsdoes (1); 


that is, it is equal to the area of the base multiplied by the 
ordinate of the mass-centre of the opposite face. It is easily 
seen (Art. 131) that this is the same as the ordinate drawn 
through the mass-centre of the base. 


A prism or a cylinder with both ends oblique may be 
regarded as the sum or as the difference of two prisms or 
cylinders each having one end perpendicular to the length. 
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We infer that in all cases the volume is equal to the area 
of the cross-section multiplied by the distance between the 
mass-centres of the two ends. 


Ex. The volume of the wedge-shaped solid cut off from 
a right circular cylinder by a plane through the centre of the 
base, making an angle a with the plane of the base, is 


4 
dra? x 3% tana = 3a’ tana ; 
ef. Art. 114, Ex. 1. 


The theorems of Pappus may be generalized in various 
ways; but it may be sufficient here to state the following 
extension of the second theorem. 


If a plane area, constant or continuously variable, move 
about in any manner in space, but so that consecutive 
positions of the plane do not intersect within the area, the 
volume generated is equal to 


where S is the area, and do is the projection of an element 
of the locus of the mass-certre of the area on the normal 
to the plane. If ds denote an element of this locus, and @ 
the angle between ds and the normal to the plane, the 
formula may also be written 


[iS 00s O dant... -stecacems on eae (3). 


This theorem is the three-dimensional analogue of the 
proposition of Art. 101, relating to the area swept over 
by a moving line. It is a simple corollary from the theorem 
above proved. 


EXAMPLES. XXXVIII. 


1. A quadrant of a circle revolves about the tangent at one 
extremity ; prove that the distance of the mass-centre of the 
curved surface generated, from the vertex, is ‘876a. 


2. The mass-centre of either half of the surface of an 
anchor-ring cut off by the equatorial plane is at a distance 26/7 
from this plane, where 6 is the radius of the generating circle. 
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3. Two equal circular holes of angular radius a are made in 
a uniform thin spherical shell, and the angular distance of their 
centres is 28. Prove that the distance of the mass-centre of the 
remainder from the centre of the sphere is 


la sin? 
$a sin’ a sec acos B, 
where a is the radius. 


4. <A portion of a paraboloid of revolution is bounded 
by two planes perpendicular to the axis. Prove that the 
distance of the centre of mass of the solid thus defined from 
the middle point of its axis is 


ia 

6a? +0 
where fA is the length of the axis, and a, 6 are the radii of 
the two circular ends. 


h, 


5. The distances from the centre of a sphere of radius a 
of the centres of mass of the two segments into which it is 
divided by a plane at a distance c from the centre of figure are 

3(a+c) 
4 2Qa+c¢° 


6. By dividing a tetrahedron into plane laminz parallel 
to a pair of opposite edges, as in Art. 104, Ex. 2, prove that 
the mass-centre bisects the line joining the middle points of 
these edges. 


7. The figure formed by a quadrant of a circle of radius a 
and the tangents at its extremities revolves about one of these 
tangents; prove that the distance of the mass-centre of the 
solid thus generated from the vertex is ‘869a, 


8. A solid ogival shot has the form produced by rotating a 
portion APN of a parabolic area, where A is the vertex, and PV 
an ordinate, about PN; prove that the mass-centre divides the 
axis in the ratio 5: 11. 


9. AP is an arc of a parabola beginning at the vertex, and 
PN is a perpendicular on the tangent at the vertex; prove that 
the mass-centre of the solid generated by the revolution of the 
figure APN about AV is at a distance from A equal to ;AN. 


312 INFINITESIMAL CALCULUS. [CH. VIII 


10. A right circular cone is divided into two halves by 

a plane through the axis; prove that the distance from the axis 

of the mass-centre of either half is a/z, where a is the radius 
of the base. 


11. The mass-centre of the volume included between two 
equal circular cylinders, whose axes meet at right angles, and 
the plane of these axes, is at a distance from this plane equal to 
3 of the common radius. 


12. The mass-centre of a hemispherical shell whose inner 
and outer radii are a and 6 is at a distance 
3 (a + b) (a? + &) 
8 aw+ab+b} 
from the centre. 
13. The mass-centre of a hemisphere of radius @ whose 


density varies as the nth power of the distance from the base is 
at a distance 


(n + 1) (n+3) 4 
(1m + 2) (n+ 4) 
from the centre. 


2 
14. If the ellipse “+ — 


2 


1 


revolve about the axis of a, the mass-centre of the curved 
surface generated by either of the two halves into which the 
curve is divided by the axis of y is at a distance 

2a?+ab+b? a 

3 a+b ‘b+a(sin“e)/e 
from the centre, where e is the eccentricity, it being supposed 
that b<a. 


Obtain the corresponding result when b> a. 


15. Apply the theorems of Pappus to find the volume and 
the curved surface of a right circular cone, and of a frustum of 
such a cone. 


16. A groove of semicircular section, of radius 6, is cut 
round a cylinder of radius a; prove that the volume removed is 
mab? — $rb3, 

Also that the surface of the groove is 
2ar* ab — 4rd. 
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17. A screw-thread of rectangular section is cut on a cylinder 
of radius R. Prove that the volume of one turn of the thread 
is 2zabk + zab*, where a, 6 are the sides of the rectangle, 6 being 
that side which is at right angles to the surface of the cylinder. 


18. The mass-centre of either half of the volume of an 
anchor-ring cut off by the equatorial plane is at a distance 40/37 
from the plane, where 0 is the radius of the generating circle. 


125. Moment of Inertia. Radius of Gyration. 


If in any system of particles the mass of each particle be 
multiplied by the square of its distance from a given line, 
the sum of the products thus obtained is called the ‘moment 
of inertia’ of the system with respect to that line. In 
symbols, if m, m:, m;,... be the masses of the several 
particles, »,, p2, P3,--. their distances from the line, and if I 
denote the moment of inertia, we have 

T=mpit+map?2+ mspe+...= = (mp)... (1). 

In the dynamical theory of the rotation of a solid body about 
a fixed axis it is shewn that the moment of inertia as above 
defined is the proper measure of the inertia of the body as regards 
rotation, just as the mass of the body measures its inertia in 
respect of translation. Thus if Mf be the mass of a body moving 
in a straight line with velocity u, its momentum is Mw; andif £ 
be the extraneous force, we have 


In like manner, if J be the moment of inertia of a body rotating 
about a fixed axis with angular velocity w, its angular momentum 
is Jw; and if G be the extraneous couple, we have 


d 5 
7 CLES AGE Sy crpaemtege dives yi ke. (3). 


The moment of inertia of a body about a given line is 
often most conveniently specified by means of a linear 
magnitude called the ‘radius of gyration.’ This is a quantity 
k such that 


where Jf is the total mass of the system. 
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Tt is evident from the dynamical principles above referred to 
that, as regards rotation about the fixed line, the body will behave 
exactly as if its mass were concentrated into a ring of radius , 
having its axis coincident with that line*. 


The formula (4) is equivalent to 


es mp + mep2+ mp2 +... _ & (mp?) (5), 
Mm, + M,+ M3+... =(m) -"" ; 


Hence k? may be regarded as the mean square of the 
distances of all the particles of the system from the given 
line. It is easily seen that in calculating k*? we may replace 
any group of the particles by a single mass equal to their 
sum and situate at a distance from the line equal to the 
radius of gyration of the group about that line. 


126. Two-Dimensional Examples. 


In the case of bodies whose mass is distributed over lines, 
surfaces, or volumes, and not condensed into isolated points, 
the summations in the formule (1) and (5) of Art. 125 must, 
of course be replaced by integrations. We begin with a few 
simple examples in two dimensions. 


Ez. 1. To find the radius of gyration of a uniform straight 
bar about a line through its centre perpendicular to its length. 


If 2a be the length, we have + 


-a 


The same result evidently holds for the radius of gyration of 
a rectangle about a line of symmetry, if 2a be the length 
perpendicular to this line. 


* Hence the name ‘swing-radius’ was proposed by Clifford, as the equi- 
valent of ‘radius of gyration.’ 

+ The line-density, when constant, may be put equal to unity since, 
whatever its value, it appears in both numerator and denominator of the 
expression for k*, and so cancels. A similar remark applies to many subse- 
quent examples. 
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Ex. 2. The radius of gyration of a uniform circular wire of 
radius a about its axis is evidently a. 


To find the radius of gyration about a diameter, we have 


hr 
1] a sin? 6. add 
B= 


= Peet Maids ue ciosiows (2). 


Ex. 3. To find the radius of gyration of a circular plate 
about an axis through its centre, perpendicular to its plane. 


If we divide the disk into concentric annuli, the area of one 
of these may be represented by 27rér, and its radius of gyration 
by r, Hence 


Ex. 4. To find the radius of gyration of a circular disk about 


a diameter, we make use of the result of Ex. 2; viz. that the 


square of the radius of gyration of the annulus 2rrér is $7”. 


Hence the final result will be } of that in Ex. 3; or 
CLIT ils (ann ener (4). 
To find the radius of gyration, about the axis of a, of the 
area included between a curve 


y = $ (#) a/sleiaisie(elelelaiais/s.p's s\sla\e/¥\ siecle s (5), 


the axis of x, and two bounding ordinates, we may divide the 
area into elementary strips yor. The square of the radius 
of gyration of a strip is ty, by Ex. 1, above. Hence 


»_ Say yda _sfyda 
ra, fyda = fyda eee aeeerrewree 
the integrals being taken between the proper limits of a. 


Ex. 5. To find the radius of gyration of an isosceles tri- 
angular area, about its line of symmetry. 


Taking the origin at the vertex, and the axis of x along the 
line of symmetry, the equations of the two sides will be 


k 


a 
ai pe 


h 
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where a is half the base, and A the altitude. The radius of 
gyration for the whole triangle is evidentiy the same as for 
either half, whence 


a dah 


The same result obviously holds for the radius of gyration of a 
rhombus about a diagonal. 


Ex.6. To find the radius of gyration of the area bounded by 
the ellipse 


2 y dx 
tes, —a 
i? Fo a (9). 
If we put x=acos ¢, y=0sin ¢, this becomes 
+ 40 
apes 79 ad = 1 Fa 
aod ie aint hdh 1B". covesehcale. (10). 


Similarly, for the radius of gyration about the minor axis, we 
should find 


127. Three-Dimensional Problems. 


The following problems in three dimensions are im- 
portant. 


Ex. 1. To find the radius of gyration of a uniform thin 
spherical shell of radius @ about a diameter. 


Take the origin at the centre, and the axis of x along the 
diameter in question. If the shell be divided into narrow zones 
by planes perpendicular to a, the area of any one of these may be 
denoted by 27raéz, by Art. 111, Ex. 1, and its radius of gyration 
by y. Hence 


fi y? .2rada 
Bats tel ia aw) deetat 1 
mM eh (2k ) dv =Fa* ...... cL). 
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' Ex. 2. To find the radius of gyration of a uniform solid 
sphere about a diameter. 
Dividing the volume into thin concentric shells, and using the 
result of Ex. 1, we have 


I * 298, dered 
Bee ee ah te, 002); 


$ra* 


A general formula for the radius of gyration, about its 
axis, of a uniform solid of revolution, is easily obtained. 
Dividing the solid into circular laminze by planes perpen- 
dicular to the axis, which is taken as axis of x, the volume 
of any one of these lamine may be represented by mya, 
where y is the ordinate of the generating curve, and the 
square of its radius of gyration by 4y? (see Art. 126, Ex. 3). 
Hence 


cece aa ls Ia) ee (3). 
fry?dx fyrdx ; 
Ex. 3. To find the radius of gyration of a right circular cone 
about its axis, we put 


a 
ve h x, 
where a is the radius of the base, and A the altitude. Thus 
, | eda 
a ants) 
7 ee oe) ae ee : 


Ex. 4. For a solid sphere of radius a, we have 


hn [| de 


3 a 
2 = 2 m2)2 yn — 22 ....., 
k Sra af (@—x?) da= fa? .. (5), 


as in (2), above. A similar result can be obtained for an ellipsoid 
of revolution, 

Ex.5. A plane area having a line of symmetry, revolves 
about a parallel axis in the same plane. To find the radius of 
gyration, about the axis of rotation, of the solid generated. 

Let y be the distance of any point of the area from the axis 
of rotation, and let us write 
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where a is the distance of the line of symmetry of the area from 
the axis. If 8A be an element of the area, and & the required 
radius of gyration, we have 


1 Slyt-2aysd) _ 3 (y*3A) 
> (2rydA) = (yd) 
_ a? (8A) + 3a? (454) + 8a (754) + & (7 SA) 
= a & (dA) + 3 (754) ‘ 
Now, in consequence of the assumed symmetry of the area the 
sums & (5A) and & (7°84) must be unaltered when the sign of 


is reversed, and must therefore vanish. Also if x be the radius 
of gyration of the given area about the line of symmetry, we 


have 
> (7754) 
Se eee 1): 
“3 (84) (7) 
Hence the above formula reduces to 
| heat eS) os AR REAR ee (8) 


The same result holds whenever the generating curve has a 
centre, t.e. a point such that any chord through it is bisected 
there*. The proof may be left to the reader. 


For example, in the case of the solid ring whose sectional 
area is a circle of radius b, we have x? = 10°, and therefore 


Wie Oe BO" nal othdcsies wasichepiceanss (9), 
a result easily verified by a direct calculation. 


A similar investigation applies to the case of the surface 
generated by the revolution of a plane arc, having a line of 
symmetry, about a parallel axis in its own plane. The only 
difference is that the element of area (8A) is now to be replaced 
apa element of arc (ds). The result has the same form (8) as 

efore. 


Thus the radius of gyration of the surface of the anchor-ring, 
about the axis, is given by 


Ket gl ve BB ccccstucatenieccomneees (10). 


This, again, is easily verified independently. 


* Townsend, Quart. Jour. Math., t. x, (1870), and t. xvi. (1879). 
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128. Mean-Square of the Distances of a System 
of Particles from a Plane. 


With a view to further calculations we may introduce 
the conception of the mean square of the distance of the 
mass from a given plane, or from a given point. Thus if 
&,, %, X3,... be the distances of the particles m, m., ms,..-, 
respectively, from a given plane we write 


Maret M62 +m te+... & (max?) (1),* 


whe M, + M,+ M3+... 3 >(m) ae} 
and, if 7,, 72, 73,... be the distances from a given point, 
— mretmretmsret... _& (mr) 
a= eh ee ee (2). 
M+ M+ Ms3+... > (m) 


Thus, in two dimensions, if & denote the radius of 
gyration about a line through the origin perpendicular to 
the plane of the system, 


Sat y) = oss 
= = : 3). 
Ex. 1. In the case of a rectangle, taking the origin at the 
centre, and the axes of x, y parallel to the edges (2a, 2b), we have 


Piha, 3p AYO is Retissesiwlng sess (4), 
by Art. 126, Ex. 1, and therefore 
TP HAG? +O") vaca cee enocercsbanesens (5). 


Ex. 2. In the case of a circular hoop, taking the origin at 
the centre, we have 


the equality of the first two members being due to the symmetry 
about the origin. Since & is evidently equal to the radius (a), we 
infer that 

GP Saha ya charac candssanassiese (7). 
Cf, Art. 126, Ex. 2. 


* The symbol z? must not be confounded with z%. For example, in the 
case of two equal particles we have 


P= (artaz), B= {h(a +2,)}?. 
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Ex. 3. Similarly, in the case of a uniform circular disk, we 
infer that 


er fT MS occ Ste (8), 
since k?=4a?, by Art. 126, Ex. 3. 
In three dimensions, if kz, ky, k, be the radu of gyration 


with respect to rectangular axes Oa, Oy, Oz, respectively, 
we have 


kg=Y+8, kiofta, k2=eh+yY (9). 
Also, if r denote the distance of any particle from the 
origin, we have 
— Snr) dri+Pfte) = 
r= = (m) = S(m) VM tt #.-.00). 
Hence, and from (9), 


Pe ey Ser Se ee (11). 


Fe. 4. For a rectangular parallelepiped, taking the origin at 
the centre, and the axes of a, y, z parallel to the edges (2a, 2b, 2c), 
we have by a calculation similar to that of Art. 126, Ex. 1, 


ata, yah, Zaher . 12) 
and therefore a 3 . () 
kg=4(0P+0), kR=t(8+a7), kZ=4(a'+ 0)...(13). 


Ex. 5. In the case of a uniform thin spherical shell of radius 
a, taking the origin at the centre, we have 


Tig= thy = Rigg 
by symmetry, and r?=a?, whence 
Ay a tee eee er Cee (14), 


as in Art, 127, Ex. 1. 


Ex, 6, For a uniform solid sphere, we have 


9. dar dr 
Eel | : 
eal res chest (15), 
ae BS ie Se NA Ghee acces (16) ; 


cf. Art. 127, Exs, 2, 4. 
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Hz. 7. Tn a uniform solid ellipsoid bounded by the surface 


alae ie 
>) eae B oi 2 ob by Doe are ee eer ee (17), 
since the section by a plane perpendicular to a is an ellipse of 
area 
abe (a - =) A 
a 
a or 
= ne 2 (1— =) de 
we have = er ea PO p ces cn (18), 
and similarly Yai, F=103 


Hence 42=4(+0°), kP=1(8+0%), hke= £ (a? + 6*)...(19). 


129. Comparison of Moments of Inertia about 
Parallel Axes. 


The following theorems give a simple means of comparing 
moments of inertia about different parallel axes. 


1°. The mean square of the distances of the particles 
of a system from any given plane exceeds the mean square 
of the distances from a parallel plane through the centre of 
mass by the square of the distance between these planes. 


Let 2, a, 23, ... be the distances of the particles 
M,, Mz, Mz, ..., respectively, from the first-mentioned plane ; 
and let % denote the distance of the centre of mass. If we 
write 


%=2+ &, X= & + &,, y= 2+ &,..., est): 
we have 
aes = (ma?) _>& {m(@+ &)} 
~ 2% (m) > (m) 
_ &(m).@4+ 2% . X(mE) +E (mé*) 
0 ee 


Now 2 (mE) =0, by Art.116; and the fraction 3 (m£*)/S (m) 
is denoted, in accordance with our previous notation, by 2. 
Hence 
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9°, The mean square of the distances of the particles 
of a system from a given line exceeds the mean square of the 
distances from a parallel line through the centre of mass by 
the square of the distance between these lines. 


If the first-mentioned line be taken as axis of z, and if the 
coordinates be rectangular, we have, by the preceding case, 


BEP=H+Pa=Pt pt (PtP). (3). 
Hence if & denote the radius of gyration of the system 
about an axis through the centre of mass, and #’ the radius 
of gyration about any parallel axis, we have 
Mee EE TO Ss. cranny oer ey bh 
where h is the perpendicular distance between the two axes. 


This is a very important result in the dynamical appli- 
cation of the subject. 


Ez. 1. The radius of gyration of a rectangle about a side is 
given by 
Be a da Ga" nine cicetamonaes (5), 


if 2a be the length perpendicular to that side. This may be 
easily verified by direct integration. 


Ex. 2. With the same notation as in Art. 128, Ex. 4, the 
radius of gyration of a rectangular parallelepiped about an edge 
(2c) is given by 

ki? = (a? +b) +4 (a? + 8) =$ (a7 + 0)... (6). 

Ex. 3. The radius of gyration of a uniform circular disk of 


radius @ about an axis through a point on the circumference, 
normal to the plane of the disk, is given by 


Bes GPR ESE 5 crwnag os navn seneneses (7). 
Similarly, the radius of gyration about a tangent line is given by 
Ki? = a9 + La? = Fa? .......00sececseesesee(8) 


130. Application to Distributed Stresses. 


The calculations of radii of gyration of plane areas have 
an application in the theory of stresses distributed over plane 
areas. 
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Thus, in determining the centre of pressure of an area in 
contact with a homogeneous liquid, if the axis of y be the line 
in which the plane of the area cuts the free surface, the 
_ «coordinate of the centre of pressure is, by Art. 119, 

. > (adA) 
é = lim (@SA) Aes eeenesesseecens (1). 


In our present notation, we have 
= (a#5A)=a?x (SA), 3B (vbA)=%x 5 (8A), 
ultimately, and therefore 
= 
Ex, In the case of a circular area, having its centre at a 


distance hf from the line in which its plane meets the surface, we 
have 


&!| §] 
> 
bo 
YW 


e=hi+ia, Z=h, 
2 
and therefore f=h+} ; ashe eqncnng avert eharssus's (3). 


Again, in the theory of flexure, referred to in Art. 119, the 
intensity of the force at any point of the cross-section of a beam 
is equal to 


where y is the distance from a certain line in the plane of the 
section, called the ‘neutral line, & is the radius of the curve 
into which the beam is bent, and # is a certain coefficient 
depending on the material. If 64 be an element of area, the 
total force across the section is the limit of j 


ee ie aise 0) 


In a pure flexure, this force is, by hypothesis, zero; hence, by 
Art. 116, the neutral line will pass through the mass-centre of 
the section. : 

The stresses on the cross-section now reduce to a ‘touple. 
The moment of this couple about the neutral line (or about any 
line parallel to it) is got by multiplying the force on each element 


21—2 
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5A by its distance from the neutral line. In this way we get, as 
the value of the ‘ flexural couple,’ 


FX lim 8 (y"BA) oorscsnncvsesnetecse (6), 


or SS RAPIR ais een eet (7), 


where A is the area of the cross-section, and & is its radius of 
gyration about the neutral line. 

The ratio of the flexural couple to the curvature (1/) is 
called the ‘flexural rigidity’ of the bar. For bars of the same 
material it varies as Ak? 


131. Homogeneous Strain in Two Dimensions.* 


Taking first the case of two dimensions, let us suppose 
that, in any plane figure, the rectangular coordinates of a 
point (a, y) are changed to (2’, y’), where 


= OR, ef 22 BGs sein carey one (1), 
aand £ being given constants. The resulting deformation 
is of the kind called ‘homogeneous strain’; the coordinate 
axes are called the ‘principal directions’ of the strain; and 
the constants a, 8 are called the ‘ principal ratios.’ 


A particular case is the method of ‘orthogonal projection.’ If 
the axis of « be the common section of the two planes, we have 
a=1, B=cos6, where @ is the inclination of the plane of the 
original figure to the plane of projection. 


Since the substitution (1) is of the first degree, it follows 
that straight lines will transform into straight lines. Also, 
since infinitely distant points transform into infinitely distant 
points, parallel straight lines will transform into parallel lines, 
and therefore parallelograms into parallelograms. Hence, 
further, equal and parallel straight lines will transform into 
equal and parallel straight lines; so that lines having originally 
any given direction are altered in a constant ratio, the ratio 
varying however (in general) with the direction. The new 
direction of a straight line is of course in general different 
from the original direction. 


* This is the same as Rankine’s ‘ Method of Parallel Projection,’ Applied 
Mechanics, Arts. 61, 82, 580. 
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Again, any algebraic curve whatever transforms into a 
curve of the same degree. In particular, a circle 


Coe ek gk A a eee er ee ee (2), 


rea a 
iol Be ae 


EEN 


3 where ee Aa ELS se rice sets tcnceses (4), 
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and it is evident that by a proper choice of the ratios a, 8 a 
circle can be transformed into an ellipse of any given dimen- 
sions, and vice versd. Also since a system of parallel chords, 
and the diameter bisecting them, transform into a system of 
parallel chords, and the diameter bisecting them, it is evident 
that perpendicular diameters of the circle transform into 
conjugate diameters of the ellipse. 


Further, areas are altered by transformation in the 
constant ratio a8. For this is evidently true of any rect- 
angle having its sides parallel to the principal directions 
of the strain; and any area whatever can be approximated 
to as closely as we please by the sum of a system of rectangles 


of this type. 


Ex.1. Thus, the area of the ellipse (3) is a8 times that of the 
circle (2); and so 


=aB8.7at=7.aa.Ba=7a0'. 
Again, a chord cutting off a segment of constant area from a 
circle touches a fixed concentric circle. Hence, a chord cutting 


off a segment of constant area from an ellipse touches a similar, 
similarly situated, and concentric ellipse. 


Again, centres of mass of areas, considered as sheets of 
matter of uniform surface-density, transform into centres of 
mass. For, if &A, 5A’ be corresponding elements «f area, we 
have 


= &(a@’SA’) _ . 2» (dA) 
x eee Ly =axX Se eT) > 
since 6A’ =aBdA. 
Hence, and by similar reasoning, 
a =a8, y=BY ..... Re (5). 


Ex. 2. The centre of mass of a semicircular area is on the 
radius perpendicular to the bounding diameter, at a distance 4/3 
of its length from the centre. Hence, the mass-centre of a 
semi-ellipse, bounded by any diameter, lies on the conjugate 
semi-diameter, at a distance of 4/37 of its length from the centre. 


131-132] PHYSICAL APPLICATIONS. 327 


Finally, mean squares of distances from the axes of «, y 
transform into mean squares of distances. Thus 


Settee (eon) . 2% (@5A) 
a yr shes 
a?= lim 3 (5A a? x lim 3 (SA) ° 
Hence, and by similar reasoning, 
B= oat, of? = MY? ....ecreeseeseeees (6). 


Ex. 3. The mean squares of the distances of points within 
the circle (2) from the coordinate axes are 


CL EA} 


aia qv, Yr=ie. 
Hence, for the ellipse (3), 
@=leat=1a, y= 1Pa?=1b?..... (7). 


The radius of gyration of an elliptic area about a line through 
the centre normal to the plane of the area is therefore given by 


ad (GO to ee (8), 


where a’, b’ are the principal semi-axes. 


132. Homogeneous Strain in Three Dimensions. 

There is a similar method of transformation in three 
dimensions, the formule of transformation being now 

af =a, Yf = BY, 2 HY. crreacererecseees (1); 
where the axes are supposed rectangular. 

It is easily seen that parallel planes transform into parallel 
planes; and equal and parallel straight lines into equal and 
parallel straight lines. 

Also, the sphere 


BA YA B= Drircrsrccesvssceeeens (2), 
transforms into the ellipsoid 
a? 2 Vid 
a eee (3), 
where @=aa, b =Ba, 6 HY «000.0... (4); 


and a set of three mutually perpendicular diameters of the 
sphere transform into a set of conjugate diameters of the 


ellipsoid. 


328 INFINITESIMAL CALCULUS. [CH. VIII 


Again, volumes are altered by the transformation in the 
constant ratio aSy. For this is obviously true of any 
rectangular parallelepiped having its edges parallel to the 
coordinate axes; and any volume whatever can be approxi- 
mated to as closely as we please by the sum of a system of 
such parallelepipeds. 


Ex. 1, The volume of the ellipsoid (3) is 
aBy . 47a’ = 4ra'b'e’. 


Again, a plane cutting off a segment of constant volume from 
an ellipsoid touches a similar, similarly situated, and concentric 
ellipsoid. 


By reasoning similar to that employed in the preceding 
Art., we learn that centres of mass of volumes, considered as 
occupied by matter of uniform density, transform into centres 
of mass. 


Also that mean squares of distances from the coordinate 
planes transform into mean squares of distances. 


Ex, 2, The mass-centre of a uniform solid hemisphere is on 
the radius perpendicular to the bounding plane, at a distance of 
8 of its length from the centre. Hence the mass-centre of 
a semi-ellipsoid cut off by any diametral plane is on the radius 
conjugate to that plane, at a distance of 3 of its length from the 
centre. 


Ex. 3. The mean squares of the distances of points within 
the sphere (2) from the coordinate planes being assumed to be 


we a 1a’, y = 1q’, = ia? Cbs Vee eRSici SU (5), 
it follows that, for the ellipsoid (3), 
aaja®, mde Peedo™ oi... ecvccnnes (6). 


The radii of gyration about the principal axes of the ellipsoid 
ar¢ therefore given by 


kt=2(b%+0%), k2=2 (240%), k2=1 (a+ b)...(7). 


| 
: 
‘ 
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EXAMPLES. XXXIX. 


1. The squares of the radii of gyration of a rhombus about 
its diagonals, and about an axis through its centre normal to its 
plane are 

40 fa, 2 (a?+0%), 
- respectively, where 2a, 26 are the lengths of the diagonals. 


2. The radius of gyration, about the axis, of the area of a 
parabolic segment cut off by a double ordinate 2b, is given by 


I? = 20°, 
3. The radius of gyration of the same segment about the 
tangent at the vertex is given by 
Garr; 
where h is the length of the axis of the segment. 


4. The square of the radius of gyration of a semicircular 
area of radius a, about an axis through its centre of mass 
perpendicular to its plane, is 

1G. 
€ = =) a. 

5. The radius of gyration, about the axis, of a segment of a 
paraboloid of revolution, cut off by a plane perpendicular to the 
axis, is given by 

= 2 b%, 
where 0 is the radius of the base. 


6. Find by direct calculation the radii of gyration of the 
volume and surface of an anchor-ring about its axis, 


7. The square of the radius of gyration of a uniform circular 
arc of radius a and angle 2a, about the middle radius, is 


sin 2a 
4a? @ 705 ) ; 


8. The radius of gyration of a uniform circular arc of radius 
a and angle 2a about an axis through the centre of mass, perpen- 
dicular to the plane of the arc, is given by 


sin? 
i =a (1- =r") 
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and the radius of gyration about a parallel axis through the 
middle point of the are is given by 


i =208(1-=**). 


a 


9. The square of the radius of gyration, about the axis, of a 
solid ring whose section is a rectangle with the sides parallel and 
perpendicular to the axis, is 


4 (a* + 6°), 


where a, 6 are the inner and outer radii. 


10. The mean square of’ the distance, from the centre, of 
points within an ellipse of semi-axes a, 6, is 


4 (a?+B%. 


11. The mean square of the distance, from the centre, of 
points within an ellipsoid-of semi-axes a, 6, c, is 


$(V +0? +0’). 


12. The mean square of the distance, from an equatorial 
plane, of the surface of an anchor-ring is 46%, where 6 is the 
radius of the generating circle. . 


13. The mean square of the distance, from the same plane, of 
the volume of the ring, is }5. 


14. Explain how the method of homogeneous strain can be 
applied to simplify the determination of centres of pressure in 
certain cases; and employ it to find the centre of pressure of a 
semi-ellipse, bounded by a principal axis, when this axis is in the 
surface of a liquid. 


15. The centre of pressure of an elliptic area is in the 
diameter P’CP which bisects the horizontal chords, and is at a 
distance 


1OPYCH 


from the centre C’, where H is the point in which PP’ produced 
meets the surface of the liquid. 


PHYSICAL APPLICATIONS, ool 


16. The flexural rigidity of a beam of rectanguiar section 
varies as the breadth and as the cube of the depth. 


17. The flexural rigidity of a beam of circular section is to 
that of a beam of square section as 3:7, if the areas of the 
sections be equal. 


18. If the thickness of a semi-circular lamina of radius a vary 
as the distance from the bounding diameter, the square of the 
radius of gyration with respect to this diameter is Za’. 


19. If ds be an element of arc of an ellipse, and £ the 
parallel semi-diameter, the value of the integral 
ds 
6° 


taken round the curve, is 27. 


CHAPTER IX. 


SPECIAL CURVES. 


133. Algebraic Curves with an Axis of Sym- 
metry. 


The method of tracing algebraic curves of the type 


where f(z) is a rational function, including the determination 
of asymptotes, maximum and minimum ordinates, and points 
of inflexion, has been illustrated in various parts of this 
book; see Arts. 14, 15, 50, 68. 


The study of algebraic curves in general is beyond our 
limits, but a little space may be devoted to the discussion 
of curves of the type 


=F (5) hasesivan os senses (2). 


Two points of novelty here present themselves. Since the 
equation gives two equal, but oppositely-signed, values of y 
for every value of w, the curve will be symmetrical with 
respect to the axis of 2; also since y? must be positive, there 
can be no real part of the curve within those ranges of @ (if 
any) for which f(#) is negative. 


Thus if f(x) contain a simple factor «—a, so that the 
equation is of the form 


y? = (= 0) © (©) neste secessasenvs ss (3), 
the right-hand member will change sign as # passes through 
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the value 2, Hence on one side of the point (a, 0) the 
ordinate is imaginary. 

Also, we have, at this point, 

(34) _ ¥_ _¢@) 
da) («—a%,)2? “2—a,’ 

and therefore, dy/da=0oo. The tangent is therefore perpen- 
dicular to Oz. 

Tf, on the other hand, f(#) contain a double factor, say 

Y? =(@— BP P(L) verrerecrererenees (4), 


the right-hand side does not change sign as # passes through 
the value z,. Hence the ordinate is real on both sides of 
the point (a, 0), or imaginary on both sides. In the former 
ease we have two branches of the curve intersecting at an 
angle and forming what is called a ‘ node’; in the latter case 
(a,, 0) is an isolated or ‘conjugate’ point on the locus. The 
directions of the tangent-lines at the node are given by 


(sy = lim —2—, = $ (a). 


dx (a — 2)? 
If f(a) contain a triple factor, say 
Y? = (@— HP P(L) veorccenereereees (5), 


the right-hand side changes sign at the point (m, 0); the 
curve is therefore imaginary on one side of this point. Also 
since dy/da here = 0, the curve touches the axis of &. 


We proceed to some examples; beginning with cases 
where f(z) is integral as well as rational. 


Ex. 1. In the cases where f(x) is of the first or second 


degree, say 
pa=Act B, yP=Aart+ Bot Circe (6), 


the curve is a conic having the axis of a as a principal axis. 


Ex. 2. The cubical curves 
y? = Aa? + Bart Cat D vreseesenceeeeesens (7); 


include some interesting varieties. 


‘ 
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(a) If the linear factors of the right-hand side be real 
and distinct, we may write 


ay? = (2 — a) (a — B) (7)... secececeeeeeeee (8), 


and there is no loss of generality in supposing that a is positive 
and a<fB<y. The ordinates are then imaginary for «<a, and 
for B<a<v+y. Between (a, 0) and (f, 0) there is a maximum 
value of y?, The curve consists therefore of a closed oval, and of 
an infinite branch. For large values of a we have 


S-£(1-)0-9(-2) 


so that the curve tends to become more and more nearly perpen- 
dicular to the axis of a. : 


(6) If the expression on the right-hand of (7) has only one 
real factor, we may write 


any? = (a2 — a) (27 + part g) «2. ..2cesseeceeses (9), 
where p*<4g. The curve then only meets the axis of x once. 


(c) The transition from the form (8) to the form (9) may 
be imagined to take place in two ways. In the first way, 
the intermediate critical case is marked by the coalescence of the 
two greater of the quantities a, 8, y, so that 


nap == (ee — a) (a — BY nz case sat ee nares om (10). 


Here y is imaginary for x<a, and real for x>a, but vanishes 
for =f. The point (8, 0) is here a node; it may be regarded 
as due to the union of the oval in the former case with the infinite 
branch. 


If, however, the two smaller of the quantities a, 8, y 
coalesce, so that 


ay? = (@ — a)? (@—y) .....cesseccensens (11), 


y will be imaginary for «<+y, except for «=a, when it vanishes. 
The point (a, 0) is therefore an isolated point; it may be regarded 
as due to the evanescence of the oval in the first case, 


All these cases are illustrated in Fig. 74. Beginning on the 
right we have a curve of the type (9), consisting of a single 
infinite branch. Next to it comes the case of an infinite branch 
associated with an isolated point (at O), the equation being of 
the type (11). Next in order comes an infinite branch, and with 
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it an oval surrounding the point 0; the equation is now of the 
type (8). In the next stage, the oval and the infinite branch 
have united to form a node with a loop, the corresponding type 


Yi 


Fig. 74. 


of equation being (10). Finally, we have a single branch passing 
outside the loop in the last case; the equation is again of the 


type (9)*. 
* The curves in the figure have been traced from the equation 
y?=4 (a — 327+ C), 


where C= — 2,0, 2,4, 6. The relation between them is most easily conceived 
by regarding them as successive contour-lines of a surface (Art. 45), as in 
the neighbourhood of a pinnacle on a mountain side. 
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‘(e) In the very special case where all three quantities a, 
B, y, in (8), coincide, so that 


the curve is known as the ‘semi-cubical parabola.’ It has a 
‘cusp’ at (a, 0); this may be regarded as an extreme form of 
a node, due to the evanescence of the loop. See Fig. 75, where 
a=0. 


Fig. 75. 


If, in the equation (2), f(«) be rational but not integral, 
the real roots (if any) of the denominator will give asymptotes 
parallel to y, provided that, for values of # differing infinitely 
little from these roots, y? be positive. 


Speke re ee eg i 


ax 


Ex. 3. 


as 


The axis of y is an asymptote. Also, for large values of « we 
have y=+a, nearly. There is no real part of the curve between 
x=Oanda=a. See Fig. 76. 


W 
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Fig, 76. Fig, 77. 


2 — 
Ex, 4. SE ea oan (14). 


Here y is imaginary for « negative, and for «>a. See Fig. 77. 
The curve is known as the ‘ witch’ of Agnesi. 


Ex. 5. fy es ie te ea eee 3) 


There is a node at the origin, and the curve cuts the axis of x 
again at (—a, 0). Fora>b, and x<-~a, y is imaginary. The 
line «=6 is an asymptote. See Fig. 78. 


Ex. 6. EL ne re ee (16). 


This is obtained by putting a=0 in (15). The loop now shrinks 
into a cusp; see Fig. 79. The curve is known as the ‘cissoid. 


L. 22 
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Fig. 78. Fig. 79. 


Ew, 7. ag ee cree (hs 


Since y is imaginary for a>a>-—a, except for x=0, the 
origin is an isolated point. To find the oblique asymptotes 
we have 


ee ye 
y ES a a?\ -+ 
2=4[ ——— =1(1+%) (1-S) 
Hf one ie x 
x 
7 
Ri (14S 4 bt) eecsssreeeeeen ote) 


Hence the lines 
eed (2 4G) vshacneescnaxgntnscieeket he) 


are asymptotes, See Fig. 80. 
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¥ 


ee 


bf ‘ 


Fig. 80. 


EXAMPLES. XL. 


1, Trace the curves 
y=4ta(l—-«x), ya=setoat+l. 
2. Trace the curve 
ay =x? (a2), 
and shew that it forms a loop of area 8a’. 
Find where the breadth of the loop is greatest. [a = 2a] 


3. Trace the curve 
a®y? = x (a? — 2”), 
and shew that it forms two loops, each of area $a”. 
22—2 
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4. Trace the curves 
yt=a(2t-1), y*=0°(1-2). 
5. Trace the curve 
ay? = a (a? — x7), 


and shew that it encloses:an area j7a*, 


6. Trace the curve 
ay! = x4 (a? —2”), 


and shew that it encloses an area $a’. 


7. The length of an arc of the curve 
af=x 
(Fig. 75), from the vertex to the point whose abscissa is a, is 


1 
Se a +278 


8. The mass centre of the area included between the curve 
ay’ =a and the line x=h is at the point (A, 0). 


9. If the curve ay?=2* revolve about the axis of x, the 
volume included between the surface generated, and any plane 
perpendicular to the axis, is one-fourth that of a cylinder of the 
same length on the same circular base. 


10, ‘Trace the curves 


1 1 
Bears. fay eat 


11. The area included between the curve 


y a—2 


a «2 


(Fig. 77) and its asymptote is 7a’, 
If the same curve revolve about its asymptote, the volume of 
the solid generated is }7°a*, 
12. Trace the curves 
e+ 1 
w% 
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18. Trace the curves 


oe +l . v—l 
y= oe! bie BELT 


14. Trace the curves 
Lea x We 14 
Sere Mee We 


Determine the maximum and minimum ordinates (if any), 
and the points of inflexion. 
15. The area included between the curve 
er 
a 
a. 
(Fig. 79) and its asymptote is 27a’. 
If the same curve revolve about its asymptote the volume of 
the solid generated is 47°a*. 


16. Trace the curve 
aa? 
Yee 
and shew that the area included between its two branches and 
either asymptote is 2a”. 


17. Shew that the area included between the curve 


(Fig. 78) and its asymptote is } (7 + 4) a” 
18. Trace the curve 
2 act 
ea, ee 
and shew that the area included between the curve and either 
asymptote is 47a’. 


19. Trace the curve 


2 3 
2 2% —% 
a? + oe’ 


and shew that it forms a loop of area } (mr — 2) a’, 
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20. Trace the curve 
ae 
=F, (2a —2) (w-a), 


and shew that it encloses an area 37a*, 


134. Transcendental Curves; Catenary, Tractrix. 


We proceed to the discussion of some important curves, 
mainly transcendental, which are most conveniently defined 
by equations of the type already referred to in Art. 54, viz. 


Bala (0) onanexinege neta (1), 


where ¢ is a variable parameter. 


The ‘catenary’ is the curve in which a uniform chain 
hangs freely under gravity. It appears from elementary 
statical principles that if s be the arc of the curve measured 
from the lowest point (A) up to any point P, and ¥ the 
inclination to the horizontal of the tangent at P, then 


where a is a constant. Hence if a, y be horizontal and 
vertical coordinates, we have 


FEA Te p= 08 a8 F = 800%, 2 
Gh = LE. =sin asec? =a tan pee y, 
Integrating, we find 
e=alogtan(tr+4p), y=asecy...... (4). 


The omission of the additive constants merely amounts to a 
special choice of the origin, which was so far undetermined. 
Since the formule (4) make, «=0, y=a for =O, it appears 
that the origin is at a distance a vertically beneath A. 


From (4) the Cartesian equation can be deduced without 
difficulty. We have 


<= log tan (47 + $y) = log (sec f + tan Wp), 
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whence sec + tan y =e, : 
and therefore sec — tan y=e,) rt o 
Hence, by addition and subtraction, 
x 
y =asec ~=acosh a 
Soaeneneaa es (6). 


Bere 
s=a tan y =asinh = 


Fig. 81. 


Some further properties follow easily from a figure. If 
PN be the ordinate, PT’ the tangent, PG the normal, VZ 
the perpendicular from the foot of the ordinate on the 


tangent, we have 
NZ=yosp=a, PZ=atanp=s. 
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Since PZ is equal to the arc of the catenary, it is easily seen 
that the consecutive position of Z is in ZV; in other words, ZV 
is a tangent to the locus of 7 Hence this locus possesses the 
property that its tangent ZV is of constant length. The curve 
thus characterized is called the ‘tractrix,’ from the fact that it is 
the path of a heavy particle dragged along a rough horizontal 
plane by a string, the other end (J) of which is made to describe 
a straight line (OX). 


A 


The curve has a cusp at A, and the axis of x is an asymptote. 


Many properties of the tractrix follow immediately from the 
constancy (in length) of the tangent. For example, since two 
consecutive tangents make an angle dy with one another, the area 
swept over by the tangent is given by 


2fardy, 
taken between the proper limits. The whole area between the 
curve and its asymptote is thus found to be 47a. 


135. Lissajous’ Curves. 


These curves, which are of importance in Acoustics, 
result from the composition of two simple-harmonic motions 
in perpendicular directions. They may therefore be repre- 
sented by 


x=acos(nt+e), y=boos(n't+e’)......00 (1), 


and it is further obvious that we may give any convenient 
value to one of the quantities e, e’, since this amounts merely 
to a special choice of the origin of ¢ 
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When the periods 2zr/n, 27/n’ are commensurable, we 
can by elimination of ¢ obtain the relation between # and y 
in an algebraic form. 


Ez. 1. In the case n’=n, we may write 


L=Aacos(nt+e), y=bcosnt.....wee. (2), 
whence - - ; cos €=—sin nt sine, ; sin e = cos né sine, 
Squaring, and adding, we find 

FB cos e+ ¥, = sin’ Saeeeeis pes ceeres (3). 


Fig. 83. 


This represents an ellipse. In the special case of e=0 or e=7, 
the ellipse degenerates into a straight line 


If the equality of periods be not quite exact, the figure 
described may be regarded as an ellipse which gradually changes 
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its form owing to a continuous variation of the relative phase (e) 
of the two component motions. 


When the ellipse (3) is referred to its principal axes, the 
coordinates of the moving point take the forms 


x=acos(nt+e), y=bsin (nt +€)............ (5). 


We identify nt+e with the ‘eccentric angle’; and since this 
increases uniformly with the time it appears that the point (a, y) 
moves like the orthogonal projection of a point describing a circle 
of radius a with a constant velocity na. Since in the transition 
from the circle to the ellipse any infinitely small chord is altered 
in the same ratio as the radius parallel to it, we see that in the 
elliptic motion the velocity at any point P will be ~. CD, where 
CD is the semi-diameter conjugate to CP, C being the centre. 


The type of motion here considered is called ‘elliptic har- 
monic.’ 


Hx. 2. If n’=2n, we may write 
x=acosnt, y=bcos (2nt + €)............ (6). 


Here y goes through its period twice as fast as x, and the point 
(0, — bcos €) is passed through twice as nt increases by 27. The 
curve therefore consists in general of two loops. 


For «e=+47, the curve is symmetrical with respect to both 
axes, the algebraic equation being 


Fa1S(1 - =) Lie eee (7). 


When «=0, or a, the curve degenerates into an are of the 
parabola 


When the relation of the periods is not quite exact the curve 
oscillates between these two parabolic arcs as extreme forms*, 


* A method of constructing Lissajous’ curves is indicated in Fig. 83, 
where the vertical and horizontal lines, being drawn through equidistant 
points on the respective auxiliary circles, mark out equal intervals of time. 

There are numerous optical and mechanical contrivances for producing 
the curves. For a description of these, and for specimens of the curves 
described, we must refer to books on experimental Acoustics, 
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136. The Cycloid. 


The ‘cycloid’ is the curve traced by a point on the 
circumference of a circle which rolls in contact with a fixed 
straight line. It evidently consists of an endless succession 
of exactly congruent portions, each of which represents a 
complete revolution of the circle. The points (such as A in 
the figure) where the curve is furthest from the fixed straight 
line or ‘base’ (BD) are called ‘vertices’; the points (D) half- 
way between successive vertices, where the curve meets the 
base, are the ‘cusps.’ A line (AB) through a vertex and 
perpendicular to the base is called an ‘axis’ of the curve. It 
is evidently a line of symmetry. 


It is convenient to employ the circle described on an axis 
AB as diameter as a circle of reference. Let JPT' be any 


other position of the rolling circle, J the point of contact 
with the base, 0 the centre, 7’ the opposite extremity of the 
diameter through J, and let P be the position of the tracing- 
point. Draw PMN parallel to the base, meeting 77 and AB 
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in M and WX respectively, and the circle of reference in Q. 

If AT, AB be taken as axes of w and y, the coordinates of 

P will be 

ce=NP=BI+MP, y=AN=CT-CM. 

Let a be the radius of the rolling circle, and 6 the angle 

(PCT) through which it turns as the tracing point travels 

from A to P. We have, then, Bl=aé, PM=asin60, 

CM =a cos 9, and therefore 
x=a(0+sin at 
y =a (1 —cos @) 

_From these equations all the properties of the curve can 


be deduced. Thus if y denote the inclination of the tangent 
to AT, or of the normal to BA, we have 


_dy_dyf/d« smd _ . 
tan pa ea a= Te as 29, 
whence A SAD Aim sancenssteeanieas awa (2). 


Since the angle 7/P is one-half of TCP, it follows that JP 
is the normal, and P7' the tangent, to the curve at P. Cf 
Art. 164, below. 


Again, to find the arc (s) of the curve, we have 
2 
(3) + (33) =a? {(1 + cos 0)? + sin? 0} = 4a? cos? $0, 
whence, by Art. 109,’ 
s = 2afcos$0d0 = 4a sin 30, 


or, in terms of w, 
8 = SERIO A vin npcvveanr daetan sn (3), 


no additive constant being required, if the origin of s be at A. 
This relation is important in Dynamics. 


Since 7'P = TJ sin wy, we have 
aro AP =» 27 = 2 shord.AQ\...saxsescka (4). 


In particular, the length of the arc from one cusp to the 
next is 8a. 
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If we put 
af = TM 20 @.(1 4-608 0) ptasccssctorecs (5), 


the area included between the curve and the base is given 
by 
Sy’ da =a? f (1 + cos 6)°dé = 4a? [cost $0d0 = 8a? [cos* dy. 


Taking this between the limits + 47, we find that the area 
included between the base and one arch of the curve is three 
times the area of the generating circle. 


The curve traced by any point fixed relatively to a circle 
which rolls on a fixed straight line is called a ‘trochoid.’ 


If, in Fig. 84, the tracing point be in the radius CP, at a 
distance & from the centre, its coordinates will be 


x=al+ksin 6 
y=a—kcosé } 
When & >a we have loops, which in the particular case (4 = a) of 


the cycloid degenerate into cusps. When &<a, the curve does 
not meet the base. Fig. 85 shews the cases k= 4a, k=a, k= $a. 


It is readily proved from (6) that the normal at any point of 
the trochoid passes through the corresponding position of the 
point of contact of the rolling circle. Cf. Art. 164. 


137. Epicycloids and Hypocycloids. 


The path traced out by a point on the circumference of a 
circle which rolls in contact with a fixed circle is called an 
‘epicycloid’ or a ‘hypocycloid’ according as the rolling circle 
is outside or inside the fixed circle*. Those epicycloids in 
which the rolling circle surrounds the fixed circle may be 
referred to, when a distinction is desired, as ‘ pericycloids.’ 


Let O be the centre of the fixed circle, C that of the 
rolling circle in any position, J the point of contact, P the 
tracing point; and suppose that, initially, the other extremity 
P’ of the diameter PCP’ was in contact with A. We take 


* This is the definition as improved by Proctor in his Treatise on the 
Cycloid, ete, (1878). 
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as our standard case that in which each circle is external to 
the other. Let 
Ja=n, UP=b, 2I0A=0, ZICP’=¢4. 
The inclination of CP to OA will be 6+ ¢. Hence if we 


Fig. 86. 


take O as origin of rectangular coordinates, and OA as axis 
of a, we find, by orthogonal projections, that the coordinates 
of P are 


ae ee (1) 
y=(a+b)sind+bsin(O+¢) J ‘ 
or, since 
af =are AI =arce P’'[= bf ..-e sere (2), 
w= (a+b) cos 0 +b eos +4, 
aie (3). 
y =(a+8)sin 0 +bsin 6 


The epicycloid traced out by P’ is found by changing the 
sign of 6 in the coefficient of the second terms ; viz. we have 
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a= (a+b) 00s 6b cos **” 4, 
(4). 
y=(a+5)sin0-Bsin2*° 9 


This has a cusp at A. 

In the above standard case the circles lie on opposite 
sides of the tangent at J. If they lie on the same side, as in 
the ‘pericycloids’ and ‘hypocycloids, we have merely to 
reverse the sign of b throughout, the formule corresponding 
to (3) being then 

eee Ney eh eee 

b - 
e- 49> oleh ee ee eee (5). 


y= (a—b)sin 0+ B sin 25” 6 


The verification is left to the reader; see Fig. 87. In the 
hypocycloids we have a > 8, in the pericycloids a<b. 


Fig. 87. 


Similarly, for the locus of P’ we obtain 


n= (a-b) cos 6+b cos *=" 4, 


eeconeneetene (6). 
a—b 
b 0 


* 


y = (a—b) sin 0—bsin 
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To find the tangent at any point of an epicycloid, we 
have from (1), since d¢/d6 = a/b, 


dy __cos0 + cos(9+¢) _ 
da ~~ sin 0+ sin (0-4) ~~ (O + 44) --(0). 


On reference to Fig. 86, we see that 6 +4¢ is the inclination 

of IP to OA. Hence JP is normal to the epicycloid at P. 

A similar result can be deduced, of course, for the peri- 

earn and hypocycloids, from the equations (5). Of. 
. 164, 


Again, from (1), 
(EY + (Bey SO Ges 2005 4) = MDH oo gs 


do dp a? 
or FA = ee COROT em osn cies ..tpe (8). 
Bienes = eee at aE 209) 


no additive constant being necessary, if s = 0 for 6=0. 


If we denote by the inclination of the normal JP to 
OA, we have 


+ 2b 
p= 044g = ae ae eee (10) 
_4(a+b)b . a 
and therefore s= a ee POA Reap ncn eee (11), 


The formula (9) has a simple interpretation. It appears 
from Fig. 86 that 7’P = 2b sin4¢, whence 


9a tte chord PP cesses (12)*, 


In particular, the length of the curve from one cusp to the 
next is 8(a +b) b/a. 
The corresponding results for the pericycloids and hypo- 
cycloids are easily inferred by changing the sign of b. 
* Cf. Newton, Principia, lib. i., prop. xlix. 


23 
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The curve traced out by a point of the rolling circle which is 
not on the circumference is called an ‘epitrochoid,’ or a ‘hypo- 
trochoid,’ as the case may be. If & denote the distance of the 
tracing point from the centre of the rolling circle, the expressions 
for the coordinates x, y in the various cases are obtained by 
writing & for 6 in the coefficients (only) of the second terms. 


138. Special Cases. 


1°. Ifthe radius of the fixed circle be infinitely great we 
fall back on the case of the cycloid. The corresponding 
equations are easily deduced from Art. 137 (1), writing «+a 
for x, a6 = bd, and (finally) @ = 0. 


* 2°. Again, making the radius of the rolling circle infinite, 
we get the path described by a point of a straight line which 
rolls on a fixed circle. The curve thus defined is called the 
‘involute of the circle’; see Art. 161. The equations may 
be obtained as limiting forms of Art. 137 (4), or they may 
be written down at once from a figure. We find 


a=acos 6+ a@sin 6, 
y=asin 6 — a cos 0 


Fig. 88. 


The corresponding trochoidal curve is 
x= (a +h) cos 0+ af sin 6, 
PM APEC Agee 
where h=PQ in the figure, @ being the tracing point. The 


particular case of h=—a@ gives the ‘spiral of Archimedes,’ see 
Art. 140, 
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3°. If the radii a, b be commensurable, then after some 
exact number of revolutions the tracing point will have 
returned to its original position, and its subsequent course 
will be a repetition of the previous path. In such cases the 
curve is algebraic, since the trigonometrical functions can be 
eliminated between the expressions for # and y. Sometimes 
the equation is more conveniently expressed in polar co- 
ordinates. 


Figs. 89, 90, 91 shew the epi- and hypo-cycloids in which 


the ratio of the radius of the rolling circle to that of the fixed 
circle has the values 1, }, 3, respectively. 


Fig. 89. 


Fig. 90. 
23—2 
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Fig. 91. 


We proceed to notice in detail one or two of the cases 
which have specially important properties. 
Ex. 1. The ‘cardioid.’ 
If in Art. 137 (3) we put b =a, we get 
x=2acos§6+acos26, y=2asin6+ asin 26, 
whence #+a@=2a(1+cos6)cos@, y=2a(1+cos 6) sin @...(3). 


This shews that the radius vector drawn from the point (—a, 0) 
as pole is given by 
Fre 2a (14 COS BY 25 os vce ccswenten nance (4). 


Fig. 92. 
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This is otherwise evident from Fig, 92, where 

A'P=2A'N=2 (01+ A’M). 

The corresponding trochoids are given by 
x=2acos0+kcos26, y=2asin6+ksin 26. 


Referred to the point (—4, 0) as pole these formule are equi- 
valent to 


Pet DAGA COS) wos sicasonasetairanen oe (5), 
which is the polar equation of the ‘limacgon’ (Art. 141). This 
equation, again, is easily obtained geometrically. 

Ex. 2. A circle rolls inside another of twice its radius. 
If in Art. 137 (6) we put b= 4a, we get 
Bia GOL Gee EAN) vonetonsews, se s-- ace, O) 5 


i.e. the tracing point on the circumference of the rolling circle 
traces out a diameter of the fixed circle. 


Again, the corresponding trochoidal curve is given by 
“x=(b+k)cos#, y=(b—-4&)sin@ ............ (7), 


and is therefore an ellipse of semi-axes 6+. Moreover if the 
rolling circle have a constant angular velocity, the motion of the 
tracing point is elliptic-harmonic. 


K 


Fig. 93. 
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These results also follow easily from geometrical considerations. 
The rolling circle passes always through the centre O of the fixed 
circle; also, if P be the point of the rolling circle which initially 
coincides with A, the arc JP is equal to the are JA. Hence, 
since the radii are as 1 : 2, the angle which the are /P subtends 
at the circumference of its circle must be equal to the angle 
which the arc JA subtends at the centre of its circle; that is, OP 
and QA coincide in direction, and P describes the fixed diameter 
OA. Again, since the angle POP’ is a right angle, the other 
extremity of the diameter PP’ of the rolling circle describes the 
diameter of the fixed circle which is perpendicular to OA. Hence 
PP’ is a line of constant length whose extremities move on two 
fixed straight lines at right angles to one another. It is known 
that under these circumstances any other point on PP’ describes 
an ellipse. Cf. Art. 163, Ex. 1. 


Eu. 3. <A circle rolls on the outside of a fixed circle of 
one-half the radius, which it encloses. 


The formule (5) of Art. 137 give, for 6 = 2a, 
%=—acos6—2acos}6, y=—asin 0 -2asin 0, 


or «—a@=— 2a(1+ cos $6) cos36, y=- 2a(1+cos $6) sin 46 


If we put 0 =30+7, 


it appears that the pericycloid, referred to the point (a, 0) as 
pole, has the equation 


os 2a (1 — 0080") sex usstsemannenquies (9), 
and is therefore a cardioid. 


The connection between this result and that of Ex, 1, above, 
will appear in Art. 168. 


Ex. 4, The ‘four-cusped hypocycloid,’ 
If in Art. 137 (6) we put b =a, we get 


x= fa cos 6 + 4a cos 36 = a cos* 6, 
y = fa sin 6— asin palpenty | 


from which the curve is easily traced. The Cartesian form is 


et Lo eer ar (11). 
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This curve is sometimes called the ‘astroid.’ It possesses the 
property that the length of the tangent intercepted between the 
coordinate axes is constant. If, in Fig. 94, P be the tracing- 
point, 7P is the tangent, and it is easily seen that the angle 
CTP is double the angle AOC. Hence HK=207'=a. See also 
Fig. 134, p. 438. 


Fig. 94. 


139. Superposition of Circular Motions. Epi- 
cyclics. 


The cycloidal and trochoidal curves discussed in Arts. 
136—138 present themselves in another manner, as the 
paths of points whose motion is compounded of two uniform 
circular motions. 


If an arm OQ revolve about a fixed point O with constant 
angular velocity n, its projections on rectangular axes through 
O may be taken to be 


L=CCOSN, YHCHIN NE ......cecceere (1), 


where c= OQ, provided the origin of t be suitably chosen. 
If another arm OQ’ revolve about O with constant angular 
velocity n’, starting simultaneously with OQ from coincidence 
with the axis of x, the projections of OQ’ will be 


e=ccosn't, y= Sinn’ .......00--- (2), 
where c’ = 0Q’. If we complete the parallelogram OQPQ', 
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the vector OP will represent the geometric sum of OQ and 
OQ’, and the coordinates of P will be 


x=ccosnt+c cost, y=csinnt+c'sin r't...(3)*, 


Fig. 95 


Ex, 1. Tf the angular velocities of the component circular 
motions are equal and opposite (n’=—n), we have 


w=(ce+c')cosnt, y=(c—c’)sinne ...........(4), 


so that the resultant motion is elliptic-harmonic. In the particular 
case of c’=c, the ellipse degenerates into a straight line. 


This example is of importance in Physical Optics. 


Since, in the figure, QP is always equal and parallel to 
OQ’, the path of P is that of a point describing uniformly a 
circular orbit relatively to a point Q which itself has a 
uniform circular motion about O. Curves described in this 
manner are called ‘epicyclics.’ If the angular velocities n, n’ 
have the same sign, the epicyclic is said to be ‘direct’; if 
they have opposite signs it is said to be ‘retrograde.’ 


* If the parallelogram OQPQ’ consist of four jointed rods, and if OQ, 0Q’ 
be made to revolve at the proper rates about O, the distance of P from any 
fixed line through O will represent the sum of two simple-harmonic motions 
of periods 27/n, 27/n’. This is the principle of Lord Kelvin’s ‘tidal clock,’ 
which performs mechanically the superposition of the solar and lunar tides. 
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Figs. 96—99 shew some specimens of direct and retrograde 
epicyclics*, 


eo B® 


Fig. 96. Fig. 97. 


Fig. 98. Fig. 99. 


Since the path of P may be equally well defined as that 
of a point moving in a circular orbit relatively to a point Q’ 
which itself is in uniform circular motion about O, we sce 
that every epicyclic can be generated in two distinct ways. 


It is evident that every epi- or hypo-cycloid, and (more 
generally) every epi- and hypo-trochoid, is an epicyclic, since 


* The variety of such figures is of course endless, ‘Epicyclics are easily 
described mechanically with a lathe; a number of very interesting diagrams 
obtained in this manner are reproduced in Proctor’s treatise cited on p. 350 
ante. 
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if the rolling circle has a constant angular velocity its centre 
C will describe a circle uniformly about O, the centre of the 
fixed circle, whilst the radius CP which contains the tracing 
point P has a uniform rotation about C. See Figs. 86, 87. 


Conversely, it may be proved that every epicyclic is either 
an epi- or a hypo-trochoid; more particularly that every 
direct epicyclic is an epitrochoid, and every retrograde epi- 
cyclic is a hypotrochoid. This may be shewn by a comparison 
of (3), above, with the results of Art. 137. A simple geometri- 
cal proof will be given later (Art. 168), in connection with 
the theory of the ‘instantaneous centre.’ 


The connection of the direct and retrograde epicyclics in Figs. 
96—99 with the four-cusped epi- and hypo-cycloids will be ap- 
parent. 


Epicyclics played a great part in ancient Astronomy. If we 
ignore the eccentricities and inclinations of the planetary orbits, 
the Sun may be regarded as describing a circle round the Earth, 
and any other planet describes a circle in the same plane about the 
Sun. The path of the planet relatively to the Earth is therefore 
an epicyclic. This was the accepted view of the matter from the 
time of Ptolemy down to the sixteenth century, when it was 
gradually superseded by the simpler mode of describing the 
phenomena discovered by Copernicus. 


The relative orbits of the planets have loops, as in Fig. 96. 
This accounts for the ‘stationary points’ and ‘retrograde motions,’ 
which were in fact the occasion of Ptolemy’s invention of epi- 
cyclics. 


The orbit of the moon relatively to the sun, on the other 
hand, though an epicyclic, has no loops; it is, moreover, every- 
where concave inwards. 


Ex. 2. The special form assumed by an epicyclic when ¢’=¢ 
may be noticed. 


The equations (3) then become 


x= 2c cos }(n+n')t.cos$(n—n’) t, 5 
(Eas ds Haare gee ar a (5), 
or B= 7008.0, Y= r SN 'O vo. cevsovasereere (6), 


Cr 


h = Yt, r= 20 008% —™ 
where £(n+n)t, 7 F000 (7). 
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The polar equation of the curve is therefore of the form 
MEE COB WO nodes Sewes as urht eset sate (8), 


< ° 5 otic . 
where m~1, according as the epicyclic is direct or retrograde. 


Figs. 97, 99 on p. 361 correspond to the cases m=5, m=2, 
respectively. 


EXAMPLES. XLI. 


1. Prove that, in the catenary y=c cosh ze, 
F=¥7-c, 
2. Prove that the catenary is the only curve in which the 


perpendicular from the foot of the ordinate on the tangent is of 
constant length. 


3. Of all the catenaries which pass through two given points 
at the same level, and have their axes vertical, shew that there is 
one in which the depth of the directrix below the given points is 
a minimum. 


Also prove that in this catenary the tangents at the given 
points meet on the directrix. 


If 2b be the distance between the given points, the depth of 
the directrix is 6 sinh u, the arc of the curve is 6 (sinh u)/u, and 
the inclination to the horizontal at the given points is cos—! (sech wu), 
where w is the positive root of uw tanh wu = 1. 


4, The coordinates of any point on the tractrix may be 
expressed in the forms 


x=a(u—tanhu), y=asechu, 
where w is a variable parameter. 
5. Prove that, in the tractrix, 
y =ae-sia, 
the are s being measured from the cusp. 


6. The volume of the solid generated by the revolution of 
the tractrix about its asymptote is 27a’. 


The surface of the same solid is 47a?. 


364, INFINITESIMAL CALCULUS. [CH. Ix 


7. If the coordinates of a moving point be 
x=acoshnt, y=bsinhnt, 


where ¢ is the time, the path is a hyperbola, and the velocity 
varies as the length of the semi-conjugate diameter measured up 
to its intersection with the conjugate hyperbola. 


Also shew that the area swept over by the radius vector 
increases uniformly with the time. 
8. The area of either loop of the Lissajous’ curve 
x=asin2(nt-«), y=bcosnt 
is $ab cos 2e. 
9. Prove that the Lissajous’ curve 
x=acosnt, y=bcos3nt 


consists of part of the curve 
tidy Oe 
b = a ): 


10. If, in the cycloid, the rolling circle has a constant 
angular velocity, the velocity of the tracing point P is proportional 
to the normal /P (see Fig. 84). 


Trace this curve. 


1l. The volume generated by the revolution of a cycloid 
about its base is 57°a%, if a be the radius of the generating circle. 


The surface of the same solid is §47a?. 
12. The portion of a cycloid between two consecutive cusps 


revolves about the tangent at the vertex ; prove that the area of 
the surface generated is 327a?. 


Also prove that the volume included by the above surface and 
the planes of the circles described by the cusps is 7a’. 


13. The volume generated by the revolution of a cycloid 
about its axis is $ (97? — 16) za’. 


14. The surface of the same solid is $ (34 — 4) za’. 


15. The mass-centre of the are of a cycloid, from cusp to 
cusp, is at a distance $a from the base. 
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16. The mass-centre of the area included between a cycloid 
and its base is at a distance §a from the base. 

17. Prove that, in the curve 
the intercepts made by the tangent at any point on the coordinate 
axes are aizt, aiy}, respectively, 

Hence verify that the length of the tangent intercepted by 
the axes is constant. : 

18.- Prove, from the equations 

wc=acos*6, y=asin'6, 


that, in the astroid, 
ds 
dé 
and thence that the whole length of the curve is 6a. 


= 3asin 6 cos 6, 


19. Prove that the area of the astroid is 27a’. 

20. The volume generated by the revolution of the astroid 
about the line joining two opposite cusps is 32, za’. 

21. The length of a quadrant of the curve 

w=acos*0, y=Dbsin' 6, 

is (a? + ab + 6*)/(a + 5). 

The area enclosed by the same curve is 37ab. 

22. The whole perimeter of an n-cusped epi- or hypo-cycloid 
is 

8 (n+1) 3 
n 

where a is the radius of the fixed circle. 

23. Sketch the curve obtained by compounding two uniform 
circular motions when the radii of the circles are equal, but 


. the periods slightly different, (i) when the rotations are in the 
same direction, and (ii) when they are in opposite directions. 


24. Prove that in an epicyclic the tangent line cannot pass 
through the centre unless nc <vn'c’, where ¢c is the greater of the 
two quantities c,c’. (Art. 139.) 
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140. Curves referred to Polar Coordinates. The 
Spirals. 


There are several curves of interest whose equations are 
most conveniently expressed in polar coordinates. We begin 
with the ‘spirals.’ 

1°. The ‘equiangular spiral’ is defined by the property 
that the curve makes a constant angle with the radius vector. 

Denoting this angle by a, we have, by Art. 55, 


whence, integrating, 
log r = @ cot a + const., 
or ue shcpedigeay he ee poeere Pa ASD (2). 


Fig. 100, 


As @ ranges from — © to +0, 7 ranges from 0 to o. 
See Fig. 100. 
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Since, by Art. 110, we have dr/ds=cosa, it appears that the 
length of the curve, between the radii 7,, 7, is 


Ys ds 
[ a (PEF SRC Gye aievwredtacna.s dre (3). 


1 


2°. The ‘spiral of Archimedes’ is the curve described by 
a point which travels along a straight line with constant 
velocity, whilst the line rotates with constant angular 
velocity about a fixed point in it. 


In symbols, r=u, C=ni, 
whence BOS, cca the sm antioon fasevuedes (4), 
ifa=u/n 


a re 


- 
ne 


~ 
a 


Fig. 101. 


Fig. 101 shews the curve. The dotted branch corresponds 
to negative values of 0. 


Another mode of generation of this curve has been explained 
in Art. 138. 
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3°. The ‘reciprocal spiral’ is defined by the equation 


If y be the ordinate drawn to the initial line, we have 


, sin 6 
y=rsin#d=a —_. 
6 
As 6 approaches the value zero, r becomes infinite, but y 
approaches the finite limit a. Hence the line y=a@ is an 
asymptote. 


SAS SE SERS Saas eee, 
=~ 
ae 
=. 
~ 


Fig. 102. 


The dotted part of the curve in Fig. 102 corresponds to 
negative values of 0. 


141. The Limagon, and Cardioid. 


If a point O on the circumference of a fixed circle of 
radius $a be taken as pole, and the diameter through O as 
initial line, the radius vector of any point Q on the cir- 
cumference is given by 


If on this radius we take two points P, P’ at equal constant 
distances c from Q, the locus of these points is called a 
‘limacgon.’ Its equation is evidently 


Pt ORY SEG ins coe nn enstaoeseee (2). 


This includes the paths both of P and of P’, if @ range from 
0 to 27. : 
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If ¢ < a, the curve passes through 0 when 
6 = cos (— c/a), 
and forms a loop. See the curve traced by the points P,, 


Py in Fig. 103. If c>a, r cannot vanish; see the curve 
traced by P;, P, in the figure. 


Fig. 103. 


In the critical case of c= a, the loop shrinks into a cusp. 
The locus is now called a ‘cardioid’ or heart-shaped curve. 


Its equation is 


Pee IP COS 0) cc. sesderesenens os 5 (3). 
See the curve traced by P,, P,' in the figure. Also Fig. 89, 
p. 355. 
24 


L. 
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142. The curves 7=a" cosné. 


A number of important curves are included in the type 


77) 23." CORNED 2 Jcceean gen vergesues (1) 
Thus if n = + 1, we have the circle 
ry Piet mn ear e. (2) 
and the straight line 
POS Whee UE ahaa ot ones eMac (3) 
If n = + 2 we have the ‘ lemniscate of Bernoulli’ 
SE OOS BD arco so esma sd pees muses (4), 
and the rectangular hyperbola 
2 COG Dl Ge eee ee (5). 


The equation (4) makes r real for values of @ between 
+a, imaginary for values between 47 and #7, and so on. Also © 
rv? is a maximum for 6=0, 0=7, etc. It follows that the 
lemniscate consists of two loops, with a node at the origin. See 


Fig. 113, p. 389. 


If n= + 4, we have the cardioid 
vi=atcos$0, or r=}a(1+cos8)......... (6), 
and the parabola 


2a 


vicos$0=a?, or r pos Qe (7). 


The curves corresponding to equal, but oppositely-signed, 
values of m, are ‘inverse’ to one another; see Art. 145. 


If we differentiate (1) logarithmically, we find, if ¢ denote 
the angle between the tangent and the radius vector, 


cob p= = = tan WO byes sah se byavtemee (8), 


or Qeehe F MO vases aiasecsigacteeees (9). 


The student should examine the meaning of this result in the 
various special cases mentioned above. 
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143. Tangential-Polar Equation. 


If p be the perpendicular from the origin on any tangent, 
and r the radius vector of the point of contact, p will in 
general be a function of r. The equation expressing this 
relation is called the ‘tangential-polar’ equation of the curve. 

If the ordinary polar equation be given, the tangential- 
polar equation is to be found by eliminating 6 and ¢ between 
the formule 
p=rsin ¢, 1m = cot Seca avon Dette (1) 
(for which see Art. 55) and the given equation. 

From (1) we obtain 

aed i de 
(1 +e0t" $= 5+ (5) 


Pr 
It is occasionally convenient to employ the reciprocal of 
the radius vector instead of the radius itself. If we write 


1 du 1 dr 
ua, we have dé= Pde (3), 
and the formula (2) takes the shape 
1 om, (au 
p =U + (7) AOL II ODO OGO AOI TAONS (4) 
fe. 1. In the equiangular spiral, we have 
PT PRN Fo scat cies ieateneas oo4eys (5) 
Ha. 2. In the circle r= 2Qagin Qrivecssiccssscscsescceesees (6) 
we have, as in Art. 55, #=9, and therefore p/r=1/2a, or 
p= 7/20 Penne eee ener eter een enseees (7). 
Lx. 3. In the parabola 
fe MED SCC TRY faves ti senuuare seen vse s (8), 
where the focus is the pole, we find ¢=47-—46, p=rcos16, 
whence 
OE tile agies ia oa wacaecacaesg.scn (9) 
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This example, like the preceding, is included in a general 
result embracing all curves of the type 


fms E COS O scys ces aircrsp hen senee (10). 
By Art. 142 (9) we have 
p Sr sit P= PCO ND 2 bocin.20essete a0 (11), 
whence, eliminating 6, 
Bae TO ce iacxe aces as Seated (12). 
Thus in the case of the cardioid (n= }), we have 
| te ag (Re ee ne (13) 


Hz, 4. The tangential-polar equations of the central conics 
may be given here, as they are sometimes employed in Dynamics, 
although the proofs will not require the use of the Calculus. 


First, let the origin be at the centre. The Cartesian equation 
of the conic being 


a 2 
=~ i si See eee (14), 
we have, if 8 be the semi-conjugate diameter, 
9B = ab, end. fi atg = Ft at. sedans vox (15), 
by known properties of central conics. Hence 
22 
per a eke eA he (16) 


Ex. 5. Again, taking a focus as pole, let us denote the per- 
pendicular and radius vector corresponding to the other focus by 
p and r’, Since the tangent makes equal angles with the two 
focal radii, we have p/7 = p'/r’, and therefore 


Now pp'=0, and, in the ellipse, r+7’=2a. Hence, for this 


curve, 
pr =0/(2a—71), 
or, if / denote the semi-latus rectum (6?/a), 
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In the hyperbola, we find 


the upper sign relating to the branch nearest to the origin, the 
lower to the further branch. 


It is important, with a view to some applications in 
Dynamics, to notice that if the tangential-polar equation be 


given, say SWB (C2 Oe ne ae eR oe (20), 


ado, 5 
Aes = tan i) ~ Vr — p) ajaieielels(eie/eisters: (21), 
whence d—a= | Per) De ee ee (22). 


A variation of the additive constant a has merely the 
effect of turning the curve bodily through an angle about O. | 


Ex. 6. To find the curve in which 


Substituting in (21), and integrating, we find 
2 


ys rdr Laoite Fieg 
9-a= [oa =tsin a? 
or f= Oe BUN 2G —C) iu, as nastostwen cess (24), 


a lemniscate. 


EXAMPLES, XLII. 


1. Prove that all equiangular spirals of the same angle are 
identically equal. 


2. Prove that in an equiangular spiral of angle a the area 
swept over by the radius vector (7) is 


4 (r?—7,°) tan a, 
where 7,, 7, are the extreme values of r. 
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3. Prove that in the spiral of Archimedes the angle (¢) 
between the tangent and the radius vector is given by 


cos db = # 
a OPE I 
4. Prove that in the reciprocal spiral the area swept over by 
the radius increases proportionally to the radius. 


5. Shew that all chords drawn through the pole of a cardioid 
are of the same length. 


Does the same hold of the limacon ? 


6. The area of the cardioid 
r=a(1+cos@) 
is 37ra*, 


7. Prove that, in the cardioid, 
ds 
sae oe 1 
7 2a cos 36, 
and thence that the whole perimeter is 8a. 


8. The volume generated by the revolution of the cardioid 
about its axis is $7a*. 


9. Prove that, in the cardioid, the maximum breadth (per- 
pendicular to the axis) is 3,/3a, and that the double tangent cuts 
the axis at a distance 4a from the pole. 


10. Find the maximum ordinate, and the minimum abscissa, 
in the limagon 
r=acos0+e. 
11. The area of the limacon 
r=acos0+c, 
when ¢>a, is a (c? + 30°). 
12. Prove geometrically that if two straight lines, touching 


two fixed circles, make a constant angle with one another, their 
intersection traces out a limagon. 


13. The whole area of the lemniscate 


7 = a? cos 26 
is a, 
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14 The perimeter of either loop of the same curve is 


oh hs dé 
0 J(1—2sin?@)° 
Prove that, in the notation of elliptic integrals (Art. 109), this is 


equal to 
1 
J/2aF, (3) 


15. The mass-centre of the area of either loop of the lemniscate 
is at a distance },/27a from the pole. 


16. Shew that the area included by one loop of the epicyclic 


r=asin m6 
is xa?/4m. 


17. Trace the curve 7r?=a?cos 0. 


18. Prove the following properties of the ‘solid of greatest 
attraction’ (viz. the figure generated by the revolution of the 
curve 7°=a* cos 6 about the initial line): 

(1) The volume is ;47ra3 ; 
(2) The greatest breadth is 1:2408a, at a distance °4389a 
from the pole ; 

« (3) The mass-centre of the volume is at a distance 43a 
from the pole. 


19. If the ‘polar subtangent’ of a curve be defined to be 
the length intercepted by the tangent, on a perpendicular drawn 
to the radius vector from the pole, prove that it is equal to 
r°d0/dr. 

Prove that in the reciprocal spiral the polar subtangent is 
constant. 


20. The tangential-polar equation of the involute of a circle 
of radius a is 
P =r — a’, 
the centre being pole. 
21. Shew that in the spiral of Archimedes (Fig. 101) 
y* 
Gtr 


p= 
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22. Shew that in the reciprocal spiral (Fig. 102) 
1 ed 


23. Shew that in the curve 


24, Shew that in the curves 
a a 
7 = Cosh mo?” sinh m0’ 
1 -l+m_m 


p et a? 


respectively. 


25. Prove that, in the epicycloid (Art. 137), 


What is the corresponding formula for the hypocycloid 4 


26. Prove the formula 


me: rdr 
=| Fe 
for the arc of a curve whose tangential-polar equation is given. 
27. Prove the formula 
pds=r'dd, 
and give its geometrical interpretation. 


Hence shew that if the area swept over by the radius vector 
of a moving point increase uniformly with the time, the velocity 
will vary inversely as the perpendicular from the origin on the 
tangent to the path. 


144. Associated Curves. Similarity. 


There are several methods of associating with a given 
curve another curve connected with it by a definite relation. 
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The simplest relation is that of similarity. Two plane 
figures are said to be ‘similar’ when they differ only in scale. 
More precisely, it is implied that to every point P of one 
figure corresponds a point P’ of the other, and that the 
distance PQ between any two points of the one bears a 
constant ratio to the distance P’Q’ between the corresponding 
points in the other. 


It follows that if P, Q, R be any three points of the one 
figure, and P’, Q’, R’ the corresponding points of the other, 
the triangles PQR and P’Q’R’ will be equiangular to one 
another. Hence straight lines in one figure will correspond 
to straight lines in the other, and angles in the one figure to 
equal angles in the other. 


If we take rectangular axes OX, OY in the one figure, 
and the corresponding axes O’X’, O’Y’ in the other, the 
coordinates x, y of any point P in the one figure will be 
connected with the coordinates a’, y’ of the corresponding 
point P’ of the other by the relations 


, , 
DEUS acco dan se veene somes +i (1), 
where m is a constant ratio. 


If by a displacement of either figure in its own plane 
0’X’ and O’Y’ can be made to coincide with OX and OY, 
respectively, the two figures are said to be ‘directly’ similar. 
In the new position, any two corresponding points P, P’ are 
in a straight line with 0; moreover OP’=m.OP, and any 
two corresponding straight lines are parallel. The same 
statements hold if either figure be turned about O through 
two right angles, until OX’ coincides with XO produced, and 
OY’ with YO produced. In either of these two relative 
positions the figures are said to be ‘similarly situated,’ and 
the origin is called the ‘centre of similitude,” If 


FOYER A Coes causes vues (2) 


be the polar equation of any curve in the one figure, the 
equation of the corresponding curve in the other will be 
MATEY (0) daigiawo nape shoei aes (3). 


It may happen, however, that when O0’X’ is brought into 
coincidence with OX, the line O’Y’ coincides, not with OY 


378 INFINITESIMAL CALCULUS. [CH. IX 


but with YO produced. The two figures may be said, in this 
case, to be ‘perversely’ similar. To the curve (2) would now 


correspond Lil Coat eee br ree = (4). 
We shall not have occasion to consider this kind of relation. 


Fx. 1. Conics of the same excentricity are similar. 


Let the two conics be placed so as to have a common focus, 
and the perpendiculars on the corresponding directrices coincident 
in direction. The polar equations will then be of the forms 


v 


Le 1 +e cos 6, eed p'6 O06 D .csdiuek ona cee (Bl, 
r r 


whence it follows that radii drawn in the same direction are in 
the constant ratio 7: I’. 


Ex. 2. All catenaries are similar curves. 


For the equation 
oS ee een (6) 


is unaltered when a, y, ¢ are all altered in any the same ratio. 


145. Inversion. 


If from a fixed origin O we draw a radius vector OP to 
any given curve, and in OP take a point P’ such that 


OP POP ate BE nd tank (1), 


where k is a given constant, the locus of P’ is said to be the 
‘inverse’ of that of P. The point O is called the ‘centre, 
and +? is called the ‘constant,’ of inversion. 


Q” 


Pp’ 


Fig. 104. 


A curve and its inverse make supplementary angles with 
the radius vector. For if P, Q be consecutive points of a 
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curve, and P’, Q’ the corresponding points on the inverse 
curve, we have OP.OP’=O0Q.0Q’, and therefore 


DP 00—002.0P ea (2), 


Hence the triangles POQ, Q’OP’ are similar, and the angles 
OPQ, OP’Q’ are supplementary. In the limit, when Q is 
infinitely close to P, these are the angles which the respective 
tangents make with the radius vector. 


The curves obtained from a given curve, with the same 
centre but different constants of inversion, are similar. For 


if TY, =Const., 77, = CONSE. 6....c000.50005 (3), 
we have WS Ps =CONBE. yee ee saees - nies (4). 


Ex. 1. The inverse of a straight line is a circle through the 
centre of inversion, and vice versa. 

First let the constant of inversion be equal to the square of the 
perpendicular distance OA of the origin O from the given straight 
line. If P be any point on the line, and if OP meet the circle 
on OA as diameter in P’, we have 


OR UP SOR EE eae (5), 


that is, the straight line inverts into the circle. 


Fig. 105. 


If the constant of inversion be changed we get a similar curve, 
which will still be a circle through the centre of similitude Q. 
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Hau. 2. More generally, the inverse of any circle is a circle. 


p’ 


Fig. 108. 


Let O be the centre of inversion, C the centre of the given 
circle, a its radius; and let 


BS OO et Oo es wn (6). 


If, then, we draw any chord OPP’ through O, it is known from 
Geometry that 
OP OP =O = hai. ok eae (7) 


Hence P’ traces out the inverse of the locus of P; 2.e. the circle 
inverts into itself, 


And by changing the constant of inversion we get a similar 
curve, and therefore a circle. 


If, as in the right-hand figure, O be within the given circle, 
the constant in (7) is negative. This means that P’ and P are 
now on opposite sides of O. 


146. Mechanical Inversion. 


There are various devices by which the inverse of a given 
curve can be traced mechanically. 


1°. Peaucellier’s Linkage. 


This consists of a rhombus PAQB formed of four rods 
freely jointed at their extremities, and of two equal bars con- 
necting two opposite corners A, B to a fixed pivot at 0. 


It is evident that, whatever shape and position the 
linkage assumes, the points P, Q will always be in a straight 
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line with 0. If MW be the intersection of the diagonals of the 
rhombus, we have 


OP.0Q= ON? ~ PN?= 0A? ~ AP?=const.... (1). 


A 


°o B B 
Fig. 107. 


Hence if P (or Q) be made to describe any curve, Q (or P) 
will describe the inverse curve with respect to O. 


In particular if, by a link, P be pivoted to a fixed point S, 
such that SO=<SP, the locus of P is a circle through 0, and 
consequently the locus of Q will be a straight line perpendicular 
to OS. This gives an exact solution of the important mechanical 
problem of converting circular into rectilinear motion by means 
of link-work. 


2°. Hart's Linkage. 
This consists of a ‘crossed parallelogram’ ABCD formed 


K 
Pal 


Fig. 108. 
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of four rods jointed at their extremities, the alternate sides 
being equal. <A point O in one side AB is made a fixed 
pivot, and P, Q are points in AD and BC such that 

AP: PD=CQ: QB=A0: OB,=m : n, say. 
Evidently O, P, Q will lie in a straight line parallel to AC 
and BD. If H, K be the orthogonal projections of A, C on 
BD, and if N be the middle point of BD, we have 


AC.BD=2NH .2NB=DH?’-— BH’? =AD*— ALP. 


Now OP: BD=A0:AB=m:m+n, 
and 0Q:AC=BO :AB=n : m+n. 
mn ‘ 
; = ———_, ?— AB’) = U aeaae 2). 
Hence OP.OQ Gener AB’) = const (2) 


Hence P and Q describe inverse curves with respect to O. 


As before, by connecting P to a fixed pivot S by a link PS 
equal to SO, we can convert circular into rectilinear motion. 


147. Pedal Curves. 


If a perpendicular OZ be drawn from a fixed point O on 
the tangent to a curve, the locus of the foot Z of this 
perpendicular is called the ‘pedal’ of the original curve with 
respect to the origin O. 


Thus: the pedal of a parabola with respect to the focus is the 
tangent at the vertex. The pedal of an ellipse or hyperbola with 
respect to either focus is the ‘auxiliary circle.’ 


If OZ =p, and if W be the angle which OZ makes with 
any fixed straight line, then p, y may be taken to be the 
olar coordinates of Z with respect to O as pole. Hence 
if the relation between p and w can be found, the polar 
equation of the pedal can be at once written down. 


Ex. 1. If the origin be at the centre of the conic 


and y be the angle which p makes with Oz, it is shewn in books 
on Conic Sections that 


Pa? COMME Ot BIN! Wi... n0xe0nnenendans (2). 
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Hence the polar equation of the pedal is 


Fo a2 COR Oe UPSD. ice vices< Aekcc (3). 
In the case of the rectangular hyperbola 
BE Re Gorin acs be Es ule saneiett (4) 
the pedal is the lemniscate 
PB CO8. 20 Boreas cteascenioceg cubes 2k (5). 


Ex. 2. In the case of a circle of radius a, the pole O being 
at a distance ¢ from the centre C, and the line OC being the 
origin of y, we have at once from a figure 


PE CPCB Wish. havea nectennces (6). 
Hence the pedal is the limacon 
Tee tO LOS Os ese co trretigh cota: (7). 


If O be on the circumference, we have c=a, and the pedal is 
the cardioid 


PRHBEL A OORO) asd. vsavacencieesdiees (8). 


The angle which the tangent makes with the radius 
vector at corresponding points is the 
same for a curve and its pedal. For let 
OZ, OZ’ be the perpendiculars from O 
on two consecutive tangents PZ, PZ’, 
and let OU be drawn perpendicular to 
ZZ’ produced. The points Z, Z’ lie on 
the circle described on OP as diameter. 
Hence the exterior angle OZU of the 
quadrilateral OZZ’P is equal to the 
interior and opposite OPZ’. In the 
limit these are the angles which OZ and 
OP make with the tangent to the pedal, 
and with the tangent to the original 
curve, respectively, 


Also, by similar triangles, we have 
DOS BVA VALOR GN Se aD (9). 


Hence ifr be the radius vector of the original curve, p the 
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perpendicular from O on the tangent, and p’ the per- 
pendicular from O on the tangent to the pedal, we have, 
ultimately, 


Oo lp =plr, OF PHP [Pr vs0.seseanenes (10). 
Again, if OZ’ meet PZ in N, we may write, 
OZ=p, OZ’=p+8p, 2£Z0Z'= 2ZPZ'=s~. 
Neglecting small quantities of the second order, we have 
dp = NZ’ = PZ'dy. 
Hence, proceeding to the limit, when PZ’ coincides with 


PZ, we obtain an expression for the projection of the radius 
vector on the tangent to a curve, viz. 


dp 


This result enables us easily to solve the problem of 
‘negative pedals,’ viz. to find the curve having a given pedal. 
Taking O as origin, and the initial line of W as axis of a, the 
coordinates of the point of contact P are given by 


w=OZcsy—ZPsiny, y=OZsny+ZP cosy, 


ite w= poosy— ah sin yy, 


: d 
I =psinye+ 7 cos 
Ex. 3. To find the curve whose pedal is the cardioid 


#8 4D CO5'0) <romagcnnragsrns teens (13). 


Writing pee (Perens Yh). akan sees Ga deine (14), 
the formule (12) make 


x=acosw+a, y=asiny, 
whence (a0)? fF el sckesncecs edad ners (15), 
a circle through the origin. 


148. Reciprocal Polars. 


The locus of the pole of the tangent to a curve S, with 
respect to a fixed conic , is called the ‘reciprocal polar’ of 
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S. It is proved in books on Conics that if S’ be the locus 
of the poles of the tangents to S then S is the locus of the 
poles of the tangents to 8’. This explains the use of the 
word ‘reciprocal.’ 


_ We shall here only notice the case where the fixed conic 
2 isa circle. If O be the centre of this circle, and & denote 
its radius, the pole P’ of any tangent to the curve S is found 


Fig. 110. 


by drawing OZ perpendicular to this tangent, and by taking 
in OZ a point P’ such that 


ZAP a ees. (1). 


Hence the reciprocal polar is in this case the inverse of the 
pedal of the given curve, with respect to the point 0. 


By the reciprocal property above cited, the original curve 
must be the inverse of the pedal of the locus of P’. This is 
easily verified ; for if P be the point of contact of the tangent 
to the original curve, and if OP meet the tangent to the 
locus of P’ in Z’, the angles OP’Z’ and OPZ will be equal, 
by Art. 147. Hence OZ’P’ is a right angle, and Z’ traces 
out the pedal of P’, And, since PZP’Z’ is a cyclic quadri- 


lateral, we have 
OP .OZ' =0Z. OP! HIP... vecccesecess (2). 


Hence P describes the inverse of the locus of 7’, 
Te 25 
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Ex. 1. The reciprocal polar of a circle with respect to any 
origin is a conic having the origin as focus. 


As in Art. 147, Ex. 2, the formula for the pedal of the circle 
is PEGDA COBY 00 vacx-seanvencPiern se (3). 


Writing 6 for y, and #’/r for p, we get the equation of the 
reciprocal polar in the form 


Ema+ecos 6 Mev Sikioatraeienantasse (4), 


which represents a conic, having its focus at the origin, of 
eccentricity c/a. Hence the conic is an ellipse, parabola, or 
hyperbola, according as the origin is inside, on, or outside the 
circle. 


Ex. 2. The pedal of the conic 


ey 
a = ja TA Pree (5), 
with respect to the centre, is given by 
p=a' cos*y+b'*sin’y ....... oceans (6). 
Hence the reciprocal polar is 
2 mid COR Oh Sain” Oe. occ dea (7), 
or I SOG EN crn op ons ethiasener omega’ (8), 


a concentric conic, 


149. Bipolar Coordinates. 


_ A curve may be defined by a relation between the 
distances (r, r’) of any point P on it from two fixed points, 
or foci, S, S’; thus 


If we denote the angles PSS’, PS’S by 0, 6’, respectively, 
an the angles which the radii r, r’ make with the tangent 
by ¢, ¢’, we have, as in Art. 110, 


s = cos ¢, a cos ¢’, 
(abbey et eae . (2). 


ro acing, ee ain p 


ds 
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We have, in addition, the relations 
rsind=r'sin@’, rcos@+7r'cos 6’ =2c...... (8), 
where o=4SS’, 


Fig. 111. 
Ex. 1. In the ellipse we have 
1 aE cA Fe ea ndenncs det iCe aod ODaoCe (4), 
dr dr’ 
and therefore a Se Rome, 
that is, cosft+cos¢’=0, or P=T— v..ceeeeeeee (5). 


“The focal distances therefore make supplementary angles with 
the curve. 
Similarly, in the hyperbola 
Pea iad aces ida ns pinot os 7 ve ee (6), 


we find PSs CON Dirisinde tf veoh ds ieee ave (7), 
or, the focal distances make equal angles with the curve on 
opposite sides. 


Ex. 2. To find the form which a reflecting or refracting 
surface must have in order that incident rays whose directions 
pass through a fixed point S may be reflected or refracted in 
directions passing through a fixed point S’. 

The case of reflection is merely the converse of Ex. 1. The 
surface must have the form generated by the revolution of an 
ellipse or hyperbola about the line joining the foci (S, S’). 

25—2 
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In the case of refraction, we have, if » and p’ be the refractive 
indices of the two media, 


prey ear ne lee ee (8), 
where x=+ (br — 9), X=t (Gr 9)... ee (9). 
Hence peed +p cos Gf =O 2... coke acess (10) 
or = (peat pes hxnewteisana (11). 
Integrating, we have 

Pa ee ORR ica een win cas (12). 


These curves, in which the sum (or difference) of given 
multiples of the two radii is constant, are called ‘Cartesian 
ovals,’ after Descartes, by whom the optical problem was first 
discussed. 


When the lower sign in (12) is taken, the family includes the 


circle Nit sec opll mosis a ic ceosacecy eee (13). 
See Fig. 112, 
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x. 3. The ‘ovals of Cassini’ are defined by 
rr =i? 


& being a given constant. Since for a point P in SS’ the 
greatest value of rr’ is c®, it follows that the curve will consist of 
two detached ovals surrounding S, S’, respectively, or of a single 
oval embracing both points, according as k < c. 


Fig. 113 


In the critical case of k=c the curve is known as the 
‘Jemniscate of Bernoulli’; this presents itself in various mathe- 
matical problems. If O, the middle point of S’S, be taken as 
pole, and OS as initial line, of a system of coordinates 7,, 6,, we 


have =r? +c?—2cr,cosO,, r2?=1r,? + c* + 2er, cos 9, ; 
the equation of the lemniscate is therefore 

(77? + c?)? — 4c7r,? cos? 6, = c’, 
which reduces to 


Cf, Art. 142 Get = DO COS LO goss ses uneps'nce yanede (15). 
. Art. 142. 


Ex, 4. The magnetic curves. 


If S, S’ be the N. and S. poles of a magnet, the forces at any 
point P may be represented by p/r? along SP, and p/r? along 
PS’. A ‘line of force’ is a line drawn from point to point always 
in the direction of the resultant force. Expressing that the 
total force at right angles to the line is zero, we have 

B 


Esin } + © sin $' =0, 
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1d6 1d@’ 
or Pap nae =O! cccassaseudancrerate (16). 
Hence, since 7 sin @=7’ sin 6’, we have 
+ el Sy 
sin 0 — + sin 6 Us 
or cos 6 + cos.G’ = const. ....2..2.d.-e-a0- (17). 


An ‘equipotential line’ is a line such that no work is done on 
a magnetic pole describing it. Expressing that the total force in 
the direction of the line is zero, we find 


F cos $ —§ cos 4’ =0, 


iad yr? 
ldr ldr 
a =F er te eee (18), 
TE wall 
whence =" = CONSE... osanvaccena-sdecasctar (19). 
Tv. r 


The equipotential lines will necessarily cut the lines of force at 
right angles, 


EXAMPLES. XLII. 


1. The inverse of an equiangular spiral with respect to the 
pole is an equal spiral. 


2. The inverse of a hyperbola with respect to the centre has 
a node at the centre. 


8. The inverse of a rectangular hyperbola with respect to the 
centre is a lemniscate of Bernoulli. 


4. Prove by means of the polar equations that the inverse of 
a straight line is a circle through the pole of inversion, and 
conversely. 


5. Prove by means of the polar equation that the inverse of 
a circle is a circle. 


6. The inverse of a parabola with respect to the focus is a 
cardioid. 


The inverse of any conic with respect to a focus is a limacon. 
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7. Prove that the inverse of the ellipse 


ey 
a Bt 


2 


1 


with respect to the centre is the curve 
Cn a 
(+y)'=i! (+h): 


Also shew that the curve, where it cuts the axis of y, will be 
concave or convex to the origin according as 6? < 2a’. 


8. From the fact that the cardioid is the inverse of a 
parabola with respect to the focus, or otherwise, prove that the 
normals at the extremities of any chord through the cusp are at 
right angles, and that the line joining their intersection to the 
cusp is perpendicular to the chord. 

9. Prove by inversion, or otherwise, that the cardioids 

r=a(1+cos6@), r=6(1—cos 6) 
cut one another at right angles. 


10. If ds, ds' be corresponding elements of a curve and its 
inverse, G6: =r tka hk: 7°, 
where 7, 7’ are the radii. 


ll. The pedal of a parabola with respect to its vertex is the 
cissoid (Art. 133 (16)). 


12. If two tangents to a curve make a constant angle with 
one another, the locus of their intersection (P) touches the circle 
through P and the two points of contact. 


13. Prove that the area of a pedal curve is given by the 


formula 4 fprdy. 
14. Prove that the arc of a pedal curve is expressed by 
frdy. 
15. The area of the pedal of an ellipse, the centre being pole, 
is 4m (a? + 0), 


where a, 6 are the semi-axes. 
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_ 16. The pedal of the hyperbola 
x y? 
apa! 
with respect to the centre consists of two loops, each of area 
dab +4(a? — b?) tan™ ; 
LY. df Pos p, be perpendiculars on the tangent to a curve 
from the origin of (rectangular) coordinates, and from the point 
(a, %) respectively, prove that 
Pi= Py — % COS —y; Sin Y, 
where y is the inclination of the perpendiculars to the axis of z. 
18. If A,, 4, be the areas of the pedals of a closed oval 


curve with respect to the origin O and with respect to the point 
(x,, %), both these points being within the curve, prove that 


A, =A),- Al Py cos pd — y; f, posin yd + $x (a? +y"). 
0 


19. Prove that the locus of a point such that the pedal of a 
given closed oval curve with respect to it as pole has a given 
constant area is a circle; and that the circles corresponding to 
different values of the constant are concentric. 


Also that, if O be the common centre, the area of the pedal 
with respect to any other point P exceeds the area of the pedal 
with respect to O by the area of the circle whose radius is OP. 


20. The negative pedal of the parabola 
oy? = 4ax 
with respect to the vertex is the curve 
27 ay? = (w — 4a)8. 
21. In what case is 
p=acosy? 
22. Prove that the curve for which 


p=asin y cosy 
is the astroid 


xi + yi = ad, 
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23. State what property follows by differentiation with 
respect to the arc (s) from the equation 


4 7? = he, 
and verify the result geometrically. 


24. Prove the following construction for the normal at any 
point P of a Cassini’s oval: In PS, PS’ take points Q, Q’, re- 
spectively, such that PQ = PS’, and PQ’= PS; the line joining P 
_to the middle point of QQ’ is the required normal. 


25. A system of parallel rays is to be reflected so as to pass 
through a fixed point; prove that the reflecting curve must be a 
parabola. 


26. A system of parallel rays is to be refracted so that their 
directions pass through a fixed point; prove that the refracting 
curve must be a conic, and that the eccentricity of the conic will 
be equal to the ratio of the refractive indices. 


27. Prove that the equation of a Cartesian oval, referred to 
~ either focus as pole, is of the form 


r —2 (a+ bcos 6)r+c?=0. 


28. Prove that a Cartesian oval is necessarily closed, if we 
except the case where the curve is a branch of a hyperbola. 


CHAPTER X. 


CURVATURE. 


150. Measure of Curvature. 


As regards the applications of the Calculus to the theory 
of plane curves we have so far been concerned chiefly with 
the direction of the tangent at various points. We have not 
considered specially the manner in which this direction varies 
from point to point. . 


The subject of curvature, to which we now proceed, can be 
treated from several independent stand-points, and although 
all the methods lead. to identically the same formule, it is 
important for the student to observe that they are in their 
foundations logically distinct. 


In the first of these methods*, we begin by defining the 
‘total’ or ‘integral’ curvature of an arc of a curve as the 
angle (6y) through which the tangent turns as the point of 
contact travels from one end of the arc to the other. 


The ‘mean curvature’ of the arc is defined as the ratio of 
the total curvature to the length (és) of the arc; it is there- 


fore equal to 
oe 
35° 


The ‘curvature at a point’ P of a curve is defined as the 
mean curvature of an infinitely small arc terminated by that 


* Other methods are explained in Arts. 153, 154. 
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point. In conformity with the previous notation it is 


denoted by 
dyy 
> a (1) 
In a circle of radius R we have $s = Réy, and therefore 
ae 
ds: sR 


ae. the curvature of a circle is measured by the reciprocal of 
its radius. Hence, if p be the radius of the circle which has 
the same curvature as the given curve at the point P, we 
have 


A circle of this radius, having the same tangent at P, 
and its concavity turned the same way, as in the given curve, 
is called the ‘circle of curvature, its radius is called the 
‘radius of curvature,’ and its centre the ‘centre of curvature.’ 

The length intercepted by this circle on a straight line 
drawn through P in any specified direction is called the 
‘chord of curvature’ in that direction. If @ be the angle 
which the direction makes with the normal, the length (q) of 
the chord is given by 


If £&, » be the rectangular coordinates of the centre of 
curvature, we have by orthogonal projections 


E=ar—psiny, n=y+pcosy.......e. (4), 
provided the zero of yy be when the tangent is parallel to the 
axis of @. 

The centre of curvature is the intersection of two con- 
secutive normals to the given curve. For if PC, P’C be the 
normals at two consecutive points, including an angle Sy, 
and if és be the are PP’, then drawing the chord FP’ we 
have (see Fig. 114) 


OP _sinOP'P 
PP’ sindp ”’ 
fins Oe Pres tw. 68 
or CP =sinCP’P. $s sindy Sy 
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When P’ is taken infinitely near to P, the limiting value 
of each factor on the right hand, except the last, is unity. 
Hence, ultimately, CP = ds/dyp = p. 


P 


Fig. 114. 


In modern geometry a curve is regarded as generated in a 
two-fold way, first as the locus of a point, and secondly as the 
envelope of a straight line (see Art. 158). Considering any 
continuous succession of these associated elements, the straight 
line is at any instant rotating about the point, and the point is 
travelling along the straight line; and the curvature dy/ds 
expresses the relation between these two motions. 


If at any point the curvature is zero, the rotation of the 
tangent is momentarily arrested, and we have what is called a 
‘stationary tangent.’ The simplest instance of this is at a point 
of inflexion (Art. 68), where the direction of the rotation of the 
tangent is reversed after the stoppage. 


If at any point the radius of curvature (ds/d) vanishes, the 
motion of the point along the line is momentarily arrested, and 
we have a ‘stationary point.’ The simplest instance of this is at - 
a ‘cusp’ such as we have met with in Figs. 75, 79, 84, 88, etc. 
The direction of motion of the point is in such cases reversed 
after the stoppage. In the examples of Art. 133 a cusp was 
regarded as due to the evanescence of a loop: this shews in 
another way why the radius of curvature should vanish there. 


The consideration of curvature is of importance in numerous 
dynamical and physical problems. For example, in Dynamics, if 
the force acting on a moving particle be resolved into two 
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components, along the tangent and normal to the path, re- 
spectively, the former component affects the velocity, and the 
latter the direction of motion. If from a fixed origin we draw a 
vector OV to represent the velocity at any instant, the polar 
coordinates of V may be taken to be v, y, where v= ds/dt. 
yy be the radial and transverse velocities of V will (see Art. 110 
8)) be 


respectively. These are the rates of change of the velocity 
estimated in the direction of the tangent and normal to the path 


of the particle. Since 
dy <dids v 
v dt =v ds di = on eeeeveee ee eeseceseee (6), 
the latter component is equal to the product of the curvature 


into the square of the velocity. 


151. Intrinsic Equation of a Curve. 


The formula 
ds 
AR as a eS Saisisceieiarese oe resee (1) 


is of course most immediately applicable when the relation 
between s and for the curve in question is given in the 
form 


This is called the ‘intrinsic’ equation of the curve, for the 
reason that its form does not depend materially on space- 
elements extraneous to the curve. The only arbitrary 
elements are the origin of s and the origin of , and a change 
in either of these origins merely adds a constant to the 
corresponding variable. 


Ex. 1. In the catenary we have 


whence P= SOC? Py = Y SEC Py ......crsrscrenveenrs (4), 
the notation being as in Art. 134. On reference to the figure 
there given it appears that the radius of curvature is equal to the 
normal PG. 
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Ex. 2. In the cycloid (Art. 136) we have 


and therefore pf 24 O08 oso ucts soca ours (6). 


Hence in Fig. 84, p. 347, we have p=2PJ, or the radius of 
curvature is double the normal. 


Ex. 3. Again, in the epicycloid we have (Art. 137 (11)) 
=e (a+b)b a 
a 


and therefore 
_4(a+6)d rey aah 
a+2b a+2b a+26 


Hence, on reference to Fig. 86, p. 351, it appears that 


where PJ is the length of the normal between the tracing point 
and the fixed circle. 


If the intrinsic equation be not known, we may employ 
one or other of the formule of Art. 152; or we may, in 
particular cases, have recourse to special artifices. 


Ex. 4. In the parabola y? = 4ax we have, by Art. 53 (9), 


Wf 200Gb Weiss taee sere nen e (10), 
Se 2a dw 
whence sin Y = Fees 
2a 
or pee digdtt atch eepnw laa (11), 


the negative sign representing the fact that y diminishes as s 
increases. 


Ex. 5, If the ellipse 
Ged COS het O'SIN Ch wey wugndeenes (12) 


be supposed derived by homogeneous strain (or by orthogonal 
projection) from the circle 


@ = ACOS , Y= ASIN Prreeeeereveveevars (13), 
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we have iam [STE Soe Be ea A ame (14), 

where is the semi-conjugate diameter. For the element of arc 
is altered from ad¢ to ds, and the parallel radius from a to B. 
Also since $6°8y and }a°Sp represent corresponding elements of 


area, we have Boy =< x aod, 
dp _ 
or dy = aa tener ween ee eneseeeenensces (15). 
_ds_dsdd_ f 
Hence Ce aye dhad ab sods Rome sce (16). 


If p be the perpendicular from the centre on the tangent-line, 
we have p@ = ab, so that our result may also be written 
2 a’h? 17 
BOF 6 Dies ees eee kya nis dcaneuns : 
2 Pp’ Pp ( ) 
Since p= a? cos* yp + b? sin? y = a? (1 — e’ sin®y), 
the last form is equivalent to 


Eee 18 
pe Te asin? yh folain: s/s) \era(si.g14li¢ Nleiare ais 0's,a ( ; 


This formula leads to an important result in Geodesy. The 
figure of the Earth being taken to be an ellipsoid of revolution, 
the expression for the radius of curvature in terms of the latitude 
y, is, if we neglect e4, 

Grane + $e" sin? p) =a (1 — de — Ze cos 2) ... (19), 
where «=(a—6)/a=4e?; that is, « denotes the ‘ellipticity’ of the 
meridian. Integrating (19) we find, for the length of an arc of 
the meridian, from the equator to latitude y, 


8=a(1— fe) W— Faesin W ....scseeeeeees (20). 
Ex. 6. In the equiangular spiral (Art. 140), we have 
WHO + Bisisisdeeee Soanasericebaren (21), 
whence dds = d0/ds = (sin a)/r, 
r 
4 os 2 
or oad ape (22), 


Hence the radius of curvature subtends a right angle at the 
origin. 
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152. Formule for the Radius of Curvature. 


The expression dy/ds for the curvature is easily translated 
into a variety of other forms. 


1°, In rectangular Cartesian coordinates, we have 


and therefore 
dy d (dy\_ dy dz _ 
sett -7(2) ae de = 8 ¥ ais? 
dy 
da? 


iy Pris anseseacnmeeais (2). 


This form shews, again, that the curvature vanishes at a point 
of inflexion. 


whence Z = 
Pp 


Hx. 1. In the catenary 


y=acosh 2/@ ......... saa iam aaa (3) 
we have i 
eo dy x dy\? _ . 
dg = nhs qt OS 1+ (2) = cosh?—, 
whence p= 6 conk® o)e gt rhachis we (4). 


Since y=asec y, this agrees with Art. 151, Ex. 1. 


When dy/da is a small quantity the formula (2) gives, 
approximately, 


the proportional error being of the second order. 


The form (5) is an obvious transcript of dy/ds, since when wy 
is small we may write dy/dx (= tan p) for y, and d/dx for d/ds. 


The approximate formula (5) has many important practical 
applications, e.g. to the theory of flexure of bars (see Art. 130). 
If the axis of a be parallel to the length, and if y be the lateral 
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deflection at any point, the ‘ bendin g moment,’ or ‘flexural couple,’ 
is 


2°. It was proved in Art. 147 that the projection (t) of 
the radius on the tangent is given by 


If OU, OU’ be the perpendiculars from the origin on two 
consecutive normals PC, P’C, and if OU’ meet PC in NV, we 
have, ultimately, 
OU'’—OU=U'’N=ON6Sy, or dt=CNSw. 
The limiting value of CU or CN is therefore dt/dw, whence 
dt dp 


Fas OS EE: GAs arta dae nBoDLe (8). 


Fig. 115. 
3°, With the notation of Arts. 110, 147 we have 
t dr 
Fe = COs to) = oe Siviadisivesie@ onsen a osda. (9). 


as _ ds dr dp _ yds dr 
dy drdpdy ~drdp’ 


Since 
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a dr 
this gives p=r Be ee eg (10), 


a form which is very convenient of application when the 
tangential-polar equation (Art. 143) is given. 


Hx, 2. In the parabola 


CNR ceryte ire ho errees (11) 
dr 2p rt 
we have ea ake” ER Pee nati am saehabemant (12), 
Ex. 3. In the central conics we have (Art. 143, Ex. 4) 
; 2p2 
abies E Aagele moveaeey (13), 
22 
and therefore p=t ae ch Casa S cae (14). 
Cf. Art. 151, Ex. 5. 


153. Newton’s Method. 


In another method of treating curvature, employed by 
Newton*, a circle is described touching the given curve at P, 
and passing through a neighbouring point Q on it, and we 


oy a 


P T 
Fig. 116. 


investigate the limiting value of the radius of this circle 
when Q is taken infinitely near to P. 


* Principia, lib. i., prop. vi., cor. 3. 
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We can easily shew that in the limit the circle becomes 
identical with the ‘circle of curvature’ at P, as defined in 
Art. 150. For if C be the centre, then, since CP = CQ, there 
will be some point (P’) on the curve, between P and Q, such 
that its distance from C is a maximum or minimum, and 
therefore* such that CP’ is normal to the curve. In the 
limit P’ approaches P indefinitely, and C, being the inter- 
section of consecutive normals, will coincide with the ‘centre 
of curvature’ (Art. 150). 

Newton’s method leads to a very simple formula for the 
radius of curvature. Let Q’Q7 be drawn perpendicular to 
the tangent at P, meeting the circle again in Q’, and the 
tangent in 7. Since 

LP2=TO TO, 


we have 2p = Nitin lim Soe. nds. ce. (3): 


If Q'QT be drawn at a definite inclination to the normal 
at P, instead of parallel to this normal, the limiting value of 
the same fraction gives the chord of curvature in the corre- 
sponding direction. It occasionally happens that the chord 
of curvature in some particular direction can be found with 
special facility ; the radius of curvature can then be inferred 
by the formula (3) of Art. 150. 


Hz. 1. In the parabola, let QR be a chord drawn parallel 
to the tangent at P, to meet the diameter through P in V; see 
Fig. 117. We have, then, from the geometry of the curve, 

OV=45P "PV, 
where S is the focus. Hence, for the chord of curvature (7) 
parallel to the axis, 


If 6 be the angle which the normal at P makes with the axis, 
we have cos@=SZ/SP, where SZ is the perpendicular from the 
focus on the tangent at P. Hence 


BP SPs 
SZ = 2 SAt a er ry (3), 
since SZ?=SA. SP, A being the vertex. 


* See Art. 55, Ex, 2. 


p=4qsecO=2 


26—2 
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Fig. 117. 


Ez. 2. In the ellipse (or hyperbola), if Q#, drawn parallel 
to the tangent at either extremity of the diameter PCP’, meet 
this diameter in V, we have 


QV?: PV. VP’ =CD?: CP, 


bs) 


Fig. 118. 


where CD is the semi-diameter conjugate to CP, Hence, for the 
chord of curvature (q) through the centre, 
QV? CD? CD? 


qq limp = lm opi: VP’ =9 ae o.vivelsiealpeisis (4). 
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If CZ be the perpendicular from the centre on the tangent at 
P, and @ the angle which CP makes with the normal, we have 
cos 6 = C'Z/CP, and therefore 


CD? 
p=43¢ sec 0 =a Broiguenlen@arget ses sales (5), 
in agreement with Art. 151 (17). 


Again, if 6’ be the inclination of either focal distance to the 
normal at P, it is known that cos 6’ = CZ/CA, where A is an ex- 
tremity of the major axis. The chord of curvature (g’) through 
either focus is therefore given by 


CD? 


q' = 2p cos 6’ = 2 OA cies (6). 


Ex. 3. To find the radius of curvature (p)) at the vertex of 
the cycloid 


x=a(O+sin§@), y=a(1—cos6) ............ (7). 
We have 
ae hat SG he rae a) + Py 
Dye eed, +4 sin Jo=a(1+ r =( jo)? 
; e 
whence Py = lime o a I Gites Guede wee saaate (8). 


Newton’s method, combined with the result of Art. 66, 2°, 
leads to a general formula for the chord of curvature parallel 
to the axis of y, and thence to the Cartesian expression for 
the radius of curvature. Denoting the chord in question by 
qg, we have, in Fig. 43, p. 155, 


: = lim ais = lim Se cos? yy = $d” (a) cos? ...(9), 


where y is the inclination of the tangent at P to the axis of 


x. Since 
q=2pcosy, tany=¢'(a), 
it follows that 
1_ ae 8 aly — peng (a): = 10 
ay ” (a) cos? ap = ise @ppo (10). 
This is identical, except as to notation, with the formula 
(2) of Art. 152. 
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154, Osculating Circle. 


A slightly different way of treating the matter is based 
on the notion of the ‘osculating circle’ If Q and R be two 
neighbouring points of the curve, one on each side of P, we 
consider the limiting value of the radius of the circle PQR, 
when Q and & are taken infinitely close to P. 


We can shew that if the curvature of the given curve be 
continuous at P, this circle coincides in the limit with the 
‘circle of curvature. For if C be the centre of the circle 
PQR, there will be a point P’, between P and Q, such that 
CP’ is normal to the given curve, and a point P”, between P 
and R&, such that CP” is normal to the curve. Let P’C and 
P’C meet the normal at P in the points C’ and C”, 
respectively. Under the condition stated, C’ and C” will 
ultimately coincide with the centre of curvature at P, and, 
since CC’ < 0'O", C will @ fortiori ultimately coincide with 
the same point. 


Tig. 119. 


Since, before the limit, the circle PQR crosses the given 
curve three times in the neighbourhood of P, it appears that 
the osculating circle will in general cross the curve at the 
point of contact, See Fig, 123, p. 422, 
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He. Ifin Fig. 117, p. 404, the circle PQR meet PV in W, we 
have QV.VR=PV.VW, and therefore VW=48P. 


Hence the chord of curvature parallel to the axis of the parabola 
is 48P. 


A similar argument may be used to find the chord of 
curvature through the centre, in the case of the ellipse (Fig. 118, 
p. 404). 

If in Fig. 42, p. 153, QV meet the circle through P, Q, P’ 
again in W, we have 

VW=PV*/QV, 


and therefore, for the chord of curvature of the curve . 
y= (2), parallel to the axis of y, 


i Viet ae Vie Bes # F 
“ali Bya=lim OF cost y= Ag (a) cos? yp, 


as in Art. 153 (9). 


EXAMPLES. XLIV. 


1. Prove that the circle is the only curve whose curvature is 
constant. 


2. Prove that the intrinsic equation of an equiangular spiral 
is of the form 
8 =aev cota, 


3. Prove that the intrinsic equation of the tractrix may be 
written + 
8s = log cosec w. 


Prove that in the tractrix the curvature varies as the normal. 
4. By differentiation of the formule 

di : 
FE mitas hd <2 =sin yf, 


d*x [dy _ dy /dx 
~ ds*| ds ds*/ ds’ 


1 (du? /d’y\? 


prove that 
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5. Ifa curve be defined by the equations 
a=F(t), y=f(d), 
1 zy” ae ofa" 
that eM As 
prove a p (a+ y?)a ’ 
where the accents denote differentiations with respect to ¢. 


6. Apply the preceding formula to the cases of the ellipse 
x=acos¢,- y=bsing, 
and the hyperbola 
x=acoshu, y=bsinhu. 
7. Prove that the curve whose intrinsic equation is 
s=ksinw 
is a cycloid. (Use the method of Art. 134 (3).) 


8. Given that in the ‘catenary of equal strength’ 
p=ksecy, 


where y is the inclination to the horizontal, prove that if the 
origin be at the lowest point 


c=kp, y=klogsecy, 
the axes of « and y being horizontal and vertical. 


9. Given that the intrinsic equation of a curve is 
s=ksin’ y, 
deduce the Cartesian equation 
a+ y= (Bh)8 


10. If the coordinates x, y of a point on a curve be given 
functions of ¢, prove that 


ae Oe 1 ds : + 
de dé ¥--(5) sin y, 
dy ds, 


1 /ds\? 
Ge gps y+ (Si) cos Wy, 
and give the kinematical interpretation of these results. 
Hence shew that 


laa) * Ge) -(@) }+(@) 
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11. Shew how to express the coordinates x, y of a point on a 
curve whose Cartesian equation is given in terms of the inclina- 
tion (J) of the tangent, and prove that 


=/ (aH) * Ge) } 
a (i dy) J* 
12. Prove that, in the astroid 
x=acos6, y=asin' 6, 
y= 6, 
and thence shew that 
p= 3a sin 6 cos 6. 
13. Prove from the Cartesian formula of Art. 152 (2) that 
in the rectangular hyperbola xy =i? 
_(@+y' 
) 
14, Also that, in the ellipse 
nd ae 
eo ae 
- oe — ex”) 
eee) 
15. Also that, in the hyperbola 
ey, 2 
a 62 , 
_ (@a — a’) ao? — a’) 
i ee 
16. Also that, in the parabola y’= 4az, 
2(a+x)% 
Dit a pac 


17. Also that, in the semi-cubical parabola ay? =x", 
_ (4a+ 9a) bat 
7 6a ’ 


18. Also that, in the cubical parabola a’y = x’, 


eiog d a\ 4 
p=gq(1 +95) ; 
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19. Also that, in the astroid 
a + yt=al, 
p=—3 (axy)t. 
20. Shew by differentiating the expression 
(a2—€) + (y—n)? 
for the square of the distance of a variable point (x, y) of a curve 
from a fixed point (, 7) that when this distance is stationary 


the point (x, y) must be at the foot of a normal from (& 7) to 
the curve. 


Also that the distance is then a minimum or maximum 
according as the point (&, 7) is nearer to or further from the curve 
than the centre of curvature. 


21. The curvature at any point of an ellipse is 
acos 4h 
rr’ ’ 
aE r, r’ are the focal distances, and ¢ is the angle between 
them. 


22. In the rectangular hyperbola 7* cos 26= a’, 


p=r"/a’. 
23. In the lemniscate r?= a? cos 26, 
p=a?/3r. 
24. In the curve r™=a™ cos m, 
r a” 


P“(m+i1)p (m+iyr™" 

25. Apply the formula p=rdr/dp to find the radius of 
curvature at any point of an epicycloid. (See Ex. 25, p. 376.) 

Examine the case of the involute of a circle. 

26. If the equation of a curve be given in the form r=/(p), 
the chord of curvature through the pole is 

dr 
2p dp . 

Prove that the chord of curvature through the pole of a 

cardioid is 15 times the radius vector, 
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27. Prove that the chord of curvature, through the pole, at 
any point of the curve 7™=a™ cos mé is 2r/(m +1). 


28. Prove that the curvature of the pedal of a curve r=/ (p) 
with respect to the origin is 
2 


a. 
rhs 


where 7, p, p refer to the original curve. 


29. Prove that the curvature at any point of the pedal of an 
ellipse of semi-axes a, 6 with respect to the centre is equal to 
3. @+Ph 
r eee 
where r is the radius vector of the corresponding point of the 
ellipse. 


30. Prove the formula 


es ee a) ~ e fy dr\*)t 
f(b ff) 
and apply it to deduce the conclusions of Ex. 20. 


31. Prove that in polar coordinates the condition for a 
stationary tangent is 


qd’ 
apt h=O 
where w=1lyr. : 


32. From the formula 


Y=0+$=0 + cot & 


deduce the formula for curvature in polar coordinates : 
1 o. da Pee fe farsa 
aot aa?@) }+{+(@)} 
du 1 du\*)4 
=(aer)= (1+) } 


33. With the same notation, prove that the chord of curvature 
through the origin is 


ofp. (Ley (eu 
(1+ (5 aa) \+ (Get): 


where w= 1/r. 
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34. The radius of curvature of the curve 
ay? = (x — a) (« — 8)? 
at the point (a, 0) is (a—)*/2a. 
35. Prove by Newton’s method that the radius of curvature 
at the vertex of the catenary 
y =acosh 2/a 
is equal to a. 
36. The radius of curvature of the curve 
y? =a? (a+a)/x 
at the point (-a, 0) is da. 


37. The radius of curvature of the ‘ witch’ 
y= a? (a—a)/a 

at its vertex is 4a. 

38. The radii of curvature of the trochoid 

x=a0+ksin@, y=a—kcosé 
at the points where it is nearest to and furthest from the base are 
(a+k)3/k. 

39. Prove that in the meridian-curve (r?=a’cos 6) of the 

‘solid of greatest attraction’ (see Ex. 18, p. 375) the radii of 


curvature at the extremities of the axis are o and 3a, re- 
spectively. 


40. Prove that by Newton’s method the radius of curvature 
at either vertex of the lemniscate 7?= a? cos 26 is fa. 


41. Apply Newton’s method to shew that the radii of 
curvature of the epicyclic 
L=A, COS N+ a, COS Nt, Y=a,Sin rf + asin nef, 
at the points nearest to and furthest from the centre, are 
(mh + 2)? 
Md, + Ny7dy 
Infer the condition that an epicyclic, at the points of nearest 


approach to the centre, should be concave to the centre (as in 
the case of the orbit of the Moon relative to the Sun). 
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42. If a curve be referred to polar coordinates 7, 0, and if 
the pole be on the curve, and the initial line be the tangent at 
the pole, prove that the diameter of curvature at the pole = lim 1/6. 


Find the radius of curvature at the pole of the curve 
r=acosmé. 


43. If P be a point of a curve where the curvature, but not 
the direction of the tangent, is discontinuous, and if Q, R be 
neighbouring points on opposite sides of P, prove that the 
curvature of the circle PQF is ultimately equal to 


my 7a 
Pi P2 
where p,, p, are the radii of curvature of the given curve on the 


two sides of P, and m,, m, are the limiting values of the ratios 
PQ/QF and PR/QR, respectively. 


’ 


44. The acute angle which a chord PQ of a curve makes 
with the tangent at P, when Q is taken infinitely close to P, is 
ultimately equal to 46s/p, where 6s is the are PQ and p is the 
radius of curvature at P. 


45. Prove that if the tangents at the extremities of an 
infinitely small are PQ meet in 7, then 7'P and 7'Q are ultimately 
in a ratio of equality. 

Why does it not follow that the line joining 7’ to the middle 
point of PQ will be ultimately perpendicular to PQ? 


46. Assuming that the radius of the circumcircle of a triangle 
ABC is equal to }a/sin A, shew that it follows from Ex. 44 that 
the osculating circle coincides with the circle of curvature. 


47. Prove that when the resultant force on a particle is in 
the direction of motion the tangent to the path is ‘stationary.’ 


155. Envelopes. 


Suppose that we have a singly-infinite system, or family, 
of curves differing from one another only in the value 
assigned to some constant which enters into their specifi- 
cation. Two distinct curves of the system will in general 
intersect; and we consider here, more particularly, the 
limiting positions of the intersections when the change in 
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the constant (or ‘parameter, of the system, as it is some- 
times called), as we pass from one curve to the other, is 
infinitely small. On each curve we have then, in general, 
one or more points of ‘ultimate intersection’ with the con- 
secutive curve of the system. The locus of these points of 
ultimate intersection is called the ‘envelope’ of the system. 


Ex.1. A system of circles of given radius, having their 
centres on a given straight line. The parameter here is the 
coordinate of the centre. 


If C, C’ be the centres of two circles of the system, the line 
joining their intersections bisects ('C’ at right angles. Hence the 
points of ultimate intersection of any circle with the consecutive 
circle are the extremities of the diameter which is perpendicular 
to the line of centres. The envelope therefore consists of two 
straight lines parallel to the line of centres, at a distance equal 
to the given radius. 


wes 


oS oS 


Fig. 120. 


Eu, 2, A straight line including, with the coordinate axes, 
a triangle of constant area (k”). 


If AB, A’B' be two positions of the line, intersecting in P, 
the triangles APA’, BPB’ will be equal, whence 


PAUPA = PRE 


Hence, ultimately, when AA’ is infinitely small, P will be the 
middle point of AB. If x, y be the coordinates of P, and w the 
inclination of the axes, we have, then, OA=22, OB=2y, and 
therefore 

2ay sin w = ki 


The envelope is therefore a hyperbola having the coordinate axes 
as asymptotes. Fig 121 illustrates the case of w= 4c. 
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Fig. 121. 


156. General Method of finding Envelopes. 


The equation of any curve of the system being 


OL CCRSODE CD od UA Ge Aa Ae ee (1), 
where a is the parameter, then at the intersection with 
another curve 

Os EO oie a eirangs vase (2), 


we have, evidently, 


p (2, Aes PAE 2) Sari i (3). 


(2 es & J 


When the variation a’—a of the parameter is infinitely 
small, this last equation takes the form 


2 6(e, Y, a)=0 Ange sdeeeehssirvnnduen (41), 


where 0/da is the symbol of partial differentiation with 
respect to a. See Art. 45. 


The coordinates of the point, or points, of ultimate 
intersection are determined by (1) and (4) as simultaneous 
equations, and the locus of the ultimate intersections is to be 
found by elimination of a between these equations. 
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Ex. 1. The circles considered in Art. 155, Ex. 1 may be 
_ represented by 


(a: — a) 9 os ccasnssclpsneneiven te (5) 

Differentiating with respect to a, we find 
Caw Sa eee (6). 

Eliminating a between (5) and (6) we get 
aa oe (7), 


the envelope required. 


Ex. 2. If a particle be projected from the origin at an 
elevation 0, with the velocity ‘due to’ a height A, the equation 
of the parabolic path is 


a 
y=atan 0-47 sec? Romani Ancneennnae (8), 


where the axes of x, y are respectively horizontal and vertical. 
Writing a for tan 6, we get 


To find the envelope of the paths for different elevations, and 
therefore for different values of a, we differentiate (9) with 
respect to a, and find 


This is satisfied either by x=0, or by ax=2h. The former 
makes y=0, and shews that the origin is part of the locus, as is 
otherwise obvious. The alternative result leads, on elimination 
of a, to 

OP x GALWAY Sock feacxttawcevcerees (11), 


a parabola having its axis vertical, its focus at the origin, and its 
vertex at an altitude A*. 


157. Algebraical Method. 
If in the equation 


ail ay sath) wat Orisia stata Sthinat ree (1), 
¢ be a rational integral function of a, the rule of the preceding 
Art. may be investigated otherwise as follows. 


* This problem is interesting historically as being the first instance in 
which the envelope of a family of curved lines was obtained (Bernoulli). The 
general method of finding envelopes appears to be due to Leibnitz. 
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If we assign any particular values to 2, y, the equation 
determines a, that is, it determines what curves of the 
system pass through the given point (#, y). If the equation 
be of the nth degree in a, the number of these curves (real 
or imaginary) will be n, and these n curves will in general 
be distinct. But if the point in question be at the inter- 
section of two consecutive curves, two of the values of a will 
be coincident. Now it was shewn in Art. 49 that the con- 
dition for a double root of the equation in a is 


TORE ene (2). 


The ultimate intersections are therefore determined as before 
by (1) and (2) as simultaneous equations, and the envelope 
by elimination of a between them. 


If the equation (1) be of the first degree in a, only one 
curve of the system passes through any assigned point, and 
there is of course no envelope. 


Examples of this are furnished by the parallel lines 


LE PIG SK casesvariensahe wa wae abs cs (3), 
and by the concentric circles 
BE a ner cs ca ead ta fad kak (4) 
If (1) be a quadratic in a, say 
PAE BUGS O aescsrighsvossiteevos (5), 
where P, Q, & are given functions of # and y, the condition 
for equal roots is 
PP TBEDG) Sonn stodte aun vanaee: (6) 


This is therefore the equation of the envelope. 


fx. 1. If the straight line 


include with the coordinate axes a triangle of constant area /?, 


we have 
Ce SU Dk his tnd veces eels (8), 
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where w is the inclination of the axes. Hence, eliminating f, 
the equation of the variable line is found to be 

oty sin w — Jak? + 2h7a=0......scceerereeee (9). 
Expressing that this quadratic in a has equal roots, we find for 
the envelope 


as in Art. 155, Ex. 2. 


Ex. 2. One leg of a right angle passes through a fixed point, 
and the vertex describes a fixed straight line; to find the 
envelope of the other leg. 


If the fixed straight line be the axis of y, and the fixed point 
be at (a, 0), the equation of the second leg is easily seen to be 


where m is the tangent of the inclination to the axis of a. 
Writing the equation in the form 


MPS — MY OO 20.25 cs Taanassveness (12), 


we see that the envelope is the parabola 


158. Contact-Property of Envelopes. 


The examples already given will have prepared the 
student for the following theorem: 


The envelope of a system of curves touches (in general) 
at each of its points the corresponding curve of the system, 


The equations 


DAG YO) 0 citcnts une eee (1), 
0 
and ay P (a, dh eS a (2), 
determine #, y as functions of a, say 
e= F(a), ere f( a), <1 A, eee (3), 


and the latter pair of equations define the envelope. If we 
substitute from (3) on the left-hand side of (1) we obtain a 
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function of a which must vanish identically, and the result 
of differentiating this function with respect to a must also 
be zero. Hence, by the rule of Art. 62, 1°, we must have 


Opda dddy . ddda 
Qadas ay da? oa da” oS ecisicens a eicies (4), 
which reduces, in virtue of (2), to 
Opda  dpdy _ S 
aa ae ay aH cay Me ie ene rds (5), 
eee 
da On 
or da =— ap eielsleteielatele/ofattieielele els 0/616 6isi- (6). 
da oy 


“Now, by Art. 54, the left-hand side of this equality is the 
value of dy/da for the envelope; and the right-hand side 
is, by Art. 62 (10), the value of dy/dz for the curve (1). 
Hence at the point of ultimate intersection the curve (1) 
and the envelope have a common tangent line. 


The geometrical basis of the theorem may be indicated 
as follows: 


Let the figure represent portions of two curves of the 
system, corresponding to values a, a of the parameter a, 


Fig. 122. 


and intersecting in P. Let P, and P, be the corresponding 
points on the envelope; viz. P, is the limiting position of -P 
when, @ being fixed, a is taken infinitely nearly equal to a; - 


27—2 
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and P, is the limiting position of P when, a, being fixed, a, 
is taken infinitely nearly equal to a,. Since these variations 
of a are in opposite senses, and since the coordinates of P 
are as a rule symmetric functions of a, a, the corresponding 
displacements of P, viz. PP, and PP,, will in general, when 
|a,—a,| is very small, be in nearly opposite directions, and 
P,PP, will be a very obtuse-angled triangle. Hence, ulti- 
mately, when | 4a, — a | is infinitely small, the chords P,P, and 
P,P will coincide in direction; ze. the tangent to the en- 
velope is identical with the tangent to the variable curve 


The foregoing investigations break down in certain cases. 
As regards the analytical proof, it is plain that no inference can 
be drawn from (5) whenever at the point in question we have 


simultaneously ; #.e. when the value of dy/da for the curve (1) is 
not uniquely determinate» This peculiarity occurs at a ‘singular 
point,’ whether it be of the nature of a node, a cusp, or an isolated 
point (see Art. 133). It appears that the locus of the singular 
points of the given family, when such a locus exists, is included 
in the result of eliminating a between (1) and (2), but this locus 
does not in general ‘touch’ the given curves, in any proper sense 
of the word. The full investigation of this matter is beyond 
our limits*, but a simple example may be given. Consider the 
family 
Gly a) at (BB) ere cee tent (8). 


It appears from Art. 133 that there is a node, a cusp, or an 
isolated point at (0, a), according as 6 is positive, zero, or 
negative. The process for finding the envelope gives y—a=0 
and therefore 

Bile 4b) = eo oan kee (9). 


The line «=0 gives the locus of the singular points, and does not 
‘touch the original curves ; the line <=—6 on the other hand does 
so (unless b= 0). 


In the geometrical view of the matter it was assumed that 
there is no other intersection of the curves a,, a, in the immediate 
neighbourhood of P. In the case of a node we have usually two 


* It is usually given in books on Differential Equations, under the head 
of ‘Singular Solutions.’ 
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adjacent intersections, whose «coordinates (for instance) are of 
the forms f(a), a,) and f(a, a,), respectively; but f(a, a;) is not 
a symmetric function of a, a,. The argument does not there- 
fore apply to the node-locus. Again, in the case of a cusp the 
displacement of the point Pin Fig. 122, due to an infinitesimal 
variation of a, or a,, is found not to be of the first order; and the 
points P,, P, are as a rule on the same side of P. In the neigh- 
bourhood of an isolated point there is no real intersection of 
consecutive curves. 


159. Evolutes. 


The ‘evolute’ of a curve is the locus of its centre of 
curvature. Since the centre of curvature is (Art. 150) the 
intersection of two consecutive normals, the evolute is also 
the envelope of the normals to the given curve. Hence the 
normals to the original curve are tangents to the evolute*. 


Lx. 1. In the parabola 


AGE ee ec arsipes snk vandss parse: (1), 
we have BSGCO YW, Y= 2G COUY ves sosceeccrs+s (2), 
and (by Art. 151, Ex. 4) 
IPA UR eo icv co sinaevesissoyee eos (3). 
The coordinates of the centre of curvature are therefore 
eS eh (‘\= 
© cg ee ae ea ; 
Hence nf = y'/16a4 = 408 /a = A, (€— 2a)3/a. 
The evolute is therefore the semi-cubical parabola k 
| ig nt ied) en OTOL (5). 


Otherwise: it is shewn in books on Conics that the equation 
of the normal is of the form 


To find the envelope of this we differentiate partially with respect 


to m, and obtain 
B—2a=3aml,  Y=Dam 0.0.0... ccceseee (7). 


The elimination of m leads again to the result (5). 
The curve is shewn in Fig. 123. 


* It being evident that the exceptional cases noted at the end of Art, 158 
cannot present themselves in the envelope of a straight line. 
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Fig. 123. 


Ex. 2. The normal at any point of the ellipse 


= 0 COD, Y= OSIM Doo... cccacansacee 
: ax byte Parte 
18 cos } _ an $ =a — b Weve sreiwin sfeabiaia acute nie (oh ePerd 
Differentiating with respect to @ we find 
ax by 
moat Ae ee A SRY: Pee csitdoey ate 
Substituting in (9), we have 
D Mente bl Mae arsenate OEY i. 
Hence the coordinates of the centre of curvature are 
2 #f2 roam A) 
die : cos® d, oe ¢ sin’ 


and the evolute is 
(aaz)# + (by)8 = (a? — B)8 ....eec esse eee 
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This curve, which may be obtained by homogeneous strain from 
the astroid, is shewn in Fig. 124. 


B 
Pp 
A a A 
B' 
Fig, 124, 


The centres of curvature at the points A, B, A’, B’ are 
E, F, E’, F’, respectively. 


Ex. 3. To find the evolute of a cycloid. 


At any point P on the cycloid APB (Fig. 125), we have, by 
Art. 151, Ex. 2, 


Let the axis AB be produced to D’, so that BD’=AB; and 
produce 77 to meet a parallel to BJ, drawn through D’, in 1’. 
Tf a circle be described on JJ’ as diameter, and PJ be produced 
to meet the circumference in P’, we have P’J= PI, so that P’ is 
the centre of curvature of the cycloid at P. And since the arc 
P'I' is equal to the are 7'P, and therefore to BJ or D'I’, the 
locus of P’ is evidently the cycloid generated by the circle [P’/’, 
supposed to roll on the under side of D’I’, the tracing point 
starting from D’. That is, the evolute is a cycloid equal to the 
original cycloid, and having a cusp at D’. 


It appears, further, from Art. 136 (4), that the cycloidal arc 
P’D is equal to 2/P’, or P'P. Hence 


NCH 4 ee EED P= CONSE; vests sin ccc neer (15). 
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The lower cycloid in Fig. 125 is therefore an ‘involute’ (Art. 161) 
of the upper one*, 


Fig. 125. 


It may be noted that whenever a curve is defined by a 
relation between p and w, say 


the evolute is given by 


provided that in (17) the origin of be supposed moved 
forwards through a right angle. This is seen at once on 
reference to Fig. 115, p. 401, since OU, the perpendicular 
from the origin on the tangent to the evolute, is equal to 
PZ, or dp/dxp, when the symbols refer to the original curve. 


* This example is interesting historically in connection with the theory 
of the cycloidal pendulum. The results are due to Huyghens (1673). 
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Ex. 4, To find the evolute of an epi- or hypo-cycloid. 


If in Fig. 86, p. 351, a perpendicular p be drawn from O to 
TP, the tangent to the epicycloid at P, we have 


p=OT cos PIO = (a + 2b) cos $4, 


a 
a+ 


or p=(a+ 20) cos 


If the origin of w correspond to a cusp instead of to a vertex, the 
cosine of the angle must be replaced by the sine. 


Hence, for the evolute, we have 
Bey eee 
P a+ 


which can be brought to the same form as (18) by an adjustment 
of the origin of y. The evolute is therefore a similar epicycloid in 
which the dimensions are reduced in the ratio a/(a + 26). 


For a hypocycloid we have merely to change the sign of b*. 


160. Arc of an Evolute. 


The difference of the radii of curvature at any two points 
of a curve is equal to the arc between the corresponding 
points of the evolute. 


To prove this, let the normals at two neighbouring points 
P,, P, of the curve meet in C’; and let C,, (, be the corre- 
sponding centres of curvature. Asin Art. 158, 0,CC, is in 
general an obtuse-angled triangle; and when P,, P, are 
taken infinitely close to one another, 0,0 + CC, is ultimately 
in a ratio of equality to C,C,. Also, since the triangle P,C'P, 
has the angles at P, and P, infinitely nearly equal to right 
angles, the difference between CP, and CP, is ultimately 


* It appears on examination that the equation 
p=ccosmy, or p=csinmy, 


represents an epi- or a hypo-cycloid according as m1, provided we include 
the pericycloids among the epicycloids, in accordance with the definition of 


Art. 137. 

The pedal of an epi- or a hypo-cycloid with respect to its centre is 
therefore an epicyclic of the special type referred to in Art. 139, Ex, 2. 
Thus Fig. 97 represents the pedal of a four-cusped epicycloid, and Fig. 99 


that of a four-cusped hypocycloid. 
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of the second order of small quantities. Hence, neglecting 


Fig. 126. 


this difference, we have 
C.P,— O,P,= 06,0 + CC,=C,C,. 


It follows that if p be the radius of curvature of the original 
curve, and o the arc of the evolute, we have 5p= 6c, ulti- 
mately, or 


Hence, integrating, 


where C is an arbitrary constant depending on the origin 
of measurement of o. 
Otherwise: by differentiation of the equations 
é=a-psiny, n=y+pcosp.........e. (3) 
of Art. 150, we find, since 
dx/ds=cosy, dy/ds=siny, dy/ds=1/p, 


dé dp. dn _ dp 
Wn ge aa 59's SSA a ole (4). 
d 
Hence 7" Be COU a eat Sinan nies va soeaaiece (5), 


which shews that the tangent. to the evolute is normal to the 
original curve, and 


VAC) eee (5), 


which gives on integration the result (2). 
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For the case of the cycloid, this property has been already 
obtained in Art. 159 (15). 


Ex. The radii of curvature of an ellipse of semi-axes a, }, 
at the extremities of these axes, are b?/a and a?/b, respectively. 
Hence the length of any one of the four portions into which the 
evolute is divided (see Fig. 124) by its cusps is 


@/b-—B/a or (a®—B*)/ad. 


161. Involutes, and Parallel Curves. 


If a curve A be the evolute of a curve B, then B is said 
to be an ‘involute’ of A. 


We say an involute because any given curve has an 
infinity of involutes. To obtain an involute we take any 
fixed point O on the curve, and along the tangent at a 
variable point P measure off a length PQ in the direction 
From O, so that 

BNC EO ice CONKG rgiicesnng eet oes (1). 


It is easily shewn, by an inversion of the argument of 
Art. 160, that the tangents to the given curve are normals 
to the locus of Q, so that this locus fulfils the above defini- 
tion of an involute. And, by varying the ‘constant, we 
obtain a series of involutes of the same curve. 


As a concrete example we may imagine a string to be wound 
on a material arc of the given shape, being attached to a fixed 
point on it. The curve traced out by any point on the free 
portion of the string will be an involute. This is in fact the 
origin of the term. 


Hz. 1. The tractrix is an involute of the catenary ; see Art. 
134, 


Ex. 2. In an involute of a circle of radius a we have, 
evidently, 


ds 2 
dt =p= ap cov cece eee ecceneccsssoeencs (2); 
if the origin of y be properly chosen. Hence, integrating, 
PE Ne RE RE ie PES (3), 


no additive constant being required, if s be measured from the 


cusp (=0). 
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In this particular case (of the circle) it is evident that all the 
involutes are identically equal. It is therefore customary to 
speak of the involute of a circle. The curve is shewn in Fig. 127. 


Fig. 127. 


If a constant length be measured along the normal to a 
given curve, from the curve, the locus of the point thus 
determined is called a ‘parallel’ to the given curve. 


If CP, CP’ be two consecutive normals to the given 


. Q’ 
Cc P Q 


Fig. 128. 
curve, and Q, Q’ the corresponding points of a parallel curve, 


we have 
Pea PO, 
Since the difference between CP and CP’ is of the second 
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order of small quantities, it follows that the same holds of 
the difference between CQ and CQ’, and thence that the 
angles at Q and Q’ in the triangle CQQ’ are ultimately right 
angles. Hence CQ, CQ are normals to the parallel curve. 


Hence two parallel curves have the same normals, and 
therefore the same evolute; in other words, parallel curves 
are involutes of the same curve. 


Conversely, it is evident that the various involutes of any 
curve form a system of parallel curves. 


EXAMPLES. XLV. 


1, The envelope of the parabolas 
y®? = 4a (x—a), 
where a is the parameter, is a pair of straight lines. 


2. The envelope of the parabolas 
ay’ = a? (x — a), 
where a is the parameter, is the curve 
ay? = fe. 
3. Circles are described on the radii vectores of a curve as 


diameters ; prove geometrically that their envelope is the pedal of 
the given curve with respect to the origin. 


4. Find the envelope of the circles described on the focal 
radii of a conic as diameters. 


5. Chords of a circle are drawn through a fixed point on 
the circumference; prove that the envelope of the circles de- 
scribed on these chords as diameters is a cardioid. 


6. The envelope of the circles described on the central 
radii of a rectangular hyperbola as diameters is a lemniscate of 
Bernoulli. 

7. Prove that the envelope of the curves 

Pcosa+Qsina=R, 
where P, Q, & are given functions of x, y, and a is a variable 
parameter, is Pea i. 
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8. Find the envelope of the circles 
x? + y? — 2ax cos a — 2ay sin a = c’, 
and interpret the result. 


9. A system of ellipses of constant area have the same 
centre and their axes coincident in direction; prove that the 
envelope consists of two conjugate rectangular hyperbolas. 


10. A straight line moves so that the product of the per- 
pendiculars on it from the fixed points (+ ¢, 0) is constant (= 6) ; 
prove that the envelope is the ellipse 


a 2 
Brat poh 
or the hyperbola 
Bee a Se 
ag Sey | Nii 


according as the two perpendiculars are on the same or on 
opposite sides of the variable line. 


11. Circles are described on the double ordinates of the 
parabola y?=4aa as diameters; prove that the envelope is the 
parabola 


y = 4a (a + a). 
12. Circles are described on the double ordinates of the 
; an 
ellipse i ii =1 
as diameters: prove that the envelope is the ellipse 
ag y* 
ea ee 


13, A straight line moves so that the sum of the squares of 
the perpendiculars on it from the fixed points (+ ¢, 0) is constant 
(= 2h?) ; prove that the envelope is the conic 

Ara y* 
poet eek 


and examine the various cases. 
14. A straight line moves so that the difference of the 


squares of the perpendiculars on it from two fixed points is 
constant; prove that the envelope is a parabola, 
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15. Find the envelope of the ellipses 
x=asin(@—a), y=bcos 8, 
where a is the parameter. 
16. . The envelope of the catenaries 
é y =c cosh a/c, 
where c is the variable parameter, consists of two straight lines. 


17. The envelope of the ellipses 


iva y? 

=) se B = ft, 
where a+B=k, 
is the ‘astroid’ at + yf = ki, 


18. The envelope of the straight line which makes on the 
coordinate axes intercepts whose sum is & is the parabola 


J+ Jy = lhe 
19. From any point on the ellipse 
A hed yf 
ai 
perpendiculars are drawn to the coordinate axes; prove that the 


envelope of the straight line joining the feet of these perpen- 
diculars is the curve 


gn 


20. Find the locus of ultimate intersections of the curves 


<a e 


ay” = x (a + a)?, 
where a is the parameter; and examine the result. 


21. If a circle of constant radius has its centre on a given 
curve, the envelope of the circle consists of two parallel curves. 


22. If a circle of given radius touch a given curve, its 
envelope consists of two parallel curves. 


23. If the equation of a curve be given in the form 


=f (p), 


that of any parallel curve is of the form 
=f (p—c)+2p—c. 
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24. Prove that the problem of negative pedals (Art. 147) is 
equivalent to finding the envelope of the straight line 
xcosy+ysiny =p, 
where p is a given function of the parameter y. 
Verify that this leads to the formule (12) of Art. 147. 


25. Shew that the negative pedal of the parabola 
y? = 4ax 
with respect to the vertex is the curve 
ay? = 3, (a — 4a)’. 
26. Prove by the method of envelopes that the negative 


pedal of a circle is an ellipse or hyperbola according as the pole 
is inside or outside the circle. 


27. Prove geometrically that the radius of curvature at any 
point of an equiangular spiral subtends a right angle at the pole. 


28. The evolute of an equiangular spiral is an equiangular 
spiral of the same angle. 


29. The coordinates of the centre of curvature at any point 
of the curve apa 
Fo ay 
a x 


are é=—a—3-, n=4yt+ 4 


Shew that near the origin the evolute has the form of the 


parabola y? = — fax. 


80. Shew that if a curve has a point of inflexion the evolute 
has an asymptote. 
Shew that the part of the evolute of the curve 
ey= a 
which corresponds tothe part of the curve near the origin may 
be represented approximately by the hyperbola 
ay = yy". 
31. The evolute of the hyperbola 
x=acoshu, y=bsinhu 
is (azx)t — (by) 8 = (a? + 8), 
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32. If rays emanating from a point O be reflected at any 
given curve, the reflected rays are all normal to a curve which is 
similar to the pedal of the given curve with respect to O, but of 
double the dimensions. 


33. Hence shew that the caustic by reflection at a circle will 
be the evolute of a limacgon; and that in the particular case 
where the luminous point is on the circumference of the given 
circle the caustic is a cardioid. 


34 Prove that the caustic by reflection at any curve is the 
evolute of the envelope of a system of circles described with the 
various points of the curve as centres, and all passing through 
the luminous point. 

What is the corresponding theorem for the case of refraction? 


162. Displacement of a Figure in its own Plane. 
Centre of Rotation. 

Suppose that we have two plane figures, each of in- 
variable form, and that a curve fixed in one rolls without 
sliding on a curve fixed in the other. Any point of either 
figure will then describe a curve relatively to the other; a 
curve so described is called a ‘roulette.’ 

The cases where the rolling curves are circles have been 
considered in Arts. 186—138. 

The general theory of roulettes is of some importance 
in Geometry and in Kinematics, owing to the fact that any 
continuous motion whatever of a figure in its own plane may 
be regarded as consisting in the rolling of a certain curve 
fixed relatively to the figure on a certain curve fixed in 
space. This theorem will be proved in Art. 167; but it is 
necessary, as a preliminary, to recall one or two propositions 
of elementary Kinematics, which are, moreover, of independent 
interest. 

In the first place, any displacement whatever of a figure 
in its own plane is equivalent to a rotation about some finite 
or infinitely distant point. 

If A, B be any two points of the figure in its first 
position, and A’, B’ the same points in the second position, 
the new position P’ of any third point originally at P is 
found by constructing the triangle A’P’B’ congruent with 


L. 28 
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APB. Hence the positions of two points are sufficient to 
determine the position of the moveable figure. 


Now, considering any point whatever of the figure, let P 
be its initial and Q its final position; and let R be the 


Q 
R 


Fig. 129. 

final position of that point of the figure which was origin- 
ally at Q. Since PQ and QR are two positions of the same 
line, they are equal. Hence if J be the centre of the circle 
PQR, the triangles PIR, QIR are congruent; that is, I 
represents the same point in the two positions. The dis- 
placement is therefore equivalent to a rotation about J. 
This point is called the ‘centre of rotation.’ 


It may happen that PQ, QR are in a straight line. The 
displacement is then equivalent to a translation of the figure, 
without rotation ; or, we may say, the centre of rotation 1s at 
infinity. 


163. Instantaneous Centre. 


Next considering any continuous motion of a plane figure 
in its own plane, let us fix our attention on two consecutive 
positions. The figure may be brought from the first of these 
to the second by a rotation about the proper centre. The 
limiting position of this point, when the two positions are 
taken infinitely close to one another, is called the ‘instan- 
taneous centre.’ 


If P, P’ be consecutive positions of any the same point 
of the figure, and 65@ the corresponding angle of rotation, 
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the centre of rotation (J) is on the line bisecting PP’ at 
right angles, and the angle PJP’ is equal to 80. Hence, 
ultimately, the infinitesimal displacement of any point P 
ata ae distance from J is at right angles to JP and equal 
to IP .80. 


If we introduce the consideration of time, and denote by 8¢ 
the interval that elapses between the two positions, the limiting 
value of 66/8t, viz. d0/dt, is called the ‘angular velocity’ of the 
figure. The velocity of that point of the figure which coincides 
with the instantaneous centre J is zero, that of any other point P 
is at right angles to JP, and equal to JP. d6/dt. 


The fact that in any motion of a plane figure (of in- 
variable form) the normals to the paths of the various points 
all pass through the instantaneous centre is often useful in 
geometrical questions. If we know the directions of in- 
finitesimal displacement of two points of the figure, the 
instantaneous centre is determined as the intersection of the 
normals at these points to the respective directions. We 
can thence assign the directions, and relative magnitudes, of 
the displacements of all other points. 


Ex. 1. The extremi- 
ties of a straight line AB y 
of constantlength describe , 
two straight lines OX, OY 
at right angles to one 
another, 


It is known that any 
point P of the line de- 
scribes an ellipse whose 
principal axes are along 
OX, OY*. The above 
theorem now gives us a 
construction for the nor- 
mal to this ellipse at P; 
viz. if we draw AJ, BI 
perpendicular to OX, OY, 
respectively, J is the in- 0 A 
stantaneous centre, and Fig. 130. 

IP the required normal. 

* Viz. if BP=a, AP=b, £OAB=¢, the coordinates of P are 

x=acos¢, y=bsin®g. 


ay 
ef 


28—2 
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Ex. 2. An arm OQ revolves about one extremity 0; a bar 
QP is hinged to it at Q; and P is constrained to move in a 
straight line passing through O. It is required to find the 
relations between the velocities of the points P and QY. This 
arrangement is that of the crank and connecting rod of a steami- 
engine with a fiwed cylinder. 

The instantaneous centre J is at the intersection of OQ 
produced with the perpendicular to the fixed straight line at P. 

| 


Fig. 181. 


Hence the velocity or P is to that of Q as JP tolQ. Let PQ, 
produced if necessary, meet the perpendicular through O to the 
line of motion of P in the point #. Then if w be the angular 
velocity of OQ, 


if OR 
IQ 0Q 

Ex. 3. In an engine with an oscillating cylinder, the piston 
rod, being connected directly with the crank OQ, has its direction 
always passing through a fixed point C (on the pivot line of the 
cylinder). 

The instantaneous axis is now at the intersection of OQ 
produced with the perpendicular to the piston rod at C. Hence 
if ON be the perpendicular from 0 on CQ, produced if necessary, 
the velocity of the point of the rod which coincides with C is : 


Id ON 
ox 5 —e-08* pa=0: ON Se rekenee (2). 


velocity of P=w.0Q x — = w. 0Q x ~~ =o. OR...(1). 
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Fig. 132, 


Again, considering any line (straight or curved) in the 
moving figure, it is evident that the point or points of 
ultimate intersection of this line with a consecutive position 
are the feet of the normals drawn to it from the instan- 
taneous centre. For any other point of the line is moving 
in a direction making a finite angle with it. 


Hx, 4. Thus in the case of a line AB of constant length 
moving (as in Art. 163, Ex. 1) with its extremities on the axes 


A 
Fig. 133. 
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of coordinates, the point of ultimate intersection with a consecutive 
position is at the foot Z of the perpendicular from the instan- 
taneous centre J.. Now if 


AB= k, LOAB= q; 
the coordinates of 7 are given by 


x= BZ cos $= BI cos? 6 =k cos’ ¢, 3 
pee Pian FS i.e (3) 
and the envelope of AB is therefore the astroid 
Gh ge PE avon nacre (4); 


see Fig. 134. Cf. Art. 138, Ex. 4, 


164. Application to Rolling Curves. 

When one plane curve rolls upon another, which is 
regarded as fixed, the instantaneous centre is at the point 
of contact. 


We will suppose, in the figure, that it is the lower curve 


163-164] CURVATURE. 439 


which is fixed. Let A be the point of contact, and let equal in- 
finitely small arcs AP, AP’ (= 8s, say) 
be measured off along the two curves. 
Let the normals at P and P’ meet 
the common normal at A in the points 
O and O’. Then ultimately we have 


OA=R, O'A=R, 


where R, RF’ are the radii of curva- 
ture of the two curves at A. After 
an infinitely small displacement, P’O’ 
will come into the same straight line 
with OP, the two curves being then in 
contact at P. Hence the angle (66) 
through which the rolling curve 
will turn, being equal to the acute 
angle between OP and P’0’, is equal 
to the sum of the angles at O and 0’, 
so that 


oO 


ds ds 
00 = et py eee oe 
Fig. 135. 

ultimately. Again, the chords AP, 

AP’ are ultimately equal, and they include an infinitely 
small angle at A. Hence the distance PP’ is ultimately 
of the second order in és. It follows that when $s is inde- 
finitely diminished the limiting position of the centre of 
rotation (J) coincides with A, for if it were at a finite 
distance from this point, the displacement of P’, being 
equal to JP’.60, by Art. 163, would be of the first order 
in ds. 

It follows that when a curve rolls upon a fixed curve, the 
normals to the paths of all points connected with the moving 
curve pass through the point of contact. We have already 
had instances of this result in the cycloidal and trochoidal 
curves discussed in Arts. 136, 137. Again if a straight line 
roll on a curve, it is normal to the path traced out by any 
of its points (Art. 161). 


Further, if we consider any line (straight or curved) 
which is carried with the rolling curve, the points of ultimate 
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intersection of the carried curve with its consecutive position 
are the feet of the normals drawn to it from the point of 
contact. And the envelope of the carried line is the locus 
of these feet. 


Ex.1. If a circle roll on a fixed straight line, any diameter 
envelopes a cycloid. 


I 
Fig. 136. 


Let C be the centre of the rolling circle, J the point of contact, 
IZ the perpendicular on the diameter PQ. Since Z is on the 
circle whose diameter is CJ, it is easily seen that if this circle be 
supposed to roll always with twice the angular velocity of the 
large circle, it will always have the same point of contact with 
the fixed line, and the point 7 will move as if it were carried by 
the small circle. Its locus is therefore a cycloid. 


Ex, 2. Similarly if a circle (4) roll on a fixed circle (B), the 
envelope of any diameter of A is an epi- or hypo-cycloid which 
would be generated by the rolling of a circle of half the size of A 
on the circumference of B. 


165. Curvature of a Point-Roulette. 


To investigate the curvature of any point P fixed 
relatively to the rolling curve, let J be the point of contact, 
and let J’ be a consecutive point of contact, P’ the corre- 
sponding position of P. Since the displacement of the point 
of the rolling curve which comes to J’ is of the second order 
of small quantities, the angle through which the figure has 
turned is 

OO ZL PLT” cases sxpier en eee (1), 


ultimately, Let the normals to the path of P, viz. PZ and 
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P’T’, be produced to meet in C. If Sy be the inclination 
of these normals, we have 


Sp=Z ICI’ = 


Fig. 137. 
Also, from the figure 
oy=Z9TP—ZIPT 


= 39 — 08? 
= le 1s 7 cos 
= 8s(5+ R — or) CeO ICODOCH EE (3), 


by Art. 164 (1), if R and R’ be the radii of curvature of the 
fixed and rolling curves. Equating (2) and (3), we find 


1 1 | ea 
08 (a7 +7p)- Rt ET Sree (4). 
This gives the limiting position of C, te. the centre of 
curvature of the path of P. The radius of curvature (p) is 


then found from 
OB OP EP a. an iinns dibencns (5). 
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We have taken as our standard case that in which the 
two curves are convex to one another, as in Figs. 135, 137. 
Any other case may be included by giving proper signs to R 
and R’. 


Ex. 1. In the ecycloid, if a be the radius of the generating 
circle, we have 


R=, R’ =a, [P=2a 008 bn....0.0050 (6). 
Substituting in (4), we find 
CL = 26 00s tre Po irncs tc nnewen topo (7), 
and therefore ay NS gente ener in rae, perc Pye (8). 
Ex. 2. In the epicycloid (Art. 137) we have 
Rea, B= 8, TES Bice b7.c cases (9), 
2ab a 

whence CI =~ 9 8 P= Tap: appr? oer (10), 

_2(a+6b) 
aT LEP Faccanvanngeee semi ace (11) 


We note that if 6 = - 4a, we have p= ; cf. Art. 138, Ex. 2. 


The result contained in (4) and (5) may be put in a simple 
geometrical form as follows. On the 
normal at J mark off a length JH 
such that 


and describe a circle on JH as dia- 
meter. Let JP meet this circle in 
Q@. We have then 
1 i : Ee 
IQ IHcos¢ =(pt gz) sed 
and the relation (4) takes the form 
Roe a 
Orr Ip so" 
This shews that if P coincide with Q, OJ is infinite; te. 
any point of the moving figure which lies on the circle just 
defined is at a point of inflexion of its path. For this reason, 
the circle in question is called the ‘circle of inflexions,’ 


Cc 
»» (13). Fig. 138, 
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From (18) and (5) we find 
eipeig IP 
Ol = QP he iS QP bee e erences 


The latter result shews that p changes sign with QP; that 
is, the paths of the various points of the moving figure are 
concave or convex to J, according to the side of the circle 
of inflexions on which they lie. In the standard case repre- 
sented in the figures, the paths are concave or convex according 
as P is outside or inside the circle. 


An example is furnished by the trochoidal curves figured 
on p. 349. The circle of inflexions has in this case half the 
size of the rolling circle. 


The preceding theory has an important application to the 
problem of ‘rocking stones’ in Statics. When one rough body rests 
on another, with a single point of contact, its centre of gravity must 
be vertically above this point. And for stability of equilibrium 
it is necessary that the path of the centre of gravity, in any 
possible rolling displacement, should be concave upwards, 


166. Curvature of a Line-Roulette. 


The curvature of a line-roulette, 2.e. of the envelope of a 
straight line carried by the 
rolling curve, can be found 
still more simply. The per- 
pendiculars JZ, I’Z’ let fall 
on two consecutive positions 
of the line, from the corre- 
sponding positions (in space) of 
the instantaneous centre, are 
normals to the envelope, and 
the angle which they make 
with one another at their in- 
tersection (C) is equal to the 
angle of rotation 60. Hence raze ‘at 
if ¢ be the angle which 1Z K 


makes with the normal to the 
rolling curve at I, and JJ’ = és, Fig. 139. 


we have ultimately 
68 608 h = OL. 80. cc ceeeccereenee CL), 
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Hence, substituting the value of 6@ from Art. 164 (1), 
we have . 


coed 1, 1 
OT =e R =f R’ ee | (2) 
The radius of curvature of the envelope is then given by 
Be OL eer oe (3)* 


If, along the normal to the rolling curve at J, but in the 
direction opposite to that chosen in the preceding Art., we 
measure off a length JK such that 


and describe a circle on this line as diameter, it appears 
from (2) that C lies on this circle; in other words, the locus 
of the centres of curvature of all line-roulettes, in any given 
position of the rolling curve, is a circle. Also, when the 
carried line passes through K, Z coincides with C, and Cis a 
‘stationary point’ (Art. 150) on the envelope. The aforesaid 
circle is therefore called the ‘circle of cusps.’ 


Ex. 1. Regarding a cycloid as the envelope of the diameter 
of a circle which rolls on a fixed straight line (Art. 164, Ex. 1), 
we infer that the radius of curvature is double the normal. 


Ex, 2. Tf an epicycloid be generated as the envelope of the 
diameter of a circle rolling on a fixed circle, then, to conform 
with the notation of Art. 137, we must write R=a, R’=2b, 
and therefore, from (2), 


2ab a 
CI =~ 95 C8 P= 55 IZ, 


in agreement with Art. 165, Ex. 2. 


167. Continuous Motion of a Figure in its own 
Plane. 


Consider now any continuous series of positions of a 

plane figure moveable in its own plane. We may suppose 

* For the method of finding the curvature of the envelope of any carried 
curve reference may be made to Williamson, Diff. Calc. § 291. 
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that any one of these positions can be specified by the 
value assigned to some independent variable ¢ (e.g. the time). 
The instantaneous centre will have a certain locus in space, 
and also a certain locus in the figure. The curves so defined 
are called ‘centrodes’; the former is distinguished as the 
“space-centrode,’ and the latter as the ‘body-centrode.’ The 
theorem referred to in Art. 162, and now to be proved, is 
that the given motion of the figure can be represented as 
due to the rolling of the body-centrode, without slipping, 
on the space-centrode. 


Considering, in the first place, any number of successive 
positions assumed by the moving figure, let us distinguish 
these by the numerals 1, 2, 3,...; and let the corresponding 
values of the independent variable be t, t, t,.... Let 
Oy, Ors, Ogs,... be the positions (in space) of the centres 
of rotation by which the figure can be brought from position 
1 to position 2, from position 2 to position 3, and so on, 
respectively. Further, in the position 1, let 0,., O’3, O’y,... 
be the positions in the figure of these successive centres of 


04; 


O34 


45 
Fig. 140. 


rotation. It is then plain that the given senes of positions 
1, 2, 3,... will be assumed in succession by the moving figure, 
if we imagine this to rotate about O,. until O’,; comes into 
coincidence with O,, then about O,, until O’,, comes into 
coincidence with O,, and so on. In other words, the figure 
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will pass through the actual series of positions 1, 2, 3,... if 
we imagine the polygon 0,,0’,,0’y..., supposed fixed 
relatively to the figure, to roll on the polygon 0,0.;0...., 
supposed fixed in space. The intermediate positions of the 
figure, in this process, will of course be different from those 
assumed in the actual motion; and the path in space of 
any point P of the figure will consist of a succession of 
circular arcs instead of a continuous curve. It is evident, 
however, that by taking the positions 1, 2, 3,... sufficiently 
close to one another, the path of any point P can be made 
to deviate from the true path as little as we please. 


It remains to compare the polygons 0,,0,0,... and 
O42 O'o3 O'z4... With the corresponding centrodes. Let J,, J2, J;,... 
be the positions in space of the instantaneous centre corre- 
sponding to the values t,, f,, ¢;,... of the independent variable. 
Then if, keeping ¢, fixed, we make |f, — 4| smaller and smaller, 
the point O,, approaches, and ultimately coincides with J,. 


es a ee 
fle ts I3 
Fig. 141. 


Again if, keeping ¢, fixed, we make |¢, — ¢,| smaller and smaller, 
O,, will move into coincidence with J,. Since these varia- 
tions of ¢ are equal and opposite, and since the coordinates 
of O,, are as a rule symmetric functions of t,, t, the displace- 
ments of O,, will in general be ultimately equal and opposite; 
that is, the triangle J,0,,J, is ultimately isosceles, with its 
equal angles infinitely small. It follows that when the 
positions 1, 2, 3,... are taken closer and closer, the length 
of any finite portion of the polygon 0,,0,,0,... is ultimately 
equal to that of the corresponding are of the space-centrode, 
and that any side of the polygon is ultimately a tangent 
to this centrode. Similar relations can be proved in the 
same manner to exist between the polygon 0,,0’40’4... and 
the body-centrode. It follows that in each position of the 
moving figure the two centrodes are in contact, and that the 
lengths of their arcs between corresponding points are equal. 
This proves the theorem. 
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Ex. 1. Astraight line AB of constant length moves with its 
extremities on two fixed straight lines OX, OY. 


The instantaneous centre J is at the intersection of perpen- 
diculars to OX, OY at the points A, B respectively. The points 
A, B lie on the circle described on OJ as diameter ; and since in 
this circle the chord AB, of given length, subtends a constant 
angle AOB at the circumference, the diameter is determinate. 
Hence the space-locus of J is a circle with centre 0. Again, 
since the angle AJB is constant, the locus of J relative to AB is 
a circle whose diameter is equal to the constant value of OJ. 
Hence the motion is equivalent to the rolling of a circle on the 
inside of a fixed circle of twice its size. This kind of motion has 
been considered in Art. 138, Ex. 2, and it has been shewn that 
any point P fixed relatively to AB will describe an ellipse, which 
in certain cases, viz. when P is on the circumference of the rolling 
circle, degenerates into a straight line. 


Ex. 2. In the linkage known as the ‘crossed parallelogram’ 
(see Art. 146, 2°), if the bar AD be held fixed, the instantaneous 
centre J for the opposite bar BC is at the intersection of 4B and 
CD. Also it is evident from symmetry that the sums 


AI+ID and BI+IC 
are constant, being each equal to AB or CD. Hence the locus of 
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T relative to AD is an ellipse with A, D as foci, and the locus of 
I relative to BC is an equal ellipse with B, C as foci. The 
motion of BC relative to AD is therefore represented by the 
rolling of an ellipse on an equal ellipse. 


ie 
BS 


\/ B 


Pe 4 
\ 


Fig. 143. 


If the bar AB be supposed fixed, the relative motion of 
CD will be represented by the rolling of a hyperbola with C, D 
as foci on an equal hyperbola with A, B as foci. 


168. Double Generation of Epicyclics as Rou- 
lettes. 


As a further example we return to the mechanical 
method of compounding uniform circular motions, by means 
of a jointed parallelogram OQPQ’, referred to in Art. 139. 


We will suppose for definiteness that the angular velo- 
cities n, n’, of the bars OQ, OQ’, have the same sign. 


The instantaneous centre (J) of the bar QP will be a 
point in QO such that 


eo Q le ts OQ cs. nsvine sae cly 


For the velocity of any point rigidly attached to QP will be 
made up of a translation n. OQ at right angles to OQ, and a 
rotation with angular velocity n’ relatively to Q. Hence 
under the above condition the velocity of the point attached 


= = 
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to QP which at the instant under consideration is at J will 
be zero. The two centrodes for the motion of the bar QP 
are therefore the circles described, with O and Q as centres, 
to pass through J. 


Fig. 144. 


For a similar reason, the instantaneous centre (I’) of the 
bar QP will be a point in Q’O, such that 


Os 2 6 (2), 


Hence, for the motion of the bar Q’P, the two centrodes are 
the circles described, with O and Q’ as centres, to pass 
through J’. 

Since P is a point on each of the bars QP, Q'P, we see 
that any direct epicyclic can be described in two ways as an 
epitrochoid. 

In the particular case where QP=QJ, it follows from 
(1) and (2) that 

OP200=07:0G=n:0=00 (Of =QP: QT, 
whence GPr=00= 071" 


* The figure corresponds to the case of n’>n. If n’<n, I will lie in QO 
produced, and I’ between Q’ and O, 
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The path of P is in this case an epicycloid, and we learn 
that any epicycloid can be generated in two wavs, viz. by the 


Fig. 145. 


rolling of either of two determinate circles on the outside 
of the same fixed circle*. 


As an instance, we have the double generation of the 
cardioid explained in Art. 138, Exs. 1, 3. 


The case where the angular velocities n, n’ have opposite 
signs may be left to the reader to examine. It will appear 
that any retrograde epicyclic can be generated in two distinct 
ways as a hypotrochoid. And, in particular, any hypocycloid 
can be generated in two ways by the rolling of either of two 
determinate circles on the inside of the same fixed circle*. 


169. Teeth of Wheels. 


The theory explained in Arts. 167, 168 has an interesting 
application in practical Mechanics, viz. to the determination 
of the proper shapes to be given to the teeth of wheels. 


* This proposition is due to Euler (1781), 
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The kinematical problem is to determine the relations 
between the forms of two cylindrical surfaces 0, 0’, which 
are free to rotate about fixed parallel axes, so that, when 
either drives the other by sliding contact, the rotations may 
be in a constant ratio. 


There are two methods of solving this problem; they 
may be distinguished as the method of ‘envelopes’ and the 
method of ‘ roulettes.’ 


Considering the section made by a plane perpendicular 
to the generating lines, let O, O’ represent the fixed axes. 
We take as the standard case that in which the directions 
of the angular velocities (n, n’) are opposite, as indicated in 
Fig. 146. If we divide OO’ in J, so that 


neOl=n -0'T, 


the point J will have the same velocity whether we regard 
it as belonging to the first cylinder or the second. The circles 
(C, C’) described through J, with O, 0’ as centres, are called 


Fig. 146. 


the ‘pitch-circles’ of the respective cylinders. It is evident 
that in the desired motion these circles will roll on one 
another without slipping. 


The relative motion of the cylinders will be unaltered 
if we impress on the whole system an angular velocity about 
O, equal and opposite to that of the first cylinder. The 
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pitch-circle C’ will then roll with angular velocity n+m' on 
the pitch-circle C, which is at rest. Evidently, the required 
condition is that, in the motion as thus modified, the section 
of the cylinder 1’ shall constantly touch that of the cylinder 
Q, which is fixed. In other words, the section of 2 must 
be the envelope of the successive positions of 9’. Hence, 
subject to limitations of a practical kind, we may adopt any 
curve we please as the section of 0’; the corresponding form 
of the section of 0 is then determined as the envelope 
obtained when the circle C’ rolls on C, carrying the assigned 
curve with it. 


For example, if the section of ©’ be a straight line through 
O’, the envelope will be the epicycloid generated by a point on 
the circumference of the circle described on O’J as diameter (see 
Art. 164, Ex. 2). This design is very frequent, the profile of the 
‘flanks’* of the teeth being straight, and that of the ‘faces’t 
epicycloidal. 

Again, if the section of ©’ reduce to a point on the pitch- 
circle C’, the envelope is simply the path traced by this point as 
C’ rolls on C, 2.¢e. an epicycloid. If the section of 0’ be a circle 
of finite size, having its centre on the pitch-circle C’, the envelope 
is a curve parallel to the epicycloid traced by the centre, and 
therefore having the same evolute (Art. 161), It has been shewn 
(Art. 159) that the evolute of an epicycloid is a similar epicycloid ; 
the envelope in question is therefore an involute of an epicycloid. 
This case occurs in practice when a toothed wheel is driven by 
a lantern-pinion, or trundle, or by a row of pins projecting from 
the plane face of a circular disk. 


Another interesting example is that of ‘involute teeth.’ 
Two smaller circles, called ‘base-circles,’ are drawn concentric 
with the pitch-circles, and having their radii in proportion ; and 
involutes of the base-circles are traced. In any position in which 
these involutes are in contact, the common norma! will be a 
tangent to both the base-circles, and will therefore go through 
the point of contact J of the pitch-circles, owing to the pro- 
portionality of the radii. Hence the involutes fulfil the condition 
for sliding contact with a constant ratio of angular velocities. It 
is evident that any two involute wheels will work together with 
a constant velocity-ratio, equal to the ratio of the radii of the 


* That is, the portions inside the respective pitch-circles, 
+ That is, the portions outside the pitch-circles. 
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base-circles, and therefore independent of the particular distance 
between the axes O, 0’. 


Fig. 147. 


In the second method of solving the kinematical problem, 
we imagine that as the circle C’ rolls on C another curve 
(~), chosen at will, also rolls on C, but so as to have always 
the same point of contact J. Any point P carried by & will 
then trace out a fixed curve, which may be taken as the 
contour of the cylinder ©, and also another curve relatively 
to the pitch-circle C’, which may be taken as the contour 
of the cylinder 0’. The two curves are in fact roulettes 
obtained by rolling = on C and C’ respectively ; and to see 
that they touch at P we need only remark that the absolute 
motion of P, and the motion of that point of the second figure 
which instantaneously coincides with P, are both at right 
angles to JP, so that the motion of P relatively to the circle 
C’ is also at right angles to JP. 


In practice, the auxiliary curve & is usually a circle, and the 
tracing point P is taken on its circumference. The roulettes are 
then (in the standard case) an epicycloid, and a hypocycloid, 
respectively. As a particular case, 3 may be a circle passing 
always through O, and having its diameter therefore equal to OJ. 
The hypocycloid then reduces to a straight line (Art. 138, Ex. 2), 
and we fall back on the case of radial flanks obtained above by 
the envelope method. 
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When we have a wheel in gear with a straight rack the 
radius of one of the pitch-circles is infinite. The further 
examination of this case is left to the reader. 


EXAMPLES. XLVI. - 


1. A lamina moves in any manner in its own plane; prcve 
that parallel straight lines in the lamina envelope parallel curves. 


2. A straight line moves so as always to pass through a 
fixed point O, whilst a point Q on it describes a circle passing 
through 0. Prove that the instantaneous centre is at the other 
extremity of the diameter through Q, and determine the two 
centrodes, 


Deduce a construction for the normal to a limagon ; and infer 
that in a cardioid the normals at the extremity of any chord 
through the cusp meet at right angles on the perpendicular to the 
chord at this point. 


8. A plane figure moves so that two straight lines in it 
touch two fixed circles; determine the two centrodes. 


4, If acircle roll on a fixed circle of half the size, which it 
surrounds, every straight line carried by the rolling circle will 
envelope a circle, 


5. Prove that if a plane figure move so that a straight line 
in it rolls on a fixed circle, the envelope of any other straight line 
in the figure is an involute of a circle. 


6. The radius of curvature of the envelope of tie straight 
line ax + By =1, 
where a, B are given functions of a parameter ¢, is 
4 (2+ BA (a"B' —a'B") 
ie okey aaa 


the accents denoting differentiations with respect to ¢. 
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7. If the curve whose tangential-polar equation is r=/(p) 
roll on a fixed straight line, the curvature of the path of the pole 


is oes (7) s 
dp \r 
where r is the radius vector to the point of contact. 


8. Prove that if a parabola roll on a fixed straight line the 
path of the foctis is a catenary. 


9. Prove that if a conic roll on a fixed straight line the path 
of either focus is a curve such that 


et el 

= 7 

oa me 
where p is the radius of curvature, m is the normal, and ¢ is a 
constant. 


10. If an equiangular spiral roll on a fixed straight line, the 
path of the pole is a straight line. 


11. If the reciprocal spiral r = a/6 roll on a straight line, the 
path of the pole is a tractrix. 


12. If any one of the Cotes’ spirals 


Pee | 

Se B 

por 
rolls on a straight line, the pole traces out a curve such that the 
curvature varies as the normal. 


13. Avcurve rolls on a fixed straight line; prove that the 
arc of the roulette traced by any carried point O is equal to the 
corresponding are of the pedal of the given curve with respect to 

(Steiner.) 


14. A closed oval curve rolls on a fixed straiglt line; prove 
that in a complete revolution the area swept over by the variable 
line which joins the point of contact to any internal carried 
point O is double the area of the pedal of the given curve with 
respect to O. (Steiner. ) 


15. Prove 'that if two wheels with epicycloidal teeth work 
together about fixed axes, the locus of the point of contact of any 
two teeth is an arc of a circle. 


16. Prove that in the case of involute teeth the locus of the 
point of contact is a straight line. 


CHAPTER XI. 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER. 


170. Formation of Differential Equations. 


Any relation between an independent variable 2, a 
dependent variable y, and one or more of the derived 
functions 

Re a api 
da’ da’ da’*" 
is called a ‘differential equation*.’ 


The ‘order’ of the equation is fixed by that of the 
highest. differential coefficient which occurs in it. Thus a 
différential equation of the ‘first order’ is a relation between 
x, y, and dy/dzx. 


Before proceeding to methods of solution, it is instructive 
to consider one manner in which differential equations may 
arise. 


If we are given a relation between the variables a, y, 
and an arbitrary constant C, then by differentiation we 
obtain an equation involving a, y, dy/d#, and C, By elimi- 
nation of C between this and the original equation we 
obtain a differential equation of the first order. 


* More particularly, it is called an ‘ordinary’ as distinguished from a 
‘partial’ differential equation, 7.e. one which involves partial derivatives 
of a function of two or more independent variables, 
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More generally, given a relation between the variables 
x, y, and n arbitrary constants C,, C,, ... C,, then if we 
differentiate n times in succession with respect to 2, we 
have altogether +1 equations between which the n 
arbitrary constants can be eliminated. The result is a 
differential equation of the nth order. 


From this point of view the original equation is called 
the ‘ primitive.’ 


Ex. 1. Ié the primitive be 


ie ON Pea sn Aan on (1), 
where C is arbitrary, the differential equation is 
d: 
od 2 hes saree baa aoe (2) 
Ex. 2. From the primitive 
Gt Aomee Cn, franc dinca cote dee (3) 
dy 
UY tae ane Pas vesele = Boh» Cat 4), 
we deduce Y Ts 2a (4) 


Ex. 3. If the primitive be 
LCOS A+ Y SINDA=A ..s.es sees eee a (5), 
where a is arbitrary, we deduce 


ee aa 
dx 


These give 


mio sina =a — 0) cos a=— at 
Y~* he sic ee dx’ 


whence, squaring and adding, 


(y —2 ey. =a {1 + Gan aR Panene (6). 


Fx. 4. If the primitive be 


Wf PAD AD Ses nats acadeldas cca +b 4s: (7), 
where both constants A, B are to be eliminated, we find 
OH ol Se (8). 


dat? 
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Lx. 5. From the primitive 


(a—a) + (y—BP Ha Lasnistnsercesnerse (9), 


where a, 8 are to be eliminated, we obtain 


a (74) = {i+ (D} ‘ite a 


The details of the work are given in Art. 206. 


The above processes admit of a geometrical interpre- 
tation. The equations obtained by varying the arbitrary 
constants in the primitive represent a certain system or 
family of curves; the differential equation (in which these 
constants do not appear) expresses some property common 
to all these curves. 


Thus in Ex. 2, above, the primitive represents a system of 
equal parabolas having their axes coincident with the axis of 2, 
but their vertices at different points of it. The differential 
equation (4) expresses a property common to all these curves, 
viz, that the subnormal (Art. 53) has a given constant value 2a. 

Again in Ex. 5, if we vary a, 8 in the primitive we get a 
doubly-infinite system of circles of given radius a, having their 
centres anywhere in the plane ay. The differential equation 
expresses that the radius of curvature has everywhere the con- 
stant value a. See Art. 152, 


Other illustrations may be taken from Dynamics. 


Ex. 6. If, in the primitive 
Cm $9 ARAB oenccivcncsecerees (11), 


we vary A and B, we get a certain group or class of rectilinear 
motions. The differential equation 


dx 
ade HJ ncsucvetarvvcvccvvccsccccens al 2) 


expresses a property common to the group, viz. that the accelera- 
tion has the constant value g. 


Ex. 7, Again, if the primitive be 
=A cos né+ Bsin 6 ...........0c00000 (13), 


we find 
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This asserts that in the whole group of motions represented by 
the primitive the acceleration is towards the origin of x, and 
varies (in a given ratio n*) as the distance from this origin. See 
also Art. 65, Ex. 2. 


The preceding examples will suffice to illustrate the 
derivation of a differential equation from a primitive relation 
between w# and y involving one or more arbitrary constants. 
In practice we are more usually confronted with the inverse 
problem, viz. to ascertain the most general form of relation 
between the variables which satisfies a given differential 
equation. Thus in Geometry, or in Dynamics, some general 
property may be propounded, whose expression takes the 
form of a differential equation, and it is required to deter- 
mine the whole system of curves, or group of motions, which 
possess the property. 


The process of passing from a given differential equation 
to the general relation between the variables which it implies 
is called ‘solving, or ‘integrating’ the equation; and the 
result is called the ‘general solution, or the ‘complete 
primitive, although the latter name is hardly appropriate 
from this point of view. A ‘particular solution’ is any 
relation between the variables which happens to satisfy it. 


EXAMPLES. XLVII. 


: ee y=Axi+ B, ‘ 
\ 
d’y dy 
prove that eae To Em 0. | 
2. If y = Ax’ + Ba, \ oF 
} 
By Ady 2 / 
prove that a ah oa =0. 
3. if = y=Ac™+ Be-™, 
/ 
prove that oe — ky =0. ; 
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prove that 


SAgif 


prove that 


seal i 


prove that 
ia 

prove that 
8. It 

prove that 


ete | 


prove that 


10. If 
prove that 


Litt 


prove that 
12: If 
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y = Ac + BePa, 
— (a+ p)& + apy =0. 


y=(A + Ba) e, 


dy 9, ¥ dy 


Te a he + ky =0. 


x =e" (A cos nt + Bsin nt), 


Oe hE + (nt +1) n= 0. 
y=4+3, 


a 2 2dV 
dr r dr 


V=Alogr+B, 


=, 


Acos kr + B sin kr 
eee 
ap ae 


we i mm Salas 0. 


y=(A+ Ba) cos ke + (C+ Dx) sin ka, 


oy one FY 


cat ke 4 + ty =0. 


y=A cosh ka + Bsinh ka + C cos Me + D sin ka, 


prove that 


ay _ 
dat 
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13. If 
A Boe —z + Bsinh — a) cos —z se 
am ( 2 ys fe 
ke ka 
~ (¢ cosh —~ a + Dsinh =) sin 5 A 5 
prove that = + kty=0. 
gait y=Asinx2+ B, J 
dy dy 
eG \ a —— 
prove that (1 — 2”) ae dk 0. 
Freee bi y =(sin- a)? + A sina + B, 
ay 
prove that (1 - a?) i ae 2. 
16. If y = A cos (log x) + B sin (log 2), VA 
2° d 
prove that a hte + y= 0. 
17. Ti y=A {at ,/(a?—1)}9 +B fw — f(a? 1)}", 
Py , YY 
aes Nh pettd Beg taf (). 
prove that (a? — 1) gat ag hd 0 


18. Shew that the primitive 
a 
y=manr— , 
where m is arbitrary, leads to 
dy dy 
L (ZF ny =a +a=0, 
Tg at 2cy+C =x", 
where c is arbitrary, prove that 


dy” 94 Y _ op = 
« (2) — 2y 7 —a=0. 


20. The differential equation of all parabolas having their 
axes parallel to the axis of y is 
dy 


fet 
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21. The differential equation of all parabolas having their 
axis of symmetry coincident with the axis of x is 


Py vy 
¥y Pe) ax ( oe Ba 0. 
22. The differential equation of all conics having their princi- 
pal axes coincident with the coordinate axes is 


hy dys? di 
ny +2 (Zh) ~y %=0. 


23. Prove that the differential equation of all circles touching 
the axis of x at the origin is 


dy 2axy 
da —y¥" 


24. Prove that the differential equation of all conics touching 
the axis of y at the origin, and having their centres on the axis 


of x, is 
d’y dy 
Pay — ——- — = 
ay + ( ae ) 0. 


171. Equations of the First Order and First 
Degree. 


The general type of a differential equation of the first 
order may be written 


$ (2, y, oY) <0 RE OL 5 


The equation implies that y is to be a differentiable function 
of #, and that dy/da is to be continuous. 


The mode of derivation of a differential equation of the 
first order from a primitive involving an arbitrary constant, 
explained in Art. 170, may suggest that the general solution 
of (1) will in all cases consist of a relation between # and y 
involving an arbitrary constant. With some qualification, 
due to the occurrence of ‘singular’ solutions (Art. 180), this 
is in fact the case. The rigorous proof, however, is difficult, 
and may be passed over here without inconvenience, since 
in almost all cases for which practical methods of integration 
have been discovered the process itself contains the demon- 
stration that the solution is of the kind indicated. 
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In such problems as ordinarily arise, either the left-hand 
side of (1) is a rational integral algebraic function of dy/da, 
or the equation can be transformed so that this shall be the 
case. The ‘degree’ of the equation is then fixed by that 
of the highest power of dy/dx which occurs in it. 


The general equation of the first degree may be written 


dy _ 
M+wN ae OME Mats snttn teri es ees (2), 
or I AING 0 nae sensi nants sees: (3), 


where MV, WN are given functions of # and y. The form (2) is 
also equivalent to 

di M 

ay = ey”) PR he (4). 


If (a, y) be real and single-valued for all values of # and y, 
then corresponding to any point in the plane wy we have a 
definite direction, assigned by the equation (4). If we imagine a 
point, starting from any position in the plane, to move always in 
the direction thus indicated, it will trace out a curve, which 
constitutes a particular solution, or primitive, of the proposed 
equation. And the whole assemblage of such curves will constitute 
the complete solution. It appears that, in the present case, no 
two curves of the primitive system will intersect. 


We proceed to give an account of the methods which 
have been devised for the solution of the equation (4) in 
various cases. 

172. Methods of Solution. One Variable absent. 

1°. The form 

dy 
de = f(a) cee ceresccceceesecseencs (1), 


where y does not appear explicitly, requires merely an 
ordinary integration. Thus 


WIFI AEA Core senses sriereseens (2), 


where C is an arbitrary constant. 
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2°, The equation 


a 
= die Rereree  erne + (3), 
in which « does not appear explicitly, may be written 
dy 
_~, = da, 
Sy) 
dy 
whence ee OO rea cccnieasewenanes 4 
FeCl nay Se. 


Ex. To find the curves whose subtangent has a given 
constant value a. We have (Art. 53) 


d: 
y= - =, 
dy dx : 
or y == = Sere siete ints /a ia wares at ote ie (5). 
Hence log y= ; +, 
or Ys bePr ca snsse waves Pe re (6), 


where 6, =e°, is arbitrary. 


173. Variables Separable. 


A more general form is 
d 
F (2) +f (y) SE = 0 ceenereceeneesnes (1), 
or F (a) da + f(y) dy =0 .....,.0.eeseees (2). 


If an equation can be brought to this form the variables are 
said to be ‘separable.’ The solution obviously is 


f F(a) da +f f(y) dy =Cu.cccscceceess (3). 


Ex. 1. To find the curves such that the normals all pass 
through one point. 


If we adopt rectangular axes through this point as origin, the 
condition gives 


- 
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or POE SOY = Qin iscwstbetab i stekude, (4), 
whence BE Yo SG see tea we ths eserd Saas it oes. (5). 


The required curves are therefore circles described with the origin 
as centre. Cf. Art. 56, Ex. 2. 


Ez. 2. To find a curve such that the tangents drawn to it 
from any point are equal. 


If we take a fixed tangent as initial line, and its point of 
contact as origin, then if the two tangents drawn from any point 
on the initial line be equal, we must have, in the notation of 
Art. 55, 


$=8, 
and therefore r a Bea SodeaSomoek cei tee cas tonite | (6) 
dr : 
dr 
Hence oe CDT AO ban sets owes sca mec (7), 
and log r =log sin 6 + C, 
or | PS MOIV Gren cecnsancescnereniiusnes (8), 


where a is arbitrary. The circle is therefore the only curve 
possessing the stated property. 


zx. 3. The equation of rectilinear motion of a particle under 
an attractive force varying inversely as the square of the distance 
from a fixed point is 


dv pe 
v ae =— Fe Pee srcccceeresescccceseeees (9) 
Integrating with respect to a, 
| a ee eee (10) 


If v vanish for c=, we have (=0. In this case the velocity 
with which the particle arrives at a distance a from the centre of 
force is ,/(2u/a), or ,/(2ga), if g=p/a’. 

This gives the velocity with which an unresisted particle, 
falling from rest at a great distance, would reach the Earth, 
provided a denote the Earth’s radius, and g the value of gravity 
at the surface. 


Hx. 4. In a suspension bridge with uniform horizontal load 
the form of the chain is determined by the condition that any 


Pale 30 
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two tangents to the curve intersect on the vertical bisecting the 
chord of contact. 


If the lowest point be taken as origin of rectangular coordi- 
nates, and the corresponding tangent as axis of x, the subtangent 
of any other point must be equal to one-half the abscissa, 
Hence ‘ 


d 
ob 
d: da 
or rE rece (11), 


the integral of which is 
log y = 2 log x + const., 


or OF gow ong ass sen ganeee (12), 


where a is arbitrary. That is, the curve formed by the chain 
must be a parabola with its axis vertical. 


174. Exact Equations. 


The case of the preceding Art. comes under the head of 
‘exact equations.” An equation 


Mir + Ndy =0.0..cccccccssssseeeee (1) 


is said to be ‘exact’ when M and W are of the forms du/dx 
and du/dy respectively. The form 


Ow Ou : 
De da + dy dy i eRe nee E 8 (2) 
is equivalent to 
CAA SOUT. 5 sence teers wea” (3), 
and its integral is 
WS Pe ou. events hy eolaneene (4), 


where ( is the arbitrary constant*. 


It may be shewn that every equation of the type (1) is 
either exact, or can be rendered exact by a suitable ‘inte- 
grating factor.’ The number of such factors is unlimited ; for 
if we suppose the equation (1) to have been brought to the 


* The rule for ascertaining whether a proposed equation of the first 
degree is exact will be given in Art. 210. 
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form (8), ‘it will still be exact when multiplied by /’ (w), 
where f(u) may be any function of u. The integral of 


eM NU cas secs vac yee dees (5) 
is UE eI Brats im vb coi niohseleaae (6), 
which is obviously equivalent to (4). 
Ez, 1. (aa + hy + g) dat (ha + by +f) dy=0 ......4.. (7). 
This is equivalent to 
d (ax® + 2hay + by? + 2ga + Wy) =O... eres (8), 
whence ax? + Lhay + by? + Aga + Wy =C... cscs (9). 
Ex. 2. ada + ydy =k (ady — yd) ...........00 (10). 
This may be written 
di (a? + 9?) = Weed (¥) sol bot ee LSE (11), 


and so becomes exact on division by #* + y’, thus 


uw 

d (x? + y”) 2xa(¥) 
Ge Seep CoueddnCo sponsor 

ety 14% 


Hence, integrating, 
log (2? + y*) = 2k tan i Gercrecassser (13). 


The equation (10) may also be solved as follows. Its form 
suggests the substitutions 


C= COO, Y= SING .......s0c00sser0 (14), 

which give axdx+ydy=rdr, xdy—yde=r1'dé ......... (15). 
The equation therefore reduces to 

ears ee ett (16), 

whence MOS RU EO os cio vecnerneneissness te (U7): 


This is obviously equivalent to (13). 


Ex. 3. To find the form of a solid of revolution such that 
the contre of mass of the volume cut off by any right section shall 


30—2 
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be at a distance from this section equal to 1/nth of the length of 
the axis. 


If the axis of « be that of symmetry, and y be the ordinate of 
the generating curve, we must have (Art. 121) 


: -1,/6 
= i ny'de="—~¢ [ Bede (18), 


where & is the abscissa of the bounding section. . Hence, if 7 
denote the radius of this section, we find, on differentiating with 
respect to € according to the rule of Art. 90, 

na— 


rh Ph is 
ft =" et 4" | yAde, 


g 
a éy?=(n—1) I Gidea: ik ee (19). 
_ A second differentiation gives 
d : 
dé (Sgt) = (ra — Dah Ge. kamen s stew avon ayn (20), 
d (& dé 
whence a =(n—-1) = Rr et (21). 
Integrating, we find of = Age. 
The generating curve must therefore be of the type 
Of Ate xed cn sannaeonenye ee (22). 


Since we have differentiated twice with respect to &, the 
differential equation actually solved is somewhat more general 
than the original problem. In fact the same differential equation 
would have been obtained if, instead of zero, we had had other 
(and distinct) constants as the lower limits of the two definite 
integrals in (18). Itis therefore necessary to examine @ posteriori 
whether the solution finally obtained satisfies the original equa- 
tion with the actual lower limits, This is easily verified to be 
the case if n> 2. 


We note that if m= 3, the solid is a paraboloid of revolution, 
and that if n=4 it is a cone; cf. Art. 121, Exs. 1, 2. 
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175. Homogeneous Equation. 


Let us suppose that, in the equation 


wey 20, 
da 


M, N are homogeneous functions of # and y, of the same 
degree. 


In this case the fraction M/N is a function of y/« only, 
and we may write 


dy _ (y 

as (2) Oe tt Foy ah. (1) 
If we put y=av this becomes 

du 

a7 t+v=fv) 01050 aloe 0.08 wiewvivisciejet «+ (2). 

The variables z, v are now separable, viz. we have 

da dv 

a ~ f(v)—v Cee eesreeeet see esses (3), 
whence Jog 2 = [oP tO censcrenseens 


After the integration has been effected we must write 
o=y/x. 


ery 
Ex. (x? —y’) pp Mie OS acruints sseVes sco; os (5). 
y 
bye 
d x 
Here = is pen nseteccenereccesecseeses (6), 
A 
ines dv. _ 2 dv _v(1+v) 
e 7a. 7 eT 
dx 1-~v 1 2v 
Hence ioe oS v (1 +0) dv = (- os i) dv sececccesves OE 


Integrating, we have 
log «= log v — log (1 + v”) + consi., 
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which is equivalent to 


x (1+) = Cv, 
or PLY OY wtiaete ae asee siding tx0a(5). 


In the geometrical interpretation, the general solution 
of a homogeneous differential equation must represent a 
system of similar and similarly situated curves, the origin 
being a centre of similitude. For the equation (1) shews 
that where the curves cross any arbitrary straight line 
(y/«=m) through the origin, dy/dx has the same value for 
each, that is, the tangents are parallel. 


Thus, in the above Ex, the solution represents a system of 
circles touching the axis of x at the origin. 


If in (4) we put 
C= loge, 
y/” or v is determined as a function of 2/c. In other words, 
the primitive is homogeneous in respect to a, y, and ¢, and is 
therefore of the type 


This is in accordance with the geometrical property above 
stated, since if x, y, and c be altered in any the same ratio, 
the equation (9) is unaltered. In other words, a change in 
the value of c merely alters the scale of the curve. 


EXAMPLES. XLVIII. 


dy _y 
1. Integrate 5 econ [y=Czx.] 
o dy at ¥ xa—I 
2. Integrate ae = a 4 Gi = C Ps | 2 
3. Integrate dy = cot x cot [sin «cos y = C. 
Ss dx y: y=C.] 
4. Integrate oe dy +y=1 [y=1+ Ce 
is da: z y=l+ Cer] 
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5. Solve ~— m(y+b)du+n(«a+a)dy=0. 
[(a+a)™(y +6)"=C.] 


dy 1+%¥ _ a+ 
6. Solve a eae Y= | 
7. Solve (1 + y’) du — ay (1 + a?) dy=0. 


[(1 +2’) (1+y’) =C2*.] 

8. Find the curves in which the angle between the tangent 
and the radius is one-half the vectorial angle (6). 

[The cardioids r =a (1-—cos 6).] 

9. Find the curves in which the perpendicular from the 


origin on the tangent is equal to the abscissa of the point of 
contact. [The circles 7 = 2a cos 6. ] 


10. Find the curves such that the portion of the tangent 
included between the coordinate axes is bisected at the point of 
contact. [The hyperbolas xy = C.] 


11. Find the curves in which the subtangent varies as the 
abscissa. [y= Ca] 


12. Prove that if the subnormal bears a conszant ratio to 
the abscissa the curve is a conic. 


13. Find the curves in which the perpendicular from the 
foot of the ordinate to the tangent has a constant length a. 
[The catenaries y =a cosh (x - a)/a. | 


14. Find the curve in which the polar subtangent is constant 
(=4). [p= a](9 -2).] 
15. Find the curve in which the polar subnormal is constant 
(=a). [r=a(0-a).] 
16. Find the curves such that the area included between 
any two ordinates is proportional to the intercepted are. 
[The catenaries y=a cosh (#— a)/a. ] 
17. Find the curves such that the area included between 
any ordinate, the axis of x, and the curve may be 1/nth of the 


rectangle contained by the ordinate and the corresponding 
abscissa. [y=Ca"-1, | 
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18, Find the form of a solid of revolution in order that the 
volume cut off by any right section may be 1/nth of the product 
of the area of this section into the length of the axis. 


[The equation of the generating curve must be 7?= Ax""*.] 


19. In a suspension-rod of uniform strength the area of the 
cross-section (8) varies as the total stress across it ; prove that if 
x be measured vertically downwards the relation between S 
and « must be of the form 


ze 
S=A-B |" Sac. 
0 
Hence shew that the form of the rod must be that generated 
by the revolution of a curve of the type 
y=be-™ 
about the axis of x. 


20. Find the form of a curve, symmetrical with respect to 
the axis of , such that the centre of mass of the area cut off by 
any double ordinate may be at a distance from this ordinate equal 


to 1/nth of the length of the axis. [y=02**] 
21. Solve (a? + 3ay?) da + (y+ 3a*y) dy =0. 
22. Solve rn Em ape ast ta 


a+ y? 
[= + y? = 2a? tan-} vy ¢. | 
x 


dy x 
23. Solve x oe oye J (a+ y’). 
[y =e sinh——* | 
dy 
24. Solve oe —y=,/ (a +y’). 
Give the geometrical interpretations of the differential equation 
and of its primitive, . [2? = 2Cy + C?.] 
da dy 
25. Solve @— ey = y = Dey e [ay (x == y) — C.) 


nN 


. dy 
26. Solve a ty aay. [wy = Ce*.] 
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d 
27. Solve x 7 —y=my. [y = Cxe*,] 


28. Shew that the equation 
dy _actby+e 
dx ax+by+e 
is rendered homogeneous by the substitutions 


axz+byt+c=é awau+by+e=7. 


29. Shew that an equation of the type 


dy 

ae ST (ax + by) 
may be solved by the substitution 

ax + by=2. 


30. Shew how to solve any equation of the type 


tye nanny 
da Cau ; 


176. Linear Equation of the First Order, with 
Constant Coefficients. 


A ‘linear’ equation is one which involves y and its 
derivatives only in the first degree. Thus the linear 
equation of the first order is of the type 


dy it 
Bae 5 $c yaa MRE eRe nee (1), 
where P, Q are given functions of «. 


We will first take the case where P is a constant, the 
equation being 


as this will be of special use to us later. 
If Q=0, we have, by separation of the variables, 
1dy 


oy am eae sie lajnvdia eve ioe: 40.8191 81m, 0 Ov (3), 
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whence logy—ar=A, ye*=C, 
or fe UG eines ceaatsues eee (4), 
where C, = e4, is arbitrary. 


It appears from the above process that the factor e~™” 
renders the: left-hand side of (2) an exact differential co- 
efficient. This gives the key to the solution in the general 
case where +0. Thus (2) is equivalent to 


d 
cP (dy) = eA. cetatien taatote (5), 
“whence ety = [ Qe “daz + C, 
or af = | ad eA Oe onan te aes (6). 


In accordance with a general usage (see Art. 185), the first 
term on the right-hand of (6) may be called the ‘particular 
integral, and the second the ‘complementary function.’ 


The following cases are important : 


1. If On ath ee ee (7), 


we have {Qe *da=H fee dr= as 


ele-a)a 
a—a 
and eae Cote OR acd eect (8). 
a—a 
That the first term on the right-hand is a particular 
integral of the proposed equation is verified at once by 
inspection. 


2°. The result (8) needs correction when a=a, or 


In this case we have 


JS Qe-“da = H fda = Ha, 


and hws t.Jo 8), Seay ee | (10). 
3°, If Owe siupiead cil Sts tena (11), 
Har 
a in 
we have SQe A farda =e ie 
A 
% 
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n+1 
and = Thies Sac A ea RE (12). 


Fx.1. Ifa particle be subject to a resistance varying as the 
velocity, and to some other force which is a given function of the 
time, its equation of motion is of the type 


dv 


a teat (Get Reese iret (13). 
The integral of this is 
Wee Ge Ce Ie Sf (U) Al Nas en vdcatos cna (14). 
For example, if S(O=9, 
a constant, we have vo=Ce™ + Z ecg a oeaa resets (15). 


This might have been obtained more simply by writing the 
differential equation in the form 


5 (o£) +4 (0-2) =0 RE (16), 


whence v— ; Ae aa pari eee ee (17). 
As ¢ increases, v tends asymptotically to the constant value g/k. 


Hex. 2. If an electric current of strength « be flowing in a 
circuit of self-induction Z and resistance R, and if ZH be the 
extraneous electromotive force in the circuit, we have the equation 


L pe 11 | ee Sa eo AO ee (18) 
If # be a constant, the solution of this is 
E Rk 
a=Z+ Ce Fin a Sn eae (19), 


where C is arbitrary. The current therefore tends to the constant 
value L/R. 


If, for example, we suppose that the circuit is completed at 
Muims t=0, we have to determine C’ so that x=0 for t=0; this 


gives 


The second term represents the ‘extra current at make.’ 
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Again, if Hix By coa (gt te) .ciere cca eee (21), 
d 


we have “ik oye A a ate cos ee €), 


whence, integrating, and dividing by Fig , we find 
R R R 
a= Oe Li + 2 e | e L* cos (pt + €) dt 
£, 
+ my 
see Art. 79 (14). Hence as ¢ increases, the current settles down 
into the steady oscillation 


R 
=COe b+ Pip {R cos jae ce) + pL sin (pt + €)}...(22); 


= sR J+ pri 8 (Pt + — 4) Teswescanniad PO dy 


where ¢,= tan Ee rend a ee (24). 


The effect of the self-induction (Z) is therefore to diminish the 
amplitude of the current in the ratio 


R/,/(R* + pL’), 
and to retard its phase by «. 
177. General Linear Equation of the First Order. 


We return to the general linear equation of the first 
order, 


d . 
a Pfft ORY WWE See (1) 
If Q =0, we have 
1ldy 
y da ape ah a Se ee (2), 
whence ~ logy+fPdz= 
or yol Pee wD Ns oss: (3). 


This shews that e/?@ is an integrating factor of ene viz. 
we have 


oh (3 +} Py) = ae eee} 
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Hence (1) may be written 


d 
Ayer) ee ema ssiieniaetar ve (4). 
Integrating, we find 
grep ef et"? dat C5. oc enn sends 03 (5). 
Ex. 1. WY 5 y cota =2 cos Wace anlla Van east anaes (6). 
Here P=cotz, f[Pdx=logsina, efPdx=sina, 


Hence, multiplying by sina, 
faa (7 ain 2) = 2.81 2 COS W'.....0..0000--++-5 (7), 


dx 


y sin x= sin? x + C, 


En. 2. ee ape tn ey (9). 


Dividing by 1-2’, we have 


cla e! ioe ee (10). 

Here 
P=-7-5) SPdx =} log (1-2*), elPdx — (1 — 2°), 
Multiplying (10) by the integrating factor, we get 
dy Fe ‘a 1 
VO 2) ge Ja) T=)’ 
d 1 

os po Ta aperaedieisra ates ya RY 


Hence, integrating, 
J(1— 2) y=sin7a+C, 
sin-? a C 


——— 


or Y= Tat) * Jd —2) moinnestsied Onac ules (12). 
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The integrating factor will often suggest itself on’ inspec- 
tion of the equation, without recourse to the above rule. 


Eo, 3, OY su at gt ee (13). 


The steps are oad a + natty = ot", 
Mm+n+1 
Pat Ele t C," 
m+n+1 


178. Orthogonal Trajectories. 
Suppose that we have a singly-infinite family of curves 


ee ty; (yee Oi cnn ranast« <nahasenk (1), 


where C is a variable parameter, and that it is required to 
determine the curves which cut these everywhere at right 
angles. 


We first form the differential equation of the family, by 
differentiation of (1) with respect to 2, and elimination of C. 
See Art. 170. 


If two curves cut at right angles, and if w, ay’ be the 
angles which the tangents at the intersection make with the 
axis of w, we have w—w = + 47, and therefore 

tan w= — cot’. 


Hence the differential equation of one family is obtained 
from that of the other by writing 


dy ». dy 
-1 |z for Pe 
Otherwise: if dx, dy be the projections of an element 
of one of the curves (1) we have 


op Op 5 _ 
coe ha Aa 2'0)s)sle #010 Canis ealeleryelele (2). 
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Hence, if dx, dy be the projections of an element of the 
orthogonal curve through the point (2, y), we have 


dx dy 
06 = ag wcrc cece ces ceereeescceeee (3), 
Ou oy 


The differential equation of the trajectories is then obtained 
by elimination of C between (1) and (3). 


£zx.1. To find the orthogonal trajectories of the rectangular 
hyperbolas 


2 eal Oi fo ere eae Sr (4) 
Differentiating, we find 
SPY 4 FOO go ncseecscccsscesch vets (5), 
and therefore, for the trajectories, 
ALT — YI) sa eves snes wen tn asses (6), 
whence Be Oe Osea Sates PST Ean oe se (7). 


This represents a system of rectangular hyperbolas whose axes 
coincide in direction with the asymptotes of the former system. 
Fx. 2. To find the curves orthogonal to the circles 
BI A DNS =O Boiss snes cceenvseses (8), 
where y is the variable parameter. 
Differentiating, we have 
ad + (y +m) dy=0, 
and therefore, for the trajectory, 
. xdy —(y +p) dx=0. 
Eliminating » between this and (8), we find 


d 
day + (at -y'—H) =0 ee eae a, (9), 

dl? 
or e pat si esac (10). 


This is linear, with y? as the independent variable. The in- 
tegrating factor, as found by the rule of Art. 177, or by 
inspection, is 1/”*. Introducing this we have 
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2 
whence ee ee 
or ot Date MeO. .secnaveusenes (11), 
d being arbitrary. 


The original equation represents a system of coaxial circles, 
cutting the axis of « in the points (+, 0). The trajectories (11) 
consist of a second system of coaxial circles having these points 
as ‘limiting points’; viz. if we put A=+ we get the point- 
circles 


(ac RY ose OTe raaaeenenseeanee (12); 
see Fig. 148. 


Lane SHR 

TRE TEL > 

[ YORBSEE EERE” \ 
SC/[\ 


b PAX 
Bete AZ \ 
N 


rR 
\ Z| Sa FEES 
HT 
PETES 
Bucssks 


oe 


Fig. 148. 


If the equation of the given family of curves be in polar 


coordinates, thus 
lt 0, CRD. o.ccscvscchenseeet (13), 
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and if ¢, ¢’ denote the angles which the tangents to the 
original curve and to the trajectory make with the radius 
vector, we have in like manner 

tan ¢ = — cot ¢’. 
Hence the differential equation of one system is obtained 
from that of the other by writing 

r dé dr 

Or, differentiating (13) we have 


et feo ss die 0 


ap ie (14), 
and therefore, for the trajectory, 
ii leh 
4.7 —— xadr=0 HOnwonoRooSDaod (15). 


The elimination of C between (18) and (15) leads to the 
differential equation of the required system. 


Ex. 3. In the circles 
Fre MORO mn Aaiaainavtaneteeaire ns (16), 


which pass through the origin, and have their centres on the 
initial line, we have 


and therefore, for the trajectory, 
rd@=tan 6dr, or 4 = c0t,0d0 ............ (18). 
Integrating, we find log r = log sin 6 + const., 


or mC TLD aiox dan, om horiaics Es (19), 


which represents another system of circles, passing through the 
origin, and touching the initial line. 


EXAMPLES, XLIX. 


1. Solve OY y tan © =s00 «. [y=sin # + C cos z.] 
2. Solve (1-2) 2 + ny = arn [y=a+C ,/(1—2*).] 


L. 31 
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3. Solve oWensy=0. [a? + 2ay=C.] 
4. Solve dy -¥_y, [x? — 2ay=C.] 
2 2 
5. Solve = + Qay=1+ 20% [y=a+ Ce] 
6. Shew that the equation 
dy es ie 
Fan t PY = YY ' 
is made linear by the substitution es 
eu ae. 
(Bernoulli’s equation.) 
7. Solve oY 4 y= loge. [;-1 + log e+ On | 


8. Solve cose 4 y sina + y*=0. [= sin 2+ C cose 


9. If the two plates of a condenser of capacity C are 
connected by a wire of resistance & (and zero self-induction), the 
equation connecting the charge (g) with the electromotive force 
(£) is 


re Be 
H=Ra + G- 


Integrate this in the cases H=0, H=const., H= E, cos (pt +e). 
10. Find the orthogonal trajectories of the straight lines 
y = Cx. [The circles a? + y°=C.] 
11. Find the orthogonal trajectories of the curves 
a®ty=2", [The conics a* + ny? =C.] 
12. Find the orthogonal trajectories of the circles 
e+ y= 2cy. 
[The circles a? + y?=2c'x.] 
13. Find the orthogonal trajectories of the cardioids 
x =a(1—cos 8). 
[The cardioids r= 6 (1 + cos 6).] 
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14. Prove that the orthogonal trajectories of the curves 
r™ = a™ cos m0 
are the curves r™ = b™ sin mO. 
Interpret the cases of m=1, —1, 2, —2, 4, — 4, respectively. 


15. Prove that the orthogonal trajectories of the curves 


= A cos 0 
are the curves 
r= Bsin? 6. 


16. Prove that the differential equation of the confocal 
parabolas 
y’ = 4a(x+a), 
is yp? + 2xp —y =0, 
where p = dy/dz. 
Shew that this coincides with the differential equation of 
the orthogonal curves; and interpret the result. 


17. Prove that the differential equation of the confocal 
conics 


Lig y 
@in* Benn 
is xy p+ (x —y? — a? +b) p—ay =0. 


Shew that this coincides with the differential equation of the 
orthogonal curves, and interpret the result. 


18. A system of rectangular hyperbolas pass through the 
fixed points (+ a, 0) and have the origin as centre; prove that 
their orthogonal trajectories are the Cassini’s ovals 


(a? + ¥?)? = 2a? (a? — y*) + C. 
19. If in bipolar coordinates (Art. 149) the equation of a 
family of curves be 
I (7, 7) =, 


_ the differential equation of the orthogonal trajectories is 
rZ ap = L aw. 
Hence shew that the orthogonal trajectories of the circles 
r[r’ = 0, 
_are the circles 04+0=C. 
31—2 
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20. Also that the orthogonal trajectories of the Cassini’s 
ovals 


, 


rr =C, 
are the rectangular hyperbolas 
— 6-#=C. 


21. Also that the orthogonal trajectories of the equipotential 
curves 


are the magnetic curves 
cos 6+ cos 6’ =C. 


179. Equations of Degree higher than the First. 


The general type of an equation of the first order and 
nth degree is 


p+Pyp" + Pop*?*+...+ Prapt+Pa=0... (1), 
where GP Ae osu ixaidx Orne (2), 


and P,, P,,... Pa are given functions of # and y. It is 
usually implied that these functions are algebraic, and 
rational. 


The equation (1), being of the nth degree in p, indicates that 
m branches of the primitive curves go through any assigned point 
in the plane wy. Some of these branches may of course be 
imaginary, and for some ranges of x and y all may be imaginary. 
There may also be a real locus of points at which two of the 
values of p coincide; this locus is of special importance in the 
higher development of the subject. 

For example, in the equation of the second degree, 


pe Pip 4 ies 0a Sus vc eas genptsennen (3), 
the values of p will be real and distinct, coincident, or imaginary, 
according as P?24Q. And the locus of points at which the two 
values of p coincide is the curve P?=4Q. 


If the left-hand side of (1), considered as a function of p, 
can be resolved into linear factors, thus 


(p= fh) (p94). (0) — py, ise On care nee (4), 
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where p;, Ps, --- Pn are known functions of # and y, the 
complete solution will consist of the aggregate of the 
solutions of the several equations 


dy dy, d 
7n= Pp Fp Pas ge Pn Wee (5). 
Ex. yp? —(2*— 97) p— ay =0 oo. ec esceccenetee- (6). 
This is equivalent to 
(apy) (yp — 2) =0 nencecccetasedecerse “ey 


and the solutions of 
xp+y=0, yp-x=0, 
are, respectively, ei GF soem atetnateiteels (8). 
The product of the two values of p given by (6) is—1. This 
shews @ priort that the two branches of the primitive curves 


which pass through any point (a, y) will be at right angles to one 
another. Cf. Art. 178, Ex. 1. 


180. Clairaut’s form. 


When the equation (1) of Art. 179 cannot be conveniently 
resolved into its linear factors, we may in certain cases have 
recourse to other methods. These are for the most part 
_ of somewhat limited utility, and are accordingly passed 
over here; but an exception may be made in favour of 
Clairaut’s form, which is very simple in theory, and more- 
over often presents itself in questions where a curve is 
defined by some property of the tangent. 


If we write p for dy/dz, the form in question is 


eA 7 (P)) ee ortencyesere aecirs (1). 


It was proved in Art. 53 that the intercepts (a, 8) made 
by the tangent to a curve on the axes of w and y are given 
by 

a=(x2p—y)[P, B=Y- Bp vrereeeeees (2), 
respectively. Hence any equation of the form (1) expresses 
a relation between either intercept and the direction of the 
tangent, or (again) between the two intercepts*. Now it is 


* Viz. the equation is equivalent to 


B=f(-B/a), or (a, B)=0. 


| 
7 
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evident that this relation is satisfied by any straight line 
whose intercepts have the given relation. Along any such 
straight line we have 


Bee U5 cadena dee omen oeeee (3), 
and we thus get the solution 
On + F(O) ccs cte escidaos tad (4), 


involving an arbitrary constant C. 


But the equation will also be satisfied by the curve 
which has the family (4) of straight lines as its tangents; 
in other words, by the envelope of this family. This envelope 
is found by expressing that (4), considered as an equation 
in CO, has a pair of equal roots, 1.e. by eliminating C between 


(4) and 
BS! (Gy nse eceordeuncece (5); 
see Art. 156. 


Lx. To find the curve whose pedal with respect to the point 
(a, 0) as pole is the straight line x= 0. 
The expression of this property is 


a= pp, 
where £ is the intercept on the axis of y, or 


9 = Mp $F — uisascnan sdtecameycen eel (6) 
This is satisfied by any one of the family of straight lines 
a 
Y= Cx ate G site) s Aiea ee. 6/6 ital ernielaiat eared we larate (7), 
and also by their envelope 4? =40@ .........0..ececceeseenenes (8) ; 


see Art. 157, Ex. 2. 


The usual method of deducing the above solutions is 
to differentiate (1) with respect to «; thus 
d ; d, 
p=Ta=ptiets/ (pF, 


whence fe +f’ (p)} - 50 vcs bee Pee: (9). 
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This requires, either that 


Se O)es nce tenth eerie oshae e (10), 

or that BES) = Oia wanietiens on cess (ii): 
The former result makes p = C, and 

MECHA I Ol ten ieedeseantar? (12). 


The alternative result (11), combined with (1), leads, on 
elimination of p, to a particular relation between 2 and y. 
Since the result of eliminating p between (1) and (11) must 
be the same as that of eliminating C between (4) and (5), we 
identify this second solution with the envelope aforesaid. 


The solution (12), involving an arbitrary constant C, is 
called the ‘complete primitive.’ The second, or envelope- 
solution, is not included in the complete primitive, 1.¢. it 
cannot be derived from it by giving a particular value to C. 
It is therefore called a ‘singular solution*.’ 


EXAMPLES. L. 


dy\? d 
1. Solve Zz —(a+) oa +aB=0. 
[y=ax+C, y = Bx + C.] 
2 
2. Solve (4) =sin? 2. [y= C + cos «.] 
2 
8. Solve (2) =m’, [y = Cetma,] 
dx, 
‘ 2 
4. Solve y? (2 ) = 4a, [y2=C + 4az.] 
dy“? 
5. Solve a (2) =a, [y= 04 2,/(ax).] 


* The general theory of singular solutions of equations of degree higher 
than the first must be sought for in books specially devoted to the subject of 
Differential Equations. It is closely related to, but not altogether co- 
extensive with, the theory of envelopes. 
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2 
6. Solve (1-22) (4) a [y=C4sin2.] 
: dy /d: 
Yay. 
7. Solve nabs J +y)= x (a+). 
[y=407+C, y=1l-—2+Ce*] 
. dy (dy | \_ 
8. Solve L(qeta)=(e+u)y. 
[y=Ce, y=1—2+Ce] 
: dy’ 9, _— rear 2 
9. Solve «(Z) —2y 7 —2=0. [z= 2Cy + ©] 
dy\? dy s 
10. Solve v (3) +204 y=0. 


[V@+y)=C+e] 

11. Find the curve such that the product of the intercepts 
made by the tangent on the coordinate axes is constant (= #”). 

[The hyperbola 4ay = k*.] 


12. Find the curve such that the perpendicular from the 
origin on any tangent is equal to a. [The circle 2? + y=a?.] 


13. Solve y= apt ,/(b? + a*p’). 
[ Singular solution : =a y =1, 
eC ie 


14. Find the curve such that the product of the perpendiculars 
from the points (+c, 0) on any tangent is equal to 6”. 


2 2 
[ The conics ae ie Bich 2 ] 


15. Find the curve such that the tangent intercepts on the 
perpendiculars to the axis of 2 at the points (+ a, 0) lengths 
whose product is 0’, 


[ The conics - + Ya. | 


16. Solve y= xp + ap (1 —p). 
[Singular solution: (a + a)? = 4ay.] 
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17. Solve (x—a) p? + (x—y) p—y=0. 
[Singular solution: (a + y)? = 4ay.] 


18. Find the curve such that the sum of the intercepts made 
by the tangent on the coordinate axes is equal to a. 


[The parabola (# — y)?— 2a (a+ y) + a?= 0.] 
19. Shew that any differential equation of the type 


represents a system of parallel curves. 


20. Shew that any differential equation of the type 
i 
f( %P->) =0 


represents two systems of orthogonal curves, 


CHAPTER XII 
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 


181. Equations of the Type d’y/dz*=f (a). 


This chapter is devoted principally to differential equa- 
tions of the second order, and especially to such types as are 
of most frequent occurrence in the geometrical and physical 
applications of the Calculus. Occasionally, the methods will 
admit of extension to equations of higher order. 


We begin by the consideration of a few special types, and 
afterwards proceed to the study of the linear equation, and 
in particular of the linear equation with constant coefficients. 


We take, first, the type 


This requires merely two ordinary integrations with respect 
tow; thus 


WY = (F(a) det A, 


Y= [ure da\ da + Ag +B ....c..c000- (2), 


where the constants A, B are arbitrary. 
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Ex, 1. The dynamical] equation 


which determines the motion of a particle in a straight line 
under a force which is a given function of the time, is of the 
above type, with merely a difference of notation. 


In the case of a particle subject to a constant acceleration g 
we have 


Px 
Up I etter (4), 
whence = =gt+A, 
BH EGT EAGT ores esinecenoseres (5) 
in. if dx : 

Again, aa Ee GE ina ope kd (6), 
the force varying as a simple-harmonic function of the time, we 
have 

de f 
ara nt+A, 
pte nee AG ER sit ae aaa (7). 
n? 


The constants 4, B which occur in these problems may ,be 
adjusted so that at any chosen instant the particle shall be in a 
given position and have a given velocity. 


Ez. 2. To solve the equation 
ay 

es dx. a 

subject to the conditions that y=0 and dy/dx=0 for x=0. 
This is the problem of determining the flexure of a bar which is 


clamped in a horizontal position at one end (#=0) and supports 
a given weight (W) at the other end (a =/). 


Two successive integrations of (8) give 


55 AE eer (8), 


d 
B= W (le — 42") + A, 
By = W (fla? — 3a?) + Ae t Bo veces. (9), 
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where A, B are arbitrary. The terminal conditions require that 
A=0, B=0, whence 


gen a7 eas Ne eae (10). 


182. Equations of the Type d?y/daz* = f(y). 
If the equation be of the type 


a first integral may be obtained in two ways. 


In one of these we multiply both sides by dy/dx, and 
then integrate with respect to #; thus 


dy & 
weal Ow Pe 


+ (SY = fro de + A= ee ane (2). 


The second method is to introduce a special symbol (p) 
for dy/dx. Since this makes 


dy dp _dpdy_ dp 
te a ee dy Ar ~ Pay wiles SV eveviemaees (3), 


we have, in place of (1), 


which may be regarded as an equation of the first order, with 
pas dependent, and y as independent, variable. Integrating 
(3) with respect to y, we have 


EF (Y) Cy eA nas nas os gees Oiranc (5), 
which is equivalent to (2). 
To complete the solution, we write (2) in the form 
dy 
NV (2 IF (y) dy + 24} © 
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The variables are here separated (Art. 173); but on account 
mainly of the occurrence of the radical the further integration 
is often impracticable, even with comparatively simple forms 
of the function f(y). 


A very important case is where f(y) is a linear function 
of y, so that the equation takes the shape 


By a change of dependent variable, writing y,+6/a for y, 
and afterwards omitting the suffix, this is reduced to the 
somewhat simpler form 


ax + ay= OUEST, Teese cence: (8) 
The first integral of this is 
dy : oy ef 
(2) Be (ef aee Cihegatlgnce eictci nentaise <a (9). 
If a be positive, we may write 
alt, OS reserve tars (10), 


it being evident that, if we are concerned solely with real 
quantities, C must be positive. Thus 


dy 

MULL cite spe sian eens iN, 
J (2 i y’) + ( ) 
whence cos =+(me+e), 
or Y =ACOS (ML + €) -rseeereseseecenes (12). 


This is the complete solution of (8), and involves the two 
arbitrary constants a, ¢e. IPf we put 


A=acose, B=—asine........... (13), 
we obtain the equivalent form 
y =A cos ma + Bsin Mm......0eeeveees (14) 


These results are exceedingly important, and should be 
remembered. 
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The case where a is negative, = — m?, say, can be treated 
in a similar manner, and we should find, as the complete 
solution 


y = A cosh mz+ Bsinh ma............ (15), 


where m=,/(-a). A simpler method of treating this case 
will however be given later. 


The type (1) is of very great importance in Dynamics. Thus, 
the equation of rectilinear motion of a particle subject to a force 
which is a given function of the distance from the origin is of 
the form 


which is identical with (1), if regard be had to the difference of 
notation. 


The first method of integration consists in multiplying both 
sides by da/dt, thus 
dx da dx 
Ge det) aH 


and integrating both sides with respect to 4 In this way we 
obtain 


4(S) = [7@) @ dt+0= [re@)ae+e.....(17), 
which is the ‘equation of energy.’ 
The second method consists in writing v for dz/dt, and 
therefore vdv/dx for d'a/di?; cf. Art. 39. Thus 
v - =f (x). 
Hence, integrating with respect to a, we have 
oo =) 7 (a) don a ee (18), 


in agreement with (17). 


Ex. 1. . If a particle be attracted to the origin with a force 
varying as the distance, the equation of motion is 
ax 
de =— pax sie ie) diacsvain,e/i\s\sus Siete em Sawai’ (19). 
This is of the special type (8), and the solution is 


ie O08 (A lt €) cin ccc tvnctenea ee (20). 


cut hee 
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This represents a ‘simple-harmonic’ motion. The values of x 
and da/dé both recur whenever ,/yt increases by 2; the period 
of oscillation is therefore 27/,/p. The arbitrary constants a and 
¢ are in this problem known as the ‘amplitude’ and the ‘epoch,’ 
respectively. 

The equation of motion of any ‘conservative’ dynamical 
system having one degree of freedom, when slightly disturbed 
from a position of stable equilibrium, is also of the type (19). 
For example, the accurate equation of motion of a pendulum is 

2 
Peep in acl tetra (21), 
where g is the acceleration of gravity, and J is a certain length 
depending on the structure of the pendulum. In the case of a 
‘simple’ pendulum J is the length of the string. If the extreme 
angular deviation from the equilibrium position be small, we may 
write @ for sin 6, thus 


The solution of this equation is 


g=acos(, /$.t+6) Coe eR ae es (23), 


and the period is therefore 27,/(//g). 


The accurate equation (21) can be integrated once by the 
method above explained; we thus find 


16\? 
De Nien CORE OC © cap a hot sap idee? 2! 
41(S) g.cos 64 C .. (24), 


but the second integration cannot be effected (except in the 
particular case of C=g) without the introduction of elliptic 
functions. 


Fu, 2. Tf a particle move in a straight line under an 
attraction varying as the inverse square of the distance from the 
origin, we have 

5 a 


dé fp 
whence, as in Art. 173, Ex. 3, 


4 


496 INFINITESIMAL CALCULUS. [cH. x1 
If the particle start from rest at the distance a, we have C=—p/a, 
dx: Qu\t /a—ax\t 

and dt =— (+ . (“*) fees ces ereseceee (27), 


the minus sign being taken since the velocity is towards the 
origin. The second integration is facilitated by the substitution 


Ci CORD czccsk hast et Be (28). 
Separating the variables, we find 
2p 
(1 + cos 26) d0 = (+) ee ee (29); 
; Qu\t 
6+4sin26- (+) Beige hate he (30). 


As « diminishes from a to 0, @ increases from 0 to 4x. 
Hence the time (¢,) of falling from rest at the distance a into the 
centre of force is given by 


The time (¢) in which a particle would describe a circular 
orbit of radius a about the same centre of force is 


Qrat 
SS Oey calves and Oeesetnieee 32 
en C) 
Hence Buys ee 177 (33) 
ty 4,/2 © te dine ae = 46 se aes Is 


We infer that if the orbital motion of a planet (or of a planet’s 
satellite) were suddenly arrested, the planet (or the satellite) 
would fall into the sun (or into the primary) in about -177 of its 
period of revolution. 


183. Equations involving only the First and 
Second Derivatives. 


If the equation be of the type 


i.e. the variables «, y do not appear (explicitly), then, writing 
p for dy/dx, we have 


wo. 
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which is an equation of the first order with p as dependent 
* variable. 


Ex. 1. To find the curves whose radius of curvature is 
constant (=a, say). 


By Art. 152 we have 


dy 
dec? 
s FR tees Ne an (3), 
Ghee 
dx. 
dp dx 
or (+p) =+ * tse weecvccccsresecnes (4) 
Integrating this we have (Art. 76 (13)) 
pe ed ge 
(+p)! se (5), 
where a is an arbitrary constant. This gives 
dy La 
ae =pH=t Jia? — (e—a)} cov eticsvrerect (6), 
whence yY¥— Bat f{ar— (e—a)%.... cee ccreeeens Ct); 


if B be the arbitrary constant introduced by this last integration. 
The result may be written 


(@— a)? + (Y— BPH... ccrcerceseaneneees (8), 


and so represents a family of circles of radius a. 


This investigation is given merely as an example of the 
general method; the problem itself can be solved more easily 
in other ways. 


Ex, 2. To determine the rectilinear motion of a particle © 
subject to a force which is a given function of the velocity. 


The equation of motion is of the form 


which evidently comes under the type (1). Writing v for dx/dé, 


we have ‘ 
dv dv o) 
ai =f (v); F@ = dt, Flv) 
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For example, if the particle be subject solely to a resistance 
varying as the velocity, we have 


du 


— SH HBO spicseccrvesacdnccssaces 11 
ii (11), 
whence, by Art. 176, 

doe _ — Ae- ome —Kt 

=v = Ae , «s= z4¢ aes are (12). 


Hence, whatever the circumstances of projection, x will approach 
asymptotically, as ¢ increases, to a constant value (B). 

Again, if the resistance vary as the square of the velocity, we 
have 


dv _ ‘ dv _ fs 
aoe ~ Ga hat, pT ttA tebeas ees (13). 
dx 1 il 
Hence Ss a Tar and x= 70s (kt + A)+B...... (14). 


We see that, although v tends asymptotically to zero, there is 
now no limit to the space described. 


The equation (1) may also be reduced to an equation of 
the first order, with y as independent variable, by writing as 
in Art. 182 


dp the 
Pp dy for da? ; 
thus ¢ (oF. p) Ex) eRe. (15). 


For example, in the dynamical example just given, the equa- 
tion (9) may be replaced by 


J: ae FAO) wx. eacesnaph eos cone (16) 
Thus, in the case of resistance varying as the velocity, we get 
di 
a ted 2k Ea (17) 
da . 
Hence =e FD Gg ais at Ss thin cen (18), 


and therefore, by Art. 176, 


where C, D are arbitrary constants. This agrees with (12). 
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Again, if the resistance vary as the square of the velocity, we 


have ‘ 
dw WA te 
a Wee Me CO eine. Se. sieccer es: (20) 
Hence gu ig 1 eo _ 04+ D en ONY 
en Adie eae A 
or Pe IG RCG BD) 5.025 -ac desde (22), 


a form not really distinct from (14), as may be verified by putting 
A=kD/C, kB=log C. 
184. Equations with one Variable absent. 


1°. If the dependent variable do not appear explicitly, 
the equation being of the type 


dy dy 
6 (52, oo 2) =0 Aare teeta ae (1), 


then, writing p for dy/dz, we have an equation of the first 
order in p; viz. 


(0, - 2) =0 ey tn te. (2). 
If the solution of this be put in the form 
jig CT LI ee ape eae ies (3), 
where A is the arbitrary constant, a second integration gives 
y=ff(e, A)de+B......... peter (4). 


That one of the arbitrary constants would occur as an 
addition to y might have been anticipated @ priori, since the 
equation (1) is unaltered when we write y + C for y. 


ayy _ 
dee. 1, (27) a eo steal rw Al amet (5). 

Writing this in the form 

ldp_ «& 

pdx 1—2?’ 
we find log p =—4 log (1 — x”) + const., 

Oo avon al A 

or ei =p= Jd —#) eee ccercccosncccces ve (6). 
Hence Sf EAL SLS We 4 STRs Giniad senaketecnguesss (7). 
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ae 
Ex. 2. In the theory of the potential we meet with the 
equation 
ay 2a¥_ ‘; 
Fema =9 dich dee nadyo meena dango : 


Regarding dV/dr as the dependent variable, we have 
av 


whence log + 2 log r=const., 


or 


Integrating again, we find 


9°, If the independent variable do not appear explicitly, 
the type being 


dy d 
6 (54. , y)=0 ee Tha OE. (12), 
we write as in Art. 182 (8) 
dy_, Gy_,% 
Te =P, i: 7 dy ca eececeqecesecens (13), 


and obtain ci) (of ae y) = cig eee (14), 


an equation of the first order between p and y. 


If the solution of this can be put in the form 


Y; 


Here, again, it might have been anticipated from the 
form of the given equation (12) that one of the arbitrary 
constants would consist in an addition to a. 
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_ 4.3. To find the curves in which the radius of curvature 
is equal to the normal, but lies on the opposite side of the curve. 


Referring to Arts. 53, 152, we see that the expression of the 
above condition is 


Leslie y {1 +(2} eae (17). 


dy da 
da? 
Simplifying, and making the substitutions (13), we find 
B+ 
Vaasa (18) 
Hence 4 log (1+ p*) = log y + const., 1+p?=< ...(19), 


where c? is written for the arbitrary constant, ae must 
evidently be positive. hong gives 


= ee ye ze SL nnd ae Pe ee (20). 


Separating the variables, we have 


dy __—, dt 1¥_ , @—2) 
Jy - rr cosh mee saatiod (21), 
where a is the second arbitrary constant. Hence, finally, 
y =c cosh =—* Pitia asec aetcncspnin (22), 


a family of catenaries. Cf. Art. 151, Ex. 1. 
185. Linear Equation of the Second Order. 


A linear equation of the nth order is one which involves 
the dependent variable and its first n derivatives in the first 
degree only, without products. Thus, the general linear 
equation of the second order may be written 


dey a 
ae PH + Qy=V anéagqongsnceonon0d (1), 


where P, Q, V are given functions of x. 


There are several important properties common to all 
linear equations. We give the proofs for the equation of the 
second order, but the generalization will be evident. 
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1°, The complete solution of (1) may be written 
YH WAEW eveccccereerereeeerens (2), 


where w is any function whatever which satisfies (1) as it : 
stands, and u is the general solution of the equation 

Py. pW. Qy= 

tt gt eye images aneamaeee (3), 
which differs from (1) by the absence of the right-hand 
member. 


For, assuming that y=w+, where w satisfies (1), and u 
is to be determined, we find, on substitution in (1), 


du du dw dw 

ight a Oe ee eo 
ae d?w dw 
or, since ge er ee EN (4), 
by hypothesis Stoel y say eT (5); 
Ny, yP ? da da ) iA) rere re ee 2)3 


i.e., the function w must satisfy (3). 


The two parts which make up the general solution of (1), - 
viz. w and u, are called the ‘particular integral,’ and the 
‘complementary function,’ respectively. It is to be observed 
that the particular integral may be any solution whatever of 
the original equation; the simpler it is, the better. The 
complementary function must be the most general solution of 
(3), and will involve two arbitrary constants. 


2°, If 4, um be any two solutions of (3), ‘the equation 
will also be satisfied by 


apse Opty rh Cai i dean oo sacs (6), 


where (;, C, are arbitrary constants. This is easily verified 
by substitution. 


Hence if the functions 1, ws, are ‘independent,’ 2.e. one is 
not merely a constant multiple of the other, the formula (6) 
gives a solution of (3) involving two arbitrary constants. 
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3°. If a particular integral (v) of the equation (3) be 


known, the complete solution of (1) is reduced by the \| 
substitution j 


OSU yess Svsnesyt cae se sande (7), 
to the integration of an equation of the first order in dz/da. 
For (1) becomes 
dz du dz (dv dv 

2 (25e+ Po) + (Gat P+) eV, 


which reduces, in virtue of the hypothesis, to 
' 
vat (224 Pr) Zar a eee (8). 
This is linear, of the first order, with dz/dx as the dependent 
variable. : 
In particular, if V=0, we have 

dz 

dz? 2dv 

da 9d 

da 
dz 


da 
or pe op Oo sae osaga casein sada (10). 


MOPRSEIO Seok a clean tates 2 (9), 


whence log — + 2logu+ fPdx =const., 


e-SPdx 
Hence s=A | a sree (11). 
The complete solution of (3) is therefore 


e-lPde 
y= Av CEA BU oon 055 eo nbanne (12). 


y? 


We add a few examples of the integration of linear 
equations, by various artifices. The method of integration 
by series will be noticed in the next Chapter. 


Ex. 1. In the theory of Sound, and in other branches of 
Mathematical Physics, we meet with the equation 
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If we multiply by 7, this is seen to be equivalent to 


a (r 
ooo s FA (r= 0) cucaassardaare (14). 
Hence, by Art. 182, 
rp=A cos kr + Bsin kr, 


or ee ee dere (15). 
Ex, 2. (1 —27) oe ety Leahy ree (16). 
al ta: aah ie aie 
A particular solution is obviously y=. We therefore put 
“ Se BRE Modewe p= igs Otaam ea aye (17), 
which leadsto 2x#(1— a) 5 er (2— aay - ee ee (18). 
Separating the variables, we have 
Pz 
da* 2 x 
Ga + re — eee =e Or a ceansene ease nee (19), 
da 
dz A 
whence fe = a (1 — a3) Cece cern eee cenccenes (20), 
J {NUR ae eee (21) 
x 
The complete solution of (16) is therefore 
oy eA (Ll 2) BE neces tenets (22). 
dy 
Ex. 3. (1+ at) TY ae 3a > Wns ceseaeeeee (23). 


This happens to be an ‘exact equation,’ z.e. the left-hand side 
is the exact differential coefficient of a function of a, y, and dy/dz, 
for it may be written 


{(1 + 24) SY + 20 oh 4 fo @ + y} =0. 


The integral is (1 + 2%) os +ay=A 


~ 
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This is linear, of the first order, and the integrating factor is 
seen to be 1/,/(1+2*). We thus find 


d A 
a NG +a*). y} = + ay’ 
J+). y=Asinh e+ B ....0i.-, . (25). 


EXAMPLES. LI. 


a 

iE aoa. [y=aloga+Ax+ B.] 
i : 

2. Ga tO [y =(@—2)e%+ Ant B.] 
ae 


3. i [y=alog + An 2. 
4. The differential equation for the deflection of a horizontal 
beam subject only to its weight and to the pressures of its 
supports is 
d'y 
dat 
where w is the weight per unit length. Integrate this, on the 
supposition that w is constant, and determine the constants so 
that y=0, d’y/da?=0 both for x=0 and forw=1. (This is the 
case of a uniform beam of length / supported at its ends.) 


[By = Ayn (I — x) (P+ le— a’). 
5. Solve the same equation subject to the conditions that 


y = 0, dy/dx=0 fora=0 and a=, (This is the case of a beam 
clamped at both ends.) [By = gwa? (I —2)?.] 


B 


W, 


6. Solve the equation of Ex. 4, subject to the conditions that 
y=0, dy/de=0 for «=0, and @y/dx?=0, d’y/da?=0 for x=1. 
' (This is the case of a beam clamped at one end and free at the 
other.) [By = gtwa? (61? — Ala + x”). ] 


7. Solve the equation 


ax 
ap bath 


and interpret the result. [a =f]. + a cos (,/pt + €).] 
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8. Shew that the solution of the equation of motion of a 
particle moving in a straight line under a force of repulsion 
varying as the distance, viz. 

dx 
a 
is of one or other of the types: 
x=acosh(,/pt+e), w=asinh(,/pt+e), x=ae*Nutte; 
and interpret these results. 


9. A particle moves from rest at a distance a towards a 
centre of force whose accelerative effect is p x (dist.)-*. Prove 
that the time of falling to the centre is a?/,/u. 


10. Obtain a first integral of the general differential equation 
of central orbits, viz. 
du P 
gt Y= agp 
. ; : eT ey re 
where ? is a given function of w. [ Ga) +u=2 | Pa du + c.| 
1l. Solve the equation 
dr 
ae oy 
and shew that the solution is equivalent to 
rP=A+2Bt+ C#, 


where A, B, C are connected by the relation 


AC—- B=p. 
12. aot - _ [y=A + Bers, | 
13. aa FY 1. [a(y—B)'=$(@-a)?] 
14, ae + (4) =0. | y=alog =F. ] 
15. ast = {1+(Qy. [ y- B=a.cosh ==". ] 


2 
16. sat Z) +1=0. [y= +log cos (#—-a).] 


mG 
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Re 24 De-® 
17. 7a ak [y=4+ Bat Ce*+ De-*.] 
d'y dy 
18, dt * dag [y=A+ Bu+C cosx+Dsin x. ] 
or 1dV 
19. ei = [V=Alogr+B.] 
dy _ dy = 
20. os [y = da? + B.] 
al. SY + yG=0. [y=26 tanh B(e—a).] 
dy d 
22. (142%) 54414 A) 
Pe “:) og (1 +an)—=.] 
23 ewe ee 0 ee bah 
: dai” de 
dy dy 
2 4\%9 ae Be ly, 
24. (x 1) Fates. 0. [y=A+Bcosh-'x.] 
d: 
25. (1 +0%) 53 + 20 Y_ 0, [y =A tanx+ B.] 
dy dy\* _ e+ A 
26. (1-1) 5442 (3) =0. [yaa] 
dy _ (ty 
ath yon 2 (3) Eeewt 
ay a. 2g? 
le Y= B. 
28 ys4=1- -(Z [y?=a8 + det B] 
dy da eth si 
29 (1-2) 75 ~ 2 2 = 2. [y=(sin-1x)?+ Asin“ 2+ B.] 
30 = {a - p2) “I = 0, [w=A+Btanh“p] 
x dp. dy. 
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a di 
31. dp. {a — p?) at + 2u=0. [wu =Ap +B (1 —ptanh-p).] 


32, Find the curves in which the radius of curvature is equal 
to the normal, on the same side of the curve. 


[The circles (2-a)*+y*= f*.] 


33. Find the curves in which the radius of curvature is 
double the normal, on the opposite side of the curve. 


[The parabolas (x — a)? = 48 (y—8).] 

34. Find the curves in which the projection of the radius of 
curvature on the axis of y has a given constant value (a). 

—a | 


[y = B log sec = 


35. Find the curves in which the radius of curvature varies 
as the cube of the normal. 


[Conics having the axis of x as an axis of symmetry. ] 


d*y dy dy 
30. oe a (2) - da" 
at) > oer 
[y= B + log (a? — a?) —— log =<. 
37. (1a SY _ 2B, 20, 
[y=A+B /(l—2*) +427] 
dy 
8 4 PY y 0, [yaortPae( A folPtrde + B),] 
oO 28 eee 
ne d 
40, (L4a%) 54-2024 2y=0.  [y=de+ B(1-2%)] 
dy d 
41. (L4a%) Sh + ase ay. [y=An+ BJ(1+2%).] 
42. fY on cot na L + (m*—nt)y =0. 


[ 34 cos mx + B sin mx 
1 sin nx | 


2 
i 
% 


th 6k oe 


eee 
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a d A sin2+B 
43, (1a) 4 — 30% y=0, [io eee = | 


d? d. 
44, aty TS + (v- oi) = 0. 
[y?= Ax + Ba] 


186. Linear Equation of the Second Order with 
Constant Coefficients. Complementary Function. 


A special variety is the linear equation with constant 
coefficients. The treatment of this is much facilitated by 
the use of a few simple properties of the operator D, or 
d/dx, where « is the independent variable. 


It has been shewn in Art. 36 that the operation indicated 
by D is ‘distributive, viz. u, v being any functions of «, we 
have 


D (4-0) = DE DY wien se vaca ctenys (1): 


Again, if a be a constant, we have 


oie eS” MEN eAS 


la 


and D(au)= aS TY 8 Or Pe (3); 


so that the operator D, in conjunction with constant 
multipliers, obeys the ‘commutative’ laws. 


Further, the symbol D is subject to the ‘index-law,’ viz. 


Hence the ene D, both by itself, and in conjunction 
with constant multipliers, is subject to the fundamental laws 
of ordinary Algebra. We can therefore assume at once, so 
far as they have a meaning in the present application, all the 
results which in Algebra follow from these laws. 
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For example, if \,, A, be any constants, we have 
(D —2,)(D — 2) u=(D =) (= = tt) 
ad jdu du 
WS) x(a 


du d 
=Ta7 (ua +o) So + Mada 


= {D® —(Ay + Ac) D + Ady} U «eee (5). 


We proceed to the equation of the second order, which 
occurs very frequently in dynamical problems. To find the 
complementary function, we have to solve an equation of the 
form 


oY 4 aH + by =0 eae © (6), 
or (DP aD +b) y= 0 va ccneci cnt daceen (7). 
If 4a? >b, this is equivalent to 
(D—y) (D =a) Y HO veeeseerereee es (8), 
where 2,, A» are the roots of 
pide oes 9 We or ta | perm ame =e) (9), 
viz. x =—4at (fat)... eee. (10). 
If we write (DA) = coc poe (11), 
the equation (8) becomes 
CDS ye OD acwiecncceerraceuneen (12), 


a linear equation of the first order. The solution of this is, 
by Art. 176, 


Substituting in (11), we have 
(D= Jay f= Aer a ara (14), 
whence, by Art. 176, 1°, 
oy am Ore One cic. nesnsincene en (15), 
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if C,=A/(\,—2,). Since A is arbitrary, the constants C,, C, 
are both arbitrary; and the process shews that (15) is the 
most general solution of the proposed equation (6). 


If }a?=b, the roots of the equation (9) in ) are coincident, 
and the equation (14) becomes 


CDSN) AON Cacia ce cosesccoes (16). 
The general solution of this, as found in Art. 176, 2°, is 
PEA Gs vs cpee seen tees (17): 


If 4a?< b, the values of 4, A, are imaginary, but we can 
still obtain, by the foregoing process, a symbolical solution 
involving /(—1). Into the question as to what meaning can 
be attributed to such a result it is not necessary to enter 
here, as the difficulty can be evaded in the following manner. 


If we write Gf Oar 2 a aves Men cavers: (18) 
we find 
Dy =e-**(D—4a)z, Dy=e-**(D’-aD + ja*)z, 
so that the equation (6) becomes 
2 
2 4(b PA) 2 =O aks sargeves sae (19). 


The solution of this, when b>4a’, has been shewn in 
Art. 182 to be 


z2=A cos 82+ Bsin Bz..........0006+ (20), 
where Bm 4) aa iets Rase (21); 
Hence the solution of (6), in the present case, is 
y =e-t% (A cos Ba+ Bsin Be) ......... (22). 
This is also equivalent to 
a) == Co4* 008 (Bi +.€) c..s2ssecccesse (23), 


where the constants C, e are arbitrary. 
To summarize our results: 
(a) If 4a?> 5, the solution of (6) is 
y = O,e* + Cie”, 
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where 4, A, are the roots of 
vV+ar+b=0; 
(b) If 4a?=}, the solution is 
y =(Az+ B)e**; 
(c) If ta?<b, the solution is 
y = e~# (A cos Ba + B sin Bz), 


if f?=b— 4a 
dy dy & 
Ex, 1. Tot A= by = 0 eeeseseesssensn tere (24). 


The equation in A is 
+A—6=0, whence A=2, or —3. 


Hence y= Ae + Bem csi evescccoseecoees (25). 
Oe yes ae 
Ex. 2. qatta, * 4y=0 


The equation in A, viz. (A+ 2)’=0, 
has the double root —2. Hence 
y = (Aa + B) 60 ooo ccc cceccennetseees (26). 


Ex. 3. The free oscillations of a pendulum in a medium 
whose resistance varies as the velocity are determined by an 
equation of the form 


where & is a coefficient of friction. The same equation also 
serves to represent the motion of a galvanometer-needle as 
affected by the viscosity of the air and by the electro-magnetic 
action of the currents induced by its motionin neighbouring 
masses of metal. 


When regard is had to the difference of notation, the solution 
of (27), when the friction falls below a certain limit, is 


vu Jct 


st 


= Ceri cos (1,839) iscaty ccm eee (28), \ 1 ¥ st 


where y= Ni TI) connate npapeeneeieen (29). 
The motion represented by (28) may be described as a simple- 
harmonic vibration of period 27/n,, whose amplitude diminishes 
asymptotically to zero according to the law e~!*, 
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The solution (28) assumes that #?<4y. When k?> 4u, the 
proper form is 


CAEN BOM, ss sun oy tevin (30), 
where A,, A, are the roots of 
Re SO an eecaehwieneser (31), 


By hypothesis, these roots are real. Since their product (u) is 
positive they have the same sign; and since their sum (—&) is 
negative, the sign is minus. Hence the displacement « sinks 
asymptotically to zero after passing once (at most) through this 
value. This case is realized in a ‘dead-beat’ galvanometer, or in 
a pendulum swinging in a very viscous fluid. 
In the critical case of 4? = 4, we have 
eth By) Oat? Lee ceo sicae asks ass (32). 


The first factor increases (in absolute value) indefinitely with ¢, 
whilst the second diminishes. The decrease of the second factor 
prevails however over the increase of the first, and the limiting 
value of the product, for t=, is zero. Of. Art. 28, Ex. 3. 


187. Determination of Particular Integrals. 


We have next to consider the problem of finding a 
particular integral of the linear equation of the second order 
with constant coefficients, when this equation has a right- 
hand member, thus: 


DPS teD ab) = Vive Sac ehevy cal (1), 


where V is a given function of  As‘already remarked, any 
particular integral, however obtained, will serve the purpose. 
Thus, we may omit from the particular integral any terms 
which occur in the complementary function, since these will 
contribute nothing to the left-hand side of (1). Conversely, 
if for any purpose it is convenient to do so, we may add to 
the particular integral any groups of terms taken from the 
complementary function. 


Again, if V be composed of a series of terms, the problem 
consists in finding values of y which, when substituted on 
the left-hand side of (1) will reproduce the several terms, 
and adding the results. 


It will be sufficient here to notice the most useful cases. 
i. 30 
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1°. If V contains a term 


the corresponding term of the particular integral is 


| = a@+aato ex eesceccccesccscess (3). 


For if we perform the operation D’+aD+6 on the right- 
hand side of this, we reproduce (2). 


This rule fails if o+aa+b=O0, te. if e be one of the 
terms which occur in the complementary function. Using 
the notation of the preceding Art., we will suppose that 
a=, so that the equation to be solved is 


(D—)(D— A) y= HE «0. eee (4). 
If we write, for a moment, 
(D — eq) Y HZ vecvcecececneserenees (5), 
this takes the form 
(D —2y) 2 = He® 0.1.0... 0eceeees (6). 
It was found in Art. 176, 2°, that a particular solution of (6) is 
Pete Eig ah ee eer Eee ee (7) 
It remains only to solve 
(D—,) 7 = Hae?’ cance (8). 
The integrating factor is e~*”; thus 
D (ye) = Hcg SMA ves loge (9). 


Integrating the right-hand member by parts, and omitting a 
term already included in the complementary function, we 


find 


ye = x we = Ae 


or y= 


A further modification is necessary if a be a double root 
of the equation D’+aD+b=0. The equation to be solved 
has now the form 

(Dar) y= He 50, Hrcneseenoeese (11). 
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The first step is as before, but in place of (8) we have 


OD =X) yf SHG OR en ics ans (12). 
We found in Art. 176, 3°, that a particular integral of this is 
OE Ce osc duncan ces uns ans oe (18). 


The forms of these results being once established, the student 
will probably find it the easiest and safest course to assume 


yale y= Cre™,. Or Y= CORE™ on soncaee (14), 
as the case may be, and to determine the value of C by actual 
substitution in the equation 


Tanne pened, Mees — psu 3x 
Fx. 1. Ee Fe Gaya COT a sernny fas senaes (16). 
As in Art. 186, Ex. 1, the complementary function is 
y = Ae*+ Be-™, 


If we assume y = Ce*, we find on substitution that the first term 
on the right-hand side of (16) is reproduced provided C=%. The 
second term comes under one of the exceptional cases above 
discussed, since —3 is a root of \7+A—6=0. If we assume 
y=Cxe-*, we find that the term in question is reproduced, 
provided C=—2. 

The complete solution of (16) is therefore 


y = Ac + Be-™ + Fe — Fe occ cscene (17). 
Py dy = 2 1 p20 
Ex. 2. dat tae t Y=8 Oe at RO ere (18). 


‘The complementary function has been found in Art. 186, 

Ex. 2, to be 
y = (Ax + B)e™. 

To reproduce the first term on the right hand, we assume 
y = Ce*, and find C= },. The second term corresponds to a double 
root in the equation for 4; assuming, therefore, y= C'a?e™, we 
find C=3. 

Hence the complete solution of (18) is 

y = (Ax + B) e-* + pee + fare. ese eevee. (19). 
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2°, If V contains terms of the form 


Hcosav+K sin ae .......: Pdelant (20), 


we may assume 
y= A cos an + Bsin ar.....-.+00--+- (21). 


Substituting in (1), we obtain, on the left-hand side, 
(-@A +a2B+bA)cos ax + (-o?B —aaA + bB)sin az. 
Hence the terms (20) are reproduced, provided 
(-—o+b)A+aeaB=H, —aad +(-o? +6) B= KASS 


Except in the particular case where a=0, a?= 6, which 
will be considered presently, these equations determine A 
and B; thus 


(-a? +b) H-aak pt (- 8 +O) K | 


A= (a?— by + ao? 2 (a? = by + aa? Re 3). 
Ex. 3. To find a particular integral of 
a 
Te +k + px =feos (pt +6) se SO (24). 


This is the equation of motion of a pendulum subject to a 
resistance varying as the velocity, and acted on by a force which 
is a simple-harmonic function of the time. 


We assume 2=Acos(ptt+e)+Bsin (pt +)... (25), 
and find, on substitution, : 


—pAtkpB+pA=f, 26 
| Ree YL *. eee (26), 
oe ae a zs kp 
es Aj= Gop) skp Be ters ape wil 2Th 
Tf we put A= R00 4; °° BSR Sieh s Stan (28), 


the solution (25) takes the form 
a = R008 (pt + €=€)' s...eqeeessvenee (29), 
pees kp 
Ra — e, = tan! —~— he(G08 
Feary eee °° pay ee 
We have thus determined the ‘forced oscillations’? due to the 
given periodic force. The ‘free oscillations,” which are in general 


where 


T 


. / - P U 
ad af C ee ( Ke +85 %) —: 
c; t . ’ 


aT eos 
io Cie ie 


iin, 


a 


187] DIFFERENTIAL EQUATIONS OF SECOND ORDER. 517 


superposed on these, are given by the complementary function 
(Art. 186, Ex. 3). Unless =0 they gradually die out as ¢ 
_ increases. 


SThe foregoing results simplify when the coefficient a in 
the differential equation is zero; a particular integral of 


we 
7 - by = FT cos ax +K BIN OS .000s5 cos (31) 
being obviously . ; 
y= — cos ax + — sift Ow oe... (32). 


A singularity arises, however, when a?=b. To find the 
proper form in this case we may assume 


y=ucosar+usin a..... ae (33). 
This makes 
= + ay = (2aDv + Du) cos ax + (— 2aDu + D*v) sin as 
Hence (31) will be satisfied in this case, provided 
st Du=—- K/2a, Dv=H/2a, 
Kz Hx 


or BO gts ta De oe encsccccccese (35). 
o A particular integral is, therefore, 
M2 Bagh ip 
Y = 55, ¥ SUD Al — FW COS Ol sve rsereees, (36). 


Fx, 4. For the forced oscillations of an unresisted pendulum 
we have 

dx 

dt 


A particular integral.is 


+ n'a =f cos (pt + €).... Pastosee sides. (37). 


zB L008 CE en See (38). 


n 
This fails when p=”. Assuming that in this case 
=O BIN (716 + €) ii. ierrerceeresscre. (39), 


——a 
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we find on substitution that (37) is satisfied provided 
QnC =f, or C= flQn .....ceseerereeeee (40). 


The interpretation of (39) is that, if an unresisted pendulum 
be acted on by a periodic force whose period coincides with that 
natural to the pendulum, the amplitude of the forced oscillations 
will at first* increase proportionally to the time. 


188. Properties of the Operator D. 


The methods of Arts. 186, 187 admit of extension to the 
general linear equation with constant coefficients 


d'y qty d™y Ba 
Fgnt A gaa + A:vauats + Anas t+ Any = V...C), 
or, as we may write it for shortness, 
FD) Y= V .nccoemsecacescceceecess (2), 


f(D) denoting a rational integral function of D. We shall 
however content ourselves with indicating how a solution of 
(1), involving n distinet arbitrary constants, can be obtained 
when V=0, and how a particular integral can be found for 
certain forms of V. The proof that the solution thus arrived 
at is the most general which the equation admits of is 
omitted ; but from the point of view of practical applications 
it is sufficient to have at our disposal the proper number of 
arbitrary constants required to satisfy the remaining con- 
ditions of the problem. 


The following properties of the operator D will be 
useful. 

1°, If f(D) be any rational integral function of D, say 

ap (D) = AyD" + A,D" + A,D"? +... + AnaD + An...8), 

then app (D) eh = We (A) OM oc ceeeeeeeee eens (4). 

For Dre =)rre*, 
and thus the several terms of y(D) give rise to the several 
terms of (A) as factors of e™. 


* Usually, in the physical applications, the equation (87) is approximate 
only, being obtained by the neglect of powers of « higher than the first. 
Hence when the amplitude increases beyond a certain limit, the equation 
ceases to apply, even approximately, to the subsequent motion. 


Pad Fok, eee eapeades 
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2°. With the same meaning of f(D), if w be any function 
of #, then 
vp (Dy. e w= e* oe (D+ 2) th... 0008500. (5). 


For we find in succession 

D .e&*u=e*(D+ dA) u, 

D?.e*u=D fe (D+ r) u} =e*(D+r)(D+A)u 

=@(D+r)u, 
and so on; the general result being 
De u=e*(D+r)"u. 

Hence the several terms of the operator y(D) give rise to 
the several terms of the result given in (5). 


3°. If w(D) contain only even powers of D, it may be 
denoted by ¢(D’). It appears from Art. 63 that if 


u= A COS a@ + BSI A& ......00cecee: (6), 
then Du = — ou, 
and therefore fh (D*) t= PF 7) Ui. cccecsereseroees (7). 


189. General Linear Equation with Constant 
Coefficients. Complementary Function. 


To obtain solutions of the equation 


we remark that if f(D) be resolved into any two rational 
integral factors, thus 


FD) = OD) PV D)evercrreerreeecees (2), 
the equation (1) is obviously satisfied by any solution of 
Be GL ya) One Ges loni sions (3). 


And since the factors are commutative (Art. 186), it is also 
satisfied by any solution of 

f(D) y =O. ceeeseneeeeerennececes (4). 
Hence (1) is satisfied by the sum of any solutions of (3) and 
(4). Continuing the resolution we see that if 


f(D) = bi (D). $2 (D)- Ps (D) ove evens (5), 
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the equation (1) will be satisfied by the sum of the several 
solutions of 


d(D)y=0, 6:(D7=0, g(D)y7=0,... «- (6). 

By a theorem of Algebra, already referred to in Art. 84, 
the function f(D) can be resolved (if its coefficients be real) 
into real factors of the first and second degrees, the sum of 
the degrees of the several factors being equal to the degree 
(n, say) of the function. Moreover the factors of the first 
degree are of the forms 

D-nr, D-dr,, D—),,... 

where Aj, As, A3,-.. are the real roots of 


A Rs i he ee (7). 


If X be a simple root of (7), one of the equations (6) is of 
the form 


Cts 2) ators Os ocean ss (8), * 
the integral of which is known to be 
OF ee oles Na intact na (9). 


And if the roots of (7) be all real, say they are Ay, As, -.. An; 
a solution of (1) involving n arbitrary constants is 


ya Cee + OP sn. Une cece (10); 
cf. Art. 186 (15). 


If the equation (7) has a multiple root, two or more of the 
terms on the right hand of (10) coalesce, and the number of 
distinct solutions thus obtained is less than n. To supply 
the deficiency, we remark that, if A be an r-fold root of (7), 
J (DP) contains a factor (D—2). To solve 


we assume Ue OS Si pete wane cor NE (12), 
which makes 
(D—d)y=(D—-A) .e*z=e% Dz, 
by Art. 188, 2°., and the solution of D" z=0 is obviously 
2= B+ Bat+ Bat... +B, a", 
whence y=(B,+B,+ Bo*+...+B,.2") e...... (13). 


wed vow becrpetinonibundgeestiel 
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We have here r arbitrary constants, corresponding to the 
r-fold factor of f(D). Cf Art. 186 (17). — 


If f(D) contains, once only, an irreducible quadratic 
factor D* + aD + b, where 4a?< b, then part of the solution of 
(1) consists of the solution of 


(CD? + aD +b) y =0 cn. ccecccseeess (14). 
If we put Q=erz B= b— 40)... ...6.50. (15). 
we have, by Art. 188 (5), 
(D? + aD +b) y= {(D+ 4a) + B*} et z 


= ¢i2(D’ + 6") 2. 
And the solution of (D? + 6’) z=0, 
is z=EcosfSa2+Fsin Ba. 
We thus find y=e%*(E£cosPxv+Fsin B2)......... (16), 


as in Art. 186 (22). Hence for every distinct quadratic factor 
of f(D) we obtain a solution involving two arbitrary constants. 


Finally, if f(D) contains an irreducible quadratic factor 
which occurs r times, we have to solve 


COD) DY Y BO vases cseens snine (17), 
or, making the substitutions (15), as before, 
CLF AS Oia et renee nse mien Okey 
To solve this, we assume 
2= C08 BH + USIN BW.....0.0.000009. (19). 


Now, by actual differentiation, we find 

(D? + 8’) .w cos Bx = 28. Du.cos(Ba+47)+..., 

(D’ + 6’). wcos Ba = (28). Du. cos (Ba+ 7) +... 
and, generally, 
(D? + 6)". u cos Ba = (28). D'u.cos (Ba+ }rm) +... ... (20), 
where only the terms of lowest order in the derivatives of u 
are expressed. Similarly 


(D? + 6’). vsin Bx =(28)". D'v.sin(Ba+ hrm) t+... ... (21). 
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Hence the equation (18) is satisfied, provided 


Dru=0, Drv =0...... eee eee e es (22), 
v= F, 4+ Foot Fet...+ Fae) ae 


The complete solution of ee is therefore 
= (EL, + Eye + Bett... + E,_,2°) e cos Ba 
fe (Fi + Fet Fett... + Fa0")e*@ sin Be...(24), 
involving 2r arbitrary eoener 
dy a 

iz. 1. 3 a See or ey 
This may be written D*?(D—1)y=0, 
and the complete solution is accordingly made up of the solutions 
of D’y=0, (D-1)y=0, thus 

y =A + Bat CO... .cccceceenseser eo o(26). 


Ex. 2. ss Eg ee (27). 
This may be written 
(D —m) (D +m) (D? +m?) y =0. 
Adding together the solutions of 
(D-m)y=0, (D+m)y=0, (Di+m)y=0, 


we obtain y=Ae™+ Be-™+ Hcosmx+ Fsinmex ...... (28). 
dly vy 
Ex. 3. Pe ts ZatV=e eeccccessecevecsccens (29). 


This is equivalent to 
(D?+ D+1)(D?—-D+1)y=0. 


Hence 
yaor(A cos 2 a+ Bsin x) vel#(4' oe e+ B anes 
2 2 2 2 
Pr eS (30). 
DY ome td 
Ex. 4. eee + Lan? Fy + My =0...seeeeeerroeeeee(B1)e 


Writing this in the form 
(D? + my =0, 
we find y = (£, + Lyx) cos ma + (Fy + Fx) sin me ...... (32). 


4 
ae 
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190. Particular Integrals. 


We proceed to the determination of a particular integral 


of the equation 
FAD YG = V ries stevens ss sacengas (1); 


in the two most important cases. 


1°, If V contain a term 


Vig) Oe ee (2), 
the corresponding term in the particular integral is 
H 
USS Seance nenesen Orn 3), 
dv I (a) ( ) 


for thismakes f(D)y= He POD er = Te? 
by Art. 188 (4). . 
The rule fails when a is a root of 


ED a Seoit a5 «gc ue ee oan ee (4). 
If it be a simple root, we may write 
PDS GL DY GI) i ccnaescsencnass (5), 
where $(D) does not contain the factor D—a. The equation 
PED a) Te he censy s «50 (6), 


is satisfied provided (D—a)y= i) es) 


and we have seen, in Art. 176, 2°, that a particular integral of 


this is y= aa at Aa a eae BE (7). 
If a be an r-fold root of (4), we may write 

PCD ere) (LP SAAN n, F Gaownnsedeas (8), 
where ¢ (D) does not contain D—a as a factor. 
The equation BUD) CD — 6) 4 = HeE™ weseccseieecess (9), 
is satisfied, provided 

H 
D-ayy= (yee 


Now if we put ~- y = ez, 


524 INFINITESIMAL CALCULUS. [cH. XII 
we have, by Art. 188 (5), 
(D—-ay y=e* D’z, 
ies "i | Dea. 
This is evidently satisfied by 
ZS rid (a) a 


A particular integral of (9) is therefore 


H T pox 
US rid (a) DO scccvcvcccceesscess (10). 
2°. Let V contain terms of the type 
ET cos Gar +K S19 G8 ses enccseuans (IT). 
Since the operation f(D), performed on 
y= A cosae +B sin 82 ......2c20.0002 (12), 


must result in an expression of the same form with altered 
coefficients, a particular integral can in general be found by 
substituting this value of y in the equation 


SY) y=Zi cos a + K sin aa..........-. (13), 
and determining A and B by equating coefficients of cos ax 
and sin az. 


In one very frequent case, the values of A and B can be 
written down at once, viz. when the equation is of the type 


¢ (D*) y =H cos aw + K sin av .2...... (14), 


i.e. f(D) contains only even powers of D. We have, then, 
by Art. 188, 3° 


pene cos sie ee in an (15) 
=F) $e ee 
This result fails if ¢(—a?)=0, te if p(D*) contain 
D’+a° as a factor, in which case terms of the type (11) 
occur in the complementary function. If the factor D* + a’ 
occur once only, we write 


9 Sh GD") Se CO DE sae) arc neon (16). 
Now the equation 


x (D*) (D* + a") y = Hos a@ + K sin aw...... (17), 


- 
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will be satisfied if 


(D’ + @)y= cos ax +: sin a@...(18). 


eusi his eed 
y= 2) x (>) 
The problem is thus reduced to one already solved under 
Art. 187, 2°, viz. we have the particular integral 


= sah oe @ sin an — aie ee 19 
y= Jay (=a) Jay (— a) G COS OP sas. (19). 


If the factor D’+ a’ occur r times in ¢ (D*), we write 
 (D*) = y (D*) (D? +P) wees (20), 
and the problem is reduced to finding a particular integral of 
(Day y= 


If we assume 


cos a” + ae sin awv...(21). 


H 
x (— #) Neo) 
y =u cos (ax —$r7) + vsin (az —4rz)...... (22)*, 
we find 
(D*+a’)"y = (2a)".D*u.cos ax + (2a)". D"v.sin av+... 
by Art. 189 (20), (21). Hence (21) is satisfied provided 


166 K 
Du=——__, Dv=—-——— .... 23), 
Ursa Cary (aa 
Ax Kat 


7 TTC a) "Facey OP 
A particular integral is therefore 
y RiGee {H cos (aw — 47m) + K sin (ax —4r7)} 


In the general case, where f(D) contains both odd and 
even powers of D, the assumption (12) fails in like manner 
if, and only if, f(D) contains the factor D’+ a’. Writing 


of Dy =e DD cccicivetect (26), 


* The assumption y=ucosar+vsinaz would serve equally well, but 
the form in the text enables us to write the final result in a more compact 
manner. 


7 
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where y(D) does not contain the factor D?+ a, we first 
obtain a particular integral of the equation 


x (D) y= H cos ax+ K GIN OM in sas des (27), 

in the form y = H, cos ax + Ky, sin 2a «...+++- (28). 
It then remains only to solve 

(D? + 02)" y= H, cos ax + Ky, sin am7......++- (29). 


This has been treated above. 


Another case where a particular integral can be obtained is 
that of 


where X is a rational integral function, of (say) degree r. We 
ut y=a"v, where m is the lowest index of D which occurs 
in f(D), and v is a rational integral funetion of x, of degree r. 
The coefficients in v are then determined by substitution. 


191. Homogeneous Linear Equation. 
An equation of the type 


nowy = dz a" 
x qa ta Soe ee aes et 
d ~ 
+ Aq = + Acy= Fae: (1), 


is sometimes called a ‘homogeneous linear equation.’ The 
complementary function in this case consists in general of a 
series of terms of the form Cx™, where C is arbitrary, and the 
values of m are to be found by substitution on the left-hand 
side. Moreover, if V contains a term Ha?, the corresponding 
term in the particular integral will in general be Ba?, provided 
B be properly determined. 


To see the truth of these statements we may take the 
homogeneous linear equation of the second order. To solve 


Oy gt 
Ca PC ax = + by=0 Vailas Seth eons (2), 
we assume 1 CB a. tages esse neseah eee (3). 


This will satisfy the equation provided 
{m(m —1) + am + bf Ca = O...ereeeeeenees (4). 
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Equating to zero the expression in { }, we have a quadratic 
inm. If m,, m, be the roots of this, the solution is 


TN a2 OS AE cae a (5). 
Again, a particular integral of the equation 


d?y d. 
dP at a et by = BaP ceseeeeene (6), 
will be Mf SEER! ete satn sec aac eaacecas nk (7), 
provided {p(p—-1)+ap+d} BHF... (8). 
PV 2dV 
Ex. 1. aor Pe sievaleeivisisiejeieieinisieisie einienie u's (9) 
If we multiply by 7? this comes under the form (1); thus 
ay dV 
os Oh NY see ceesenceccecees (10) 
Assuming r=0r™, 
we find m(m—1)+2m=0, or m(m+1)=0. 


The admissible values of m are 0 and —1; and the solution is 
therefore 


TED eas (11) 
Cf. Art. 184, Ex. 2. 
P d ; 
Ex. 2. af OE + tae By =a Pag eee (12). 


To find the complementary function, we assume y = Cx”, and obtain 
m(m—1)+2m—2=0, or (m—1)(m+2)=0, 
whence m=1 or —2. Again, a particular integral is y= C2”, 


provided 
(2—1)(2+2)C=1, or C=}. 


Hence Vee See a © ee (13). 


Complications arise when the equation in m has imaginary 
roots, or when it has coincident roots; there are, further, 
difficulties in connection with the particular integral when 
V contains terms of the type #?, where p is a root of the 
equation in m. To avoid special investigation, we shew how 
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the equation (1) can always, by a change of independent 
variable, be transformed into a linear equation with constant 
coefficients. 


If we put ot Maree ere at” (14), 
then, u being any function whatever of #, we have 
du du. dx du 


ena ae os. 60" 
du du 2 
or oe ae hone idle ms Pai ea wee (15). 


We will denote the operator d/d@, which is seen to be 
equivalent to ad/da, by %. Then, D standing as usual for 
d/dz, we have 


aD (a™ D™ u) =a" D™H u+ma™ Du, 
or o™h Dm y = (2D —m) (a D™ u) = (8 —m) (2 D™u) 


Putting m=0, 1, 2,... in this formula we can express 
aDu, Du, a D*u,... 
in succession in terms of Su, S’u, S*u,.... Thus, since the 
operator 3, = d/d0, is commutative, 
arDu=YSu, 
2 Du=3 (8 —1) 4, 
eDu=3(8 —1)Q—-2)4, 
and so on, the general formula being 
xe’ D'u=S3(8—1) (8-2)... 8—-r4]) wu... (17). 
If we substitute for the several terms of (1) their values 


as given by (17), we get a linear equation with constant 
coefficients, of the form 


d 
fS)y=V, or f(o)¥=7 Meeks, (18). 
@? d. 
Ex, 3. ow tyae sire chi Canine (19). 
This becomes {9 (9-1) —3+ lh y=e, 


or (9-1)? y =e 
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Allowing for the difference of notation, the solution of this is, by 
Art. 186, 

y= (A + BO) 9 + 16%, 
or, in terms of 2, 


y=(4+ Bloga)x+4a (loge)? ............ (20). 

Ex, 4. ; Oe tea tye SHOUOO COC OOnOOnE (21). 
This gives (+1) y =e, 
y=A cos 6+ Bsin 6 + je” 

= A cos (log a) + B sin (log x) + ya? ......... (22). 


192. Simultaneous Differential Equations. 

In dynamical and other problems we often meet with 
systems of simultaneous differential equations, involving two 
or more functions of a single independent variable, and their 
derivatives, the number of equations being always equal to 
that of the dependent variables. We may denote the 
dependent variables by the letters 2, y,..., and the inde- 
pendent variable by t. 

Without entering into questions of general theory, it will 
be sufficient here to give a few examples exhibiting the 
methods which are most generally useful. 

In the first place, it may happen that each of the given 
equations involves only one of the dependent variables, and 
so can be treated separately. 


Ex. 1. In the case of a projectile under gravity, if the axes 
of x and y be horizontal and vertical, we have 


Px a 
de =U, <4 SH WY wuvvnccevvvevensveces (1). 
Hence e=A+A't, y= B+ Bt—dgt)....c. (2). 


The arbitrary constants A, A’, B, B enable us to satisfy the 
initial conditions as to position and velocity. 

Hx. 2. In the case of a particle attracted to a fixed centre 
(the origin) with a force varying as the distance, we have 


dx a? 
qa san— HY Rs5.8e esa sa aenaee (3), 
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whence 
a= A,cos /pt+A,sin /pt, Y= B, cos ,/pt + B, sin ,/pt. 
Tf we eliminate ¢, we find 
(Bye — Ay)? + (Be — Agy)? = (AyBy— AaBi)?s+++0+ + (4), 
which shews that the path is an ellipse. 


If the given equations, which we will suppose to be in 
number, are not of this simple type, then by differentiations, 
and algebraical combinations, we may eliminate all the depen- 
dent variables «, y, z-.., save one (say x). If we substitute the 

eneral value of «, hence derived, in the original system, we 
shall find that this now reduces to n — 1 equations involving 
the n—1 dependent variables y, 2, --- The process can be 


repeated until each dependent variable in turn has been 
determined as a function of ¢ and of arbitrary constants. 

In particular cases various modifications of the above 
method may suggest themselves. We shall content ourselves 
with a few illustrations taken from physical problems. 


Ex. 3. If x, y be the coordinates of any point in a rigid 
plane which is rotating with angular velocity about the origin, 
we have the equations 


oben Li Fe Nis cada Coase eee ees (5) 
Eliminating y, we have 

da d 

7 =n tanta, 
whence OX = @ COS (ME + €) sesseseeeeaeenes cree es (6), 


the constants a and « being arbitrary. Substituting in the first 
of the equations (5), we find 

Y= GSN (NE +E) veeeeeeeerrerer reese (7). 
The results (6) and (7) shew that each point describes a circle 
about the origin with angular velocity 7. 


Ex. 4. In the theory of electro-magnetic induction we meet 
with the equations 
dx dy 
L ae + M ai “ts R= E, 


if phe cl 
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Here x and y denote the currents in two circuits subject to 
mutual influence; & and § are the resistances of the circuits, Z 
and WV the coefficients of self-induction, M that of mutual in- 
duction, and £, F are the extraneous electro-motive forces. 


Let us first suppose that H=0, F=0. The equations are 
then satisfied by 


’ Me AO re Of ae Oa Tees cchoisn 3h (9), 
provided (1X + R) A+ MAB= = (10) 
Sha (wae oles : 


Eliminating the ratio A : B, we have 
(Ld + BR) (WA +8) — Mr? = 0, 

or (LN — M*) d+ (LS+ WR) + RS =O0......... (11). 
Since (LS + VR)? — 4RS (LN — M*) 

=(LS—-NR)Y +4M?RS, 
a positive quantity, it appears that the roots of the quadratic 
(11) are always real. Again, for physical reasons, ZV is 
necessarily greater than M?. Hence (11) shews that the two 
values of A must have the same sign (since their product is 
positive), and further that this sign must be negative (since the 
sum is negative). Hence, denoting the roots by —\,, —A,, we 
have the solutions 

c= A,e-Mt y= Bye-Mt, 
and “L= A,e->#, Y= Bye~ rx 
where the relation between A, and &,, or A, and B,, is given 
by either of equations (10) with — 2, or —A, written ford. On 
account of their linear character, the equations (8), with H = F=0, 
are satisfied by the sums of the above values of # and y, respec- 
tively. 

If # and F are not zero, but given constants, a particular 
integral of (8) is evidently 
LE f 

and the complete solution is 


x 


£ 
“==, + Aje—At + Aye Art, 


y= e Bye + Bye- rat 
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where the relations between A, and B,, and between A, and B, 
are as above indicated. 


The first terms in these values of a and y represent the steady 
currents due to the given electro-motive forces ; the remaining 
terms represent the effects of induction. Since we have, virtually, 
two arbitrary constants, these can be determined so as to make 
the actual currents have any given initial values. 


Another important case is where # is a simple-harmonic 
function of the time, and Fis zero, Putting, then, 
E=E, cos pt, F=O ..ccsseseeeeeeeees (14), 


a particular integral of the equations (8) may be found by 
assuming 


x= A cos pt + A’ sin pt, . 
y = Bos pt + B' sin pt 

On substitution we find, equating separately the coefficients of 

cos pt and sin pt, 


—pLA—pMB+RA'=0, 

pMA'+pNB' +SB=0, 
—pMA-—pNB+SB =0 
These formule give A, A’, B, B’, and so determine the elec- 
trical oscillations in the two circuits due to the given periodic 
electro-motive force. The free currents are given by terms of 


the same form as in (12) Their values depend on the initial 
circumstances, and in any case they die out-as ¢ increases. 


pLA'+pMB'+RA= | 


Ex. 5. Asa final example, we take the equations 
dx 


d?y 
A wt ap +axthy=X, 


Pa dy oescevesones 


which determine the motion of any ‘conservative’ dynamical 
system, having two degrees of freedom, in the neighbourhood of 
a position of equilibrium. 


To find the free motion, we put X=0, Y=0, and assume 
Oo = Te, ex GON oo vose vaca an cnnmen (18). 
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We thus get (Ad? + a) P+ (HN? +h) G=0, 
(HX? + h) F'+ (Bd + 8) aed 
Eliminating the ratio F : G, we have 
(AX? + a) (Bd? + 6) — (HN +h)? =0 oe. (20), 
or (AB — H?) M+ (Ab + Ba-2Hh) d? + (ab — h*) =0...(21). 
This is a quadratic in A, 
The expressions 


da\2 da dy dy\? 
+ {4 (=) oH + Be) see vee (22), 


and PGE + Deke a OY") | sSems osc seen tess (23), 


represent the kinetic and potential energies of the system. The 
former is essentially positive; hence A, B are positive and 
AB>H?. It follows that the left-hand side of (20) or (21) will 
be positive both for 42=+ 0 and for A®7=—o, whilst for A?=0 
the sign is that of ab—h%, Also, from (20), it appears that the 
left-hand member is negative for A?=— a/A and for 7 =-6/B. 


Hence if the expression (23) be essentially negative, so that 
a, 6 are negative, whilst ab — h? is positive, the equation (21) is 
satisfied by two positive values of 4%, one of which is greater, 
and the other less, than either of the quantities —a/A, —B/d. 
Denoting these roots by d,”, »,”, we have the solutions 
v= Pet + Beh + Fierst + Fyent, 
y = Gyedst + Ge“ht + Gert + Bs| 
Of the eight coefficients, only four are arbitrary. The ratio 
F,, : G,, which is the same as F' : G,’, is determined by (19), with 
A? written for A*, Similarly, the ratio F,:G, or Fy: G,’ is 
determined by the same equations, with d,? written for 4», The 
four arbitrary constants which remain may be utilized to give 
any prescribed initial values to 2, y, dx/dt, dy/dt. It appears 
that a and y will increase indefinitely with ¢, unless the initial 
circumstances be specially adjusted to make J, and /’, vanish. 
Hence if the potential energy in the equilibrium position be 
greater than in any neighbouring position, an arbitrarily started 
disturbance will in general increase indefinitely; so that—the 
equilibrium position is unstable. 
If, on the other hand, the expression (23) be essentially 
positive, so that a, b, ab—H? are positive, the roots of the 
quadratic in \? will both be negative, viz. one will lie between 
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0 and the numerically smaller of the two quantities —a]A, —6/B, 
and the other will lie between the numerically greater of these 
quantities and —o. This indicates that in place of (18) the 
proper assumption now is 
a= Fcospt+F’ sin pt, y=G cos pt + G’ sin pt...(25). 

This leads to equations of the forms (19) and (21), with —p? 
written for 2. It follows that the two roots of the quadratic in 
p? will be real and positive ; denoting them by p,? and p,’, we get 
the solutions 

x = F, cos p,t + Fy’ sin p,t + F, cos pt + F,’ sin pt, (26) 

y = Gy cos pit + Gy sin p,t + G, cos pot + Gy’ cos pot anal 
where the ratios F,/G,, F/G, F./@s, Fy/G@: are determined 
in the same manner as before. Since /'/G,'=/F,/G,, and 
F/G,/=F,/G., the results may also be written 

ax = F’, cos (p,t + &) + F_ cos (pat + 2), | 

y = G, cos (pit + &) + Ga COS (Pat + €) 
where F,/G, and F,/G, are determinate. Hence when the 
potential energy in the equilibrium position is less than in any 
neighbouring position, a slight disturbance will merely cause 
the system to oscillate about the equilibrium position, which 
is therefore stable. ‘ 

The two roots of the quadratic in \* (or in p*) have been 
assumed to be distinct. It may be proved that they cannot be 
equal unless a/A=6/B=h/H; and that if these conditions be 
fulfilled the solution is of one or other of the two types: 

e=Ket+ Fe, y=Get+Ge™ ......... (28), 
x=Fcospt+ F’ sinpt, y=Gcos pt+ G’ cos pt...(29), 
where the four constants are in each case independent. 

Finally, we have the case where the expression (23) for the 
potential energy may be sometimes positive and sometimes 
negative. In this case ab—/? is negative, and one root of the 
quadratic in ? is positive, the other negative. The complete 
solution is now of the type 

o= Vet + F'e- + F” cos pt + F'" sin pt, 
y = Gert + Ge + G"” cos pt + G'” sin pt 
Tt is clear that an arbitrary disturbance will in general increase 


indefinitely, so that the equilibrium position must be reckoned 
as unstable. 
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A slightly different method of treating the question is to 


assume 
RPT Rae cyniencue=s «oe 98 Geese) ye 
The equations to be solved now take the form 


2, 
(A + wll) Te + (a+ ph) 2=0, 


(H+ pB) Te + (h +yb)2=0 
These are both satisfied by 


epee pe ol. 
Dijk hapd 2? 
Hence p is determined by the quadratic 
(Hb — Bh) p2 + (Ab — Ba) p+ (Ah— Ha)=0...... (35). 

Tf »,, #2, be the roots of this, the corresponding values of )? are 
given by (34). In this way we obtain two solutions, which, on 
account of the linearity of the differential equations, we may 
superpose. 

It may be shewn that if we eliminate m from (34), we get 
the same quadratic to determine \? as before. Hence the condition 
for the reality of the roots of (35) must be the same as in the case 
of the quadratic (21). This is easily verified. 


If d? be negative, the solutions are of the types 
2=F,cos(pt+a), y= pl, cos (ptt a (36) 
Sonaes : 
x= F cos (pot + &), Y= Hal, cos (pot + €) 


where F,, F,, &, & are arbitrary. Hither of these by itself 
represents what is called a ‘normal mode’ of vibration of the 
system. 


To find the forced oscillations when the extraneous forces 
X, Y are of the type 


provided 


X=acos(nt+e), Y=fPsin (nt+e)......... (37), 
we may assume 
a= cos(nt+e), Y=Gsin(nt+ e)......... (38), 


and determine the coefficients 7, G by substitution in (17). 
A case of failure may arise, when the expression (23) is 
essentially positive, owing to n? coinciding with one of the roots 
of the quadratic in p’. 
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i; 


[y= (4 cosh = 3 + B sinh 


12, 
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zat 7.2? [y=A + Be~*.] 
dy dy = 
aaa, l0y=0. [y = Ac + Be 1 
fy ,d 
2 L+y=0. [y = Ae” + Be] 


Py 6 FY 14 _6y=0. [y= Aer + Be + Ce] 


da — dx? dx 


4, . 
Th my. [y= Ae™ + Be-™ + C cos ma + D sin mx.] 
a ay da 
ae pee a y=0. [y= dee Boa <Oanad 


oY ae oe (m? +n?) y= 0. 
fy =e™ (A cos ne + Bsin na).] 


oe ~ 494 4 13y= 0. [y=e(A cos 3a + Bsin 32).] 


PY 9 + by= 0. _[y=e-*(A cos 2a + Bsin 2z).] 
oY 6M + 138y= 0. - [y =e" (A cos 2¢ + Bsin 2z).] 
oY 5 mly = 0. 
9) 8 5 
+ (A’cosh 5 + B sinh =a) sin | 
fy TY 20, [y = Ae + (B+ Ca) e~*.] 
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3.0 SY SY Bylo, [y= (A+ Ba) 4 Oe*] 
14, ee oY 4 dy =0. [y = (A + Ba) e* + Ce-®.] 
15. SY 3S 4 9y =0. [y = (4+ Ba) & + Ce-™.] 
16. OY 3 FV 3 yoo, [y=(d+ Bu + Cate] 
17. FY + (mt + nt) = + m'n*y = 0. 


[y=A cos (mx + a) + B cos (nx + f).] 
18. Shew that the solution of the equation 
Gx ,dx 


Te * k Ge 7 Ree 0 
is of the form x = Ae-at + Bebt, 
where a, £ are both positive (if & and p are positive) and a> £. 
dy dy Pte. —— aed 
19. Ba de 
 _ (m? — n?) sin na + a cos 1% 
[y ‘i (m? +n’)? fie | 
By Gy dy _ ae cage 
20. 43 GA de TUT OD [y = dare” + tue" + de. | 
diy dy = ab 4 eres 
21. SP l+cosha, [y=a+e*—4ae*+ &e.] 
dty 
22. qa 8 4y = cos ka + cosh kx. 
[y-z oat (cos ka + cosh kaz) + &e. | 
Dy ty 4 . 
23, oY oY 4 BO. [yaar e+ Ow 
GY 1aV 
24. Solve ar ae aay 


as a homogeneous linear equation. [V=Alogr+ B.] 
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25. aoe oW 0, [y= 4+ Blog a+ Cz] 
26 op oY oy =a, [y= ae + 5-4 | 
y dx? ; x 
af = me AB | loge 
ay - spat [y= B =". | 
28. ae foe sane y=An+— +30. 
ae dy 
29. ~82 24 4y=0%. [y=(4+ Blog) 2? +2°.] , 
° de da 6 
30 ch Z B Dr4 ; 
h (F- 3) S@)=0. [y=5+ r+ Cre + | i 


31. Prove that 


f (#5) a = anf (« ¢ +m) U. 


32. Prove that 


ea 'y™é ¢ 


f(wZ) am log a=a" {f (m) log +f" (m)} ? 
dx dy : 
33. ap tle =, “7g tow + Sy = 0. ; 


(w=4{(4 + B) sint+(A—B) cost} e™, 
y =(Acost +B sin t) e™.] 


din dy _ 
34. =e eA Me ee 1 : 
[a= (A+ Bt) e%, y=(A-B+ Bi) e] 
dx dy ~ 
35. Tt etyaes a hy eee 


[a =(A + Bt) eo“ + fee’ — gee”, 
y=—(A+ B+ Bile“ + dee + gee] 
Px da 
36. SF 4+8e—4y + 3=0, =a 
[a =(A + Bt) cost +(A’ + Bit) sin t- 17, 
y= Mies eae ee -B + B't)sint-12.] 


+x-—y+5=0. 
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87. Determine the constants in the solution of the simul- 
taneous equations 
Px d’y 
ia” de = PY 
so that, for ¢=0, 
da dy 


=a, y=0, are ae 


[e=acosh /ut, y=V/,/p.sinh ,/pt.] 
38. The equations of motion of electricity in a circuit of self- 


induction ZL, and resistance #, which is interrupted by a condenser 
of capacity C, are 


dx a aie oe. 
oe ©? ao 


where x is the current, and qg the charge of the condenser. Find 
the condition that the discharge should be oscillatory. [L>42°C.] 

39. Solve a es 0, ne 7 P 
and shew that the solution represents a conic symmetrical with 
respect to the axis of a. 

ax dy 

40. Solve aa 0, aan py’, 
and prove that the curves represented by the solution include a 
family of hyperbolas. 


Px dy dy dx 
41. Solve apt Pt tes af ae 
[ 2=a4 «00s (nt + ¢), y=P+Le+asin(nt+ 9) | 
dx ays 
42. Solve Te —2n as a =(, 
d’y Ces oe 
oa + In + my =0. 


[w= Acos(pt+e)+ A’ cos (p't+e), 
y=—Asin(pt+e) + A’sin(p't+e), 


where of =,/(m? +n?) +n}. 


* 
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hg a4 
43. Solve a + my =0, oa — ma =0. 
mt _mt 
[== Ae*2 cos (5 + a) + Be “2cos ‘ee + B), 


a t el 
y = Ae"? sin ("5 + a) — Be “2 sin ie ~ p), | 
44. Shew that the integrals of 


sey ay ae 


dt dt 
are x= Aedt+ Aedt, y=pAjerét pAgert, 
where py, #, are the roots of 
nee 
ie ey Sade 
and N=athpy, AQ =a+hpy. 
45. Solve st =ax + hy, = = ha + by. 
46. Solve oa + mite — ny =0, os mt — nz = 0, 
[a+ y=A cos ,/(m?—n*) t+ A’ sin ,/(m?—n’) t, 
x—y=B cos ,/(m? + n*) t+ B’ sin ,/(m? + x’) t.] 
47. Solve ae (ut 1) 20—-pFy=0, 
a dy g | : 
dé tae* 5Y~9 


(The equations of motion of a double pendulum, the lengths of 
the upper and lower strings being a and 8, and um being the 
ratio of the mass of the lower to that of the upper particle.) 

Prove that the periods of the normal vibrations are 27/p,, 
27/p., if p,°, p? be the roots of 


p(t ng (<5) p41 +n) Z =o. 


Shew that the roots of this quadratic in p? are real, positive, and 
distinct. 


CHAPTER XIII. 


DIFFERENTIATION AND INTEGRATION OF 
INFINITE SERIES. 


193. Statement of the Question. 


The main object of this Chapter is to justify, under 
proper conditions, the application of the processes of 
differentiation and integration to functions expressed by 
“power-series, 2.e. by series of the type 


Ay+ Ayo + Age? + e+ Anat +... cess. (Ly 


where the coefficients are constants. Thus, if S(x) denote 
the sum of this series, assumed to be convergent for all 
values of x extending over a certain range, we have to 
examine under what conditions it can be asserted that S(«) 
is a continuous and differentiable function of #, and that, 

moreover, 


S’ (a) = A, +2A.e + 3Aga*+ ...+nAna™ +... ... (2), 
bad [ S@de= Aw +} Aut iAw' +... 
0 
1 
N+ C 
a a ge veka sk (3), 


respectively. 


If the number of terms in (1) were finite, the statements in 
question would need no proof, beyond what has already been 
indicated in the course of this work (see Arts. 36, 73), but it 
must be remembered that the word ‘sum’ as applied to an infinite 
series bears an artificial sense, and that we are not entitled te 
assume without examination that statements which are true when 
the word has one meaning remain true when it is used in another. 


. 
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We shall find it convenient, throughout this Chapter, 
to denote the sum of the first n terms of the series (1) by 
S,,(#); thus 


S,,(w) = Ag+ Aye + Aga? +... + Anad™™ veers (4), 
a rational integral function of a, of degreen—1. We shall 


further write 
S (x)= Sq (@) + Rn ().-receereeseeeeees (5). 


The quantity R,, (2) is called the ‘remainder after m terms’; 
it is of course the sum of the series 


Af © Aggy BO FE ae aver etoneets (6). 
By hypothesis, the sequence 
S, (a); Sa(@), Sg(@),.--  caeeereeeees (7) 


has (Art. 6) the limiting value S(«). It follows that the 
sequence 


Ry(@), Ra(e), BRg(@),--0  -c0-raseeees (8) 


must have the limiting value zero. 


Ex. In the case of the geometric series 


ee oe oe ol ee pe eree renee (9) 
we have 
1—2” 1 va 
Seit)= = 


ae S(2)=;—) fi, («)= 7— ates (10), 


provided |#|<1. 


It is to be noted that in each of the questions above 
propounded we have to deal with what is known as a 
“double limit” Thus, to establish the continuity of S(z) 
for «=a we have to shew that 


lim” lim S,(@ye'im ly By (ej... (11). 


n=O L=A4 r=a4 
Again, the formule (2) and (3) may be written 
he fies: 
- a: (x) = as a Rip (02) xagcorns . (12), 
and 


| “(lim 8, (@)} de = tim [sn (a) da... (18), 


oO mn 
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respectively. Since a derived function is the limit of a 
quotient, and an integral is the limit of a sum, these forms 
also come under the description of a double limit.* 


194. Uniform Convergence of Power-Series. 


We first give a simple, and frequently sufficient, test of 
the convergency of the series 


A,+A,x+ Aga? +... 4+ Ana™ $0. cece, (1). 
If a quantity a can be found, such that the quantities 
CIAO Ec aac Wc as mares TNs pooh etter! (2) 


do not increase indefinitely (in absolute magnitude), the 
series (1) will be ‘essentially’ convergent (see Art. 6) for 
all values of 2 such that 


|a|<|a|. 


For, writing the series in the form 
2 n 
ean () + Ayo? (=) Feb Agel (=) ena) 
a a. a 


and denoting by UM the upper limit of the absolute values of 
the quantities (2), we see that the several terms of (3) are 
in absolute value less than the corresponding terms of the 
convergent geometrical series 


MV Ft Pa EOP 0) cor deeoeenes (4), 
where t=|a/a\|. 
H@ce the series (3) is itself essentially convergent. 


It follows that if the series (1) be convergent for any one 
value (a) of 2, other than 0, it will be convergent for values 
of « ranging from «=—k to «=k, inclusively, where k may 
be any positive quantity less than |a|. For if the series be 
convergent for «=a, the limiting value of A,a”, as n is 
increased indefinitely, must be 0. 


* For further examples see Art. 114 (11) and Art. 210. 
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Ex. The coefficients of the series 
i) 1.3.5 
5 ees ee 
l+ha+s Getrag grt wk Mag Raare ages (5) 


are all less than unity. The series is therefore convergent for all 
values of a between +1. 

The argument does not entitle us to assert that the series (5) 
is convergent for the extreme values x= + 1; itis in fact divergent 
fora= 1. 


Again, we have 


a\™ ag\nrrtt 

Re (7) = Ana” (2) +A, yah (2) +... ...(6), . 
and therefore, considering absolute values, 
| By (0) |< MCE M$ oan) OF Tey eaeeee lM) 
Hence if 2 do not exceed the limits +k, where k<|a|, we 
have, a fortiort, 


| Rn (#)|< — PAR cree (8), 
where t,=|k/a|. 


Hence, o being any assigned magnitude, however small, we 
can always find a finite number n such that the quantities 


R,(@), Bas(@), Raza (@),.--+ 12eeeeeeee (9), 


shall remain constantly less in absolute value than o as 
ranges from —k to k, inclusively. ; 
The word italicized is important. Ifa series 
S (0c) =U, (a2) + Uy (a) + Ug (a) + 0. + Uy (®) + eee vee (10), 
whose several terms are any given functions of a, be convergent 
for all values of « extending over a certain range, it is implied 


that for each such value of x a value of n can be found such that 
every member of the sequence 


Ry (x), Rati (a); Basa (H)y -00 cones (11), 


where R,,(«) denotes the remainder after m terms, shall be less* 
than o, where o may be any assigned quantity however small. If 
we suppose o to be fixed, the lowest value of n fulfilling this con- 
dition will in general vary with x; in other words, the number of 
terms of the series (10) which must be taken in order to obtain a 


* In absolute value. 


PAD volge eet é. $ eure ate ARN 
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prescribed degree of approximation to the sum S («) will vary 
with x. But if, for each value of o, a value of n can be assigned 
such that the above condition is fulfilled for all values of a 
belonging to the range in question, the series (10) is said to be 
‘uniformly’ convergent over that range. 

The preceding investigation leads to the result that a power- 
series is uniformly convergent over any range which is included 
within the range of convergency*, More generally, if it can be 
shewn that for all values of a included in a certain range 
(ab, say)t+ each term in the series (10) is less in absolute 
value than the corresponding term in a series of constant positive 


quantities 
BVP Bit Beto. aBa ues aosuels .c 03a (12), 


which is known to be convergent, the series (10) will be uniformly 
convergent throughout that range. For if p, denote the re- 
mainder after m terms in (12), we have 


|Z. (x) l<pn, | Rasy (a) l<Pn1 <Pn> | Rasa (a) l<Pni2<Pn, s--(13), 

for a=x<b, and we can determine n so that Pn Shall be less 
than any prescribed quantity o, however small. 

It is not difficult to construct infinite series which shall be 
convergent, but not uniformly convergent, over a certain range, 
We have only to choose a suitable form for S, (x); the cor- 
responding series is then obtained by writing 


‘Mm = Sri —Sm z); 
for m>1, and oh ae 2 foe acon (14). 
Eu. 1. IE Be) pas eee. (15) 
we have 
S(z)= lim We (tye O svete tenets cantane (16), 


for all values of « without exception. The series is however not 
uniformly convergent over any range which includes «=0. For 


R, (2) =8 (z)-8, (0) =- 2 


1+ n*%x? 
and for any given value of m this attains the values $1 for 
e=+1/n. 


* Thus a power-series which is convergent for «=a, where (for defi- 
niteness) we suppose a positive, but not for x>a, has been proved to be 
uniformly convergent for values of « ranging from 0 to any fixed value short 
of a. As a matter of fact it will be uniformly convergent up to xz=a, 
inclusively, but this cannot be established by the above method. 

+ By this notation it is meant that x may range from a to b inclusively. 


L. 35 
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The question may be illustrated graphically* by drawing the 
curve y=S (zx), and also the ‘approximation-curves’ y =S,(2), 
fori ed; OF Bje-toh Le ene series be uniformly convergent, then, 
however small the value of o, from some finite value of 7 onwards 
the approximation-curves will all lie within the strip of the 
plane xy bounded by the curves 

Y =S (LAT vreverrrneereeeeeeserees (18). 

In the above Ex. the approximation-curve y = S, (a) is derived 
from Fig. 17, p. 31, by contracting all the abscissae in the ratio 
1/n. The curves tend ultimately to lie between the limits 
y=+o for the greater part of their course, but (if o<1) they 
will always transgress these boundaries in the neighbourhood of 
the origin. See Fig. 149. 


ae 


Fig. 149. 
Ex. 2. Tf S,, (2) = tanh s0....0. 20000 eomesoxees (19), 
we have S (x) =lim tanh nv=—1, 0, +1 «..... beset (20), 
n=c 


according as # is negative, zero, or positive ; see Fig. 22 
: g. p. 43. 
The annexed Fig. 150 shews that no approximation-curve lies 


* The author is indebted, here and in Arts. 196, 198, toa 
Prof. W. F. Osgood, ‘‘A Geometrical Method for the Treatment of reat! 
LB lane), and Certain Double Limits,” Bull. Amer. Math. Soc., 2nd ser., 
+ See for example Fig. 152, Art, 203. 


? 
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wholly within the required limits, in the immediate neighbour- 
hood of the origin. 


We have here an instance of a series whose sum is a dis- 
continuous function of a, although the individual terms are 
themselves continuous. 


Fig. 150. 


195. Continuity of the Sum of a Power-Series. 


We can now shew that the sum of a convergent power- 
series 1s a continuous function of @ for all values of x within 
the range of convergence, 


35—2 
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If x, x’ denote any two values of the variable within this 
range, we have, with the notation of Art. 193, 


S (a!) — S() = Sp (a!) — Sn (@) + Rn (2’) — Rn (2)---C), 


and the condition of continuity is that, o being any assigned 
magnitude, however small, a value of Sa shall exist such 
that 


|S (ar!) — S (x) |< oO ececseeeeeeereererss (2), 
for values of a’ ranging from « to # + 62, inclusively. 


It appears from Art. 194 that a finite value of n can be 
found such that 


| Rn (x)|< 4o, and | Ry (a’)|< te, 


for all values of and 2 within the range of convergence, 
and therefore such that 


| Rn (a) — Bn (@) | < 30 ---ereeeeeeeeeeees (3). 


Again, n being chosen so as to satisfy this condition, 
S, (x) is a rational integral function of finite degree n, and 
‘3 therefore continuous for all values of #, by Art. 14. It 
follows that a quantity $2 exists such that 


EASA ue (4), 


for values of a ranging from # to «+ dz. 


It follows then from (1), and from the inequalities (3) 
and (4), that the condition (2) is satisfied. 


The reader will notice that the only assumptions which have 
been made with respect to the series are that its terms are con- 
tinuous functions of a, and that it is ‘uniformly’ convergent. 
Hence we can assert that if a series whose terms are continuous 
functions of « be uniformly convergent over a certain range of @, 
the sum will be continuous over the same range. 


On the other hand, if the series be convergent, but not 
uniformly convergent, the sum may or may not be continuous, 
This is illustrated by the Exx. given in Art. 194, 


fd! Om Ab PTE 
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196. Integration of a Power-Series. 


With the same notation as before we can shew further 
that, if x lie within the range of convergence of the series 
(1) of Art. 193, the integral 


i x ED Be gues a OR ane ane (1) 


will be determinate and equal to the sum of the series 
Awt}Aw+tAg?+... +47 Ann +... ...(2), 


obtained by integrating the series S(«) term by term. That 
this latter series is convergent follows from the fact that its 
terms are respectively less in absolute value than those of 
the series 


£(A,+A,o+ At... 4+ Ane" +...) 
We write as usual 
PRE Pe da) che Mtg CN scars vngraen: (3). 


Since S, (x) is the sum of a finite number of integrable 
functions, we have 


é é 
| Sn («) dee = | (A+ Aye 4... + Ano") de 
0 0 
= AsE+ $A, + EAE +. + * An aé* i (4). 


Now let € be any quantity within the range of con- 
vergence of the original series, and let o be the upper limit 
to the absolute values of the function R, (#) over the range 
from 0 to &. If we refer to the fundamental definition of 
Art. 86, it will appear that the process there described, when 
applied to the function on the right-hand of (3), leads to a 
result which is so far determinate that it must be inter- 
mediate in value to the two quantities 
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This conclusion holds, however great the value of n. It 
has been shewn in Art. 194 that. as n is indefinitely increased, 
« tends to the limiting value 0; and the limiting value of 
the first term in (5) is the series 


1 
Af +4Ae+4 Pp eet ag An + See (6). 
It follows that the integral 
S (a) da .ecovcceseorevsecererees (7) 
0 


is completely determinate, and that it is equal to the sum of 
the series (6). 


If we now write x for £, we have the result as stated at 
the head of this Art. 


By a slight generalization of the above method it may be 
shewn that if a series whose terms are continuous functions 
of a be uniformly convergent over a given range, the series 
derived from this by integrating it, term by term, between limits 
belonging to the aforesaid range, will be convergent, and will 
have for its sum the integral of the sum of the former series. In 
symbols, if S (x) denote the sum of the infinite series 


Uy (BL) + Uy (2) + Uy (L) + ore ceeeeeeeeeeeeee (8), 


where u, (a), u(x), Uy (a),... are continuous functions of x, and 
the series be uniformly* convergent over a given range which 
includes the values a, 6, then the integral 


b 
I 9 io) data nice eae (9) 
a 
will be determinate, and the series 
b b b 
i aty (3) dae + I ay (a) dae + i argon) die cascesknes (10) 
a a a 


will be convergent, and the sum of the series will be equal to the 
value of the integral. 


* This condition is essential to the above proof. If it be not fulfilled the 
statement is not necessarily true. The correct theory of the matter is due 
to Weierstrass. 


196] INFINITE SERIES. 551 


Fx. 1. It was shewn in Art. 109 that the perimeter of an 
ellipse whose semi-major axis is a and eccentricity ¢ is 


dr 
ta [ (he? Sin Pino. ses cosese se) osc (11). 


The radical can be expanded by the Binomial Theorem (see 
Art. 200) in the series 


1S a) 
2.4.6 
-which is uniformly convergent from ¢=0 to ¢= $7, since e? <1. 
Integrating this term by term, and making use of the formula 
(8) of Art. 95, we obtain, for the value of the perimeter, the 
expression 


os ee, 
1—5¢ sin o-5 4° sin‘ d — 


1 1c S 1737.5 

a ep aa eo) BEC (13). 
Ez. 2. As an example of a series which is not integrable 

term by term, let 


If «+0, we have 


S(a)=lim sax ze lim ze~*=0, 
n=o ze z=0 
by Art. 28, Ex. 3, whilst it is obvious that S,, (0) =0 and there- 
fore S(0)=0. Hence, w being any quantity, 


On the other hand the sum of the integrals of the several 
terms is 


lim |” S, («) de =lim — jem |" 
0 


Nn=o n=o0 0 


Slim $ (1-6) = eesseerneenneeee (16). 


The reason why the previous argument does not apply in 
this case is that the original series is not uniformly convergent 
over any range which includes the origin. It is easily ascertained 
that the approximation-curve y=, (x) has maximum and mini- 
mum ordinates + ,/(n/2e) for «=+1/,/(2n), respectively. These 
ordinates increase indefinitely, and approach the axis of y in- 
definitely, as » is increased, but the area included between the 


— 
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curve and (say) the positive part of the axis of « remains finite 
and > 0, 


Y 


Fig. 151. 


197. Derivation of the Logarithmic Series, and 
of Gregory’s Series. 


The following are important applications of the theorem 
just proved : 


le. If|a|<1, we have 
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Hence, integrating between the limits 0 and a, 
log (1 + 2) =a— 4a? + fa — fate... eee. (2), 
which is the ‘logarithmic series*,’ 


The proof applies only for | «| <1; and we cannot assert 
without examination that the result is valid for # = +1. 


For «=1, the terms on the right-hand of (2) are 
alternately positive and negative, and diminish continually, 
and without limit, in absolute value. Hence, by a known 
theorem (Art. 6), the sum is finite, and the remainder after 
nm terms is in absolute value less than 1/(n+1). Hence 
this remainder can be made less than any assigned magni- 
tude by taking n sufficiently great. The same result holds 
@ fortiori when @ is positive and <1. Hence the series on 
the right-hand of (2) is uniformly convergent up to the point 
z=1 inclusive; it follows by the method of Art. 195 that 
the sum is continuous for values of # ranging up to unity, 
inclusive. The two sides of (2) are therefore finite and 
continuous up to «=1, and since they have been proved 
equal for values of « which may be taken as nearly equal 
to unity as we please, it follows that they are rigorously 
equal for z=1. Hence 


log 2=1—444-—f4... eee. (3). 


This formula, though exact, is not suited for actual calcu- 
lation, on account of the very slow convergence of the series. It 
may be shewn that about 10” terms would have to be included in 
order to obtain a result accurate to places of decimals. 


If we subtract from (2) the corresponding series obtained 
by reversing the sign of w, we obtain 


1 
log p= 2 (wt bat BP os) creceeen (4), 
which might also have been obtained directly by integration 
from the identity 
iE ie 2 


eta ee aisieavere (5). 


* Apparently first obtained by N. Mercator in 1668, 
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If in (4) we put 2=1/(2m +1), we obtain 
m +1 
™m 


log (m + 1) —log m=log 


1 1 1 
= Fa. Fs oad 6). 
Drewes eres tie rat } (6) 
This series is very convergent, even for m=1. Putting m=1, 
2, 3,..., we obtain the values of 
log 2, log 3—log 2, log 4 —log 3,... 
in succession, and thence the values of the logarithms (to base e) 
of the natural numbers 2, 3,..... When log 10 has been found, 
its reciprocal gives the modulus » by which logarithms to base e 
must be multiplied in order to convert them into logarithms to 
base 10*. 


2°. If a?< 1 we have 


1 A ! 
T+ = 1 — x + Hf oe wae Guess kina mee (7). 
Hence, by integration between the limits 0 and 2, 
tan @ = a — ta + Jat — 4a! + 20. ceceeeees (8). 


This is known as ‘ Gregory’s SeriesT.’ 


The function tan— w here appears as the equivalent of 
da 
ol +27’ 
and must therefore be taken to denote that value of the 
-‘multiform’ function tan which lies between + 47. 


For reasons similar to those given at length in connection 
with the formula (2), the result (8) holds up to both the 
limits +1 of a, inclusively. Putting #=1, we find 


* The most rapid way of determining yu is by means of the identity 
log 10=3 log 2+ log §. ; 
‘The two logarithms on the right hand are found by putting m=1, m=4, in (6), 


+ After the discoverer James Gregory (1671). 
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The series (9) converges very slowly, and has been superseded 
for the calculation of + by others. Euler used the identity 


far =tan'} + tan} oo... csece cones (10 
which gives i ‘ M 


go B 1 Bye 1 
dr= G- 3.93 gst 5. 2 5 2) + G- 338 33 Ss 5.35 eo i) 
Machin had previously employed the formula 
dr =4 tan“*4 — tan "shy oo. ceeseenenees (12), 


which, like (10), is proved in most elementary books on Trigono- 
metry. This leads to 


oe ee Lec 
ais ee Sgt = (35-9 aa0 pao 


On account of the importance of the matter, it is worth while 
to give the details of the calculation of + from Machin’s formula. 
To calculate tan“11, we first draw up the following table: 


1 i! 

= 5m =a Be 

1 200 000 000 0 | +-200 000 000 0 
3 8 000 0000 | — 2 666 666 7 
5 320 0000 | 4 64 000 0 
7 12 8000 | — 1 828 6 
9 5120 | + 56 9 
11 205 | — 19 
13 eb es. 1 


The sum of the positive terms in the last column is 
+°200 064 057 0, 


and that of the negative terms is 

—002 668 497 2. 
Hence tan121=°197 395 559 8. 
Again to calculate tan-*;35 we have the table: 
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1 1 
a ee 
239" n. 239" 


004 184 100 4 +004 184 100 4 


(thee = 94 4 
This makes tan-1,1, = 004 184 076 0. 
Hence in =4 tan™}—- tan-1,4, 


=+°789 582 239 2 
— 004 184 076 0 

= 785 398 163 2, 
w=3'141 592 652 8. 


The last figures are of course liable to error. To estimate the 
possible error of the final result, we remark that in the calcula- 
tion of tan-12 there were five errors, each not exceeding half a 
unit in the last place, and that there are two such errors in the 
computation of tan“'z35. The errors, therefore, in the inferred 
value of 7, even if cumulative, cannot exceed 


4x(4x5x$+2x}), =44, 


times the unit of the last place. The first seven decimal places 
cannot therefore be affected, and we can assert that the last three 
must lie within the limits 484 and 572. Asa matter of fact the 
errors are not all in the same direction, and the correct value of 
a to ten places is 

w= 3141 592 653 6. 


3°. If |«|<1, we have, by the Binomial Theorem (see 
Art. 200), 


1 : seers 1.3.5 
Hina Peete eee eee ene (14). 


Hence, integrating term by term between the limits 0 and @, 
: l@e.1.3¢ 1.3.82 
—l — me . 
sin a=ttoatoas mae re fa oy (15)3 


a series due to Newton. 
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If we put «= 4, we get 


1 1 1.3 
r-6 Gt setsp at} PO ) (16), 


from which 7 can be calculated without much trouble. 


198. Differentiation of a Power-Series. 


If the series 


A, + Ayo + Ag + 000+ Ang” + 0. cceceees (1) 
be convergent for any one value (a) of x, the series 
A, +2404 3A;0? + ...4-NAn®™™ + 00. 0000. (2), 


composed of the derivatives of the successive terms of (1), 
will be essentially convergent for all values of # such that 
|x| <|al. 


For the hypothesis requires that |A,2”| shall tend with 
increasing n to the limiting value 0. Hence if M denote the 
greatest of the quantities 


[PRE ae ped Faery PY) Dee (8), 


the terms of (2) will be in absolute value respectively less 
than the corresponding terms of the series 


(i sah a lec 4 = aa oe (4), 
where t=|a/a|. 
The ratio of successive terms in (4) is of the form 


Casey or (1+=)¢ 
n n 


and the limiting value of this, for increasing n, is t, which is 
by hypothesis <1. Hence after a finite number of terms 
the series (4) will converge more rapidly than a geometric 
progression whose common ratio is ¢,, where t, may be any 
quantity between tand 1. The series (4), and @ fortiori 
the series (2), is therefore essentially convergent. 
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We can now shew that if S(#) denote the sum of the 
series (1), and f(x) that of the series (2), then 


SF (@) HS! (@) cc esecerceeneeeeneeeens (5), 
i.e. the sum of (2) is the derivative of the sum of (1), for all 
values of a within the range of convergence of (1). Since 
f(@)=Ait+ 2404+ 3Ax? +... + NA yf" + ooo vee (6), 
we have, by the theorem of Art. 196, 


[F@=AEt AE + AE + 4 ee 


provided £ lie within the range of convergence of (6). Hence, 
differentiating both sides with respect to & and afterwards 
writing a for £, we obtain the result (5). 


We have thus ascertained that, for values of x within the 
range of convergence, the sum of a power-series is a differen- 
tiable, as well as a continuous, function of «, and that its 
derivative is obtained by differentiating the series term by 
term*. 


A more general theorem is that if the series 
IS (a2) = UU, (at) + Uy (22) + Ug (02) + ee + Un (®) ove one (8) 


be convergent for values of x extending over a certain range, and 
if the series 


Ag! (at) + Uy’ (at) + tha! (at) + eee + Up (2) + see veeeee (9)s 


composed of the derived functions of the several terms of (8), be 
uniformly convergent over this range, the sum of this latter series 
will be S’ (a). 


Ex.1. Tf |x| <1, we know that 


1 
seit efithames a Set Sapte (10). 


* The plan of deducing this theorem as a corollary from that of Art. 196 
is attributed to Darboux. It has considerable advantage in point of simplicity 
over the inverse order more usually followed. 
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Differentiating both sides, we obtain 


il 
(ieee ee. Beer (11). 
A second differentiation leads to 
1 
isnt (1.24+2.324+3. 40944. 5a%+ aay awe. Days 


Ex, 2. On the other hand, consider the series (considered 
already in Art. 194) in which 


This makes (a) = 0, and therefore S’ (x) =0 for all values of x; 
but, if we differentiate term by term, the sum of the resulting 
series is 
: Pv See) 
BES (x) = pay, C412)? ee ecrccenece (1 4), 
This vanishes if «+0, but it becomes infinite for a= 0; the series 
of derivatives is in fact divergent for a = 0. 


199. Integration of Differential Equations by 
Series. 


Given a linear differential equation, with coefficients 
which are rational integral functions of the independent 
variable (x), it is often possible to obtain a solution in 
the form of an ascending power-series, thus 


y=Ayt Ayo t+ Age? +... + An®™ + woe cerere (1). 


If we assume, provisionally, that this series is convergent for 
a certain range of a, it can be differentiated once, twice, ... 
with respect to x, by the theorem of Art. 198. Substi- 
tuting in the differential equation, we find that this can 
be satisfied if certain relations between the coefficients 
A,, Ai, A,,... are fulfilled. In this way we obtain a 
series involving one or more arbitrary constants; and if 
this series proves to be in fact convergent, we have obtained 
a solution of the proposed differential equation. Whether 
it is the complete solution, or how far it may require to be 
supplemented, are of course distinct questions, which remain 
to be discussed independently. 
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One or two simple examples will make the method clear. 


1°. Let the equation be 


The solution of this is of course known otherwise; but if 
we were ignorant of it we might obtain a series, as follows. 
Assuming the form (1), and substituting in (2), we get 


(A, — Ay) + (24,— A) a+ (3A; — As) a? +... 
+ (nAn — Ana)” 1+... =0...... (3), 
which will be satisfied identically provided 


1 
A,=A), A,=3A,=}A), A,=}A,= 775 40 
and, generally, 
1 it 

An=—7 Ana= ie Agi nt vescnees (4). 

We thus obtain f = AglE (2). oso xcmsensane ean eemmas (5), 
where, as in Art. 17, 

Revel tapes ee 6) 

2)= ats ote tig SRE A et ta! (6), 


and A, is arbitrary. 


If we were previously ignorant of the existence and 
properties of the exponential function, it would present 
itself naturally in Mathematics as involved in the solution 
of the problem: To determine a function whose rate of 
increase shall be proportional to the function itself. 


That (5) constitutes the complete solution of (2) may 
easily be shewn. For, writing 


where v is to be determined, and substituting in (2), we find 


© F(a) + 0{B (0) — B(@)} Si). oieveeretO)y 


{ 
c 
4 
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or, since H(z) satisfies (2), 


du 
ae UN iii eo AL aa (9) 
2°. Let the equation be 
2 re 
Bn tae UES Baety a ier (10). 


Assuming the form (1), and substituting, we find 
(1.24, + A,)+(2.3.4,4+ A,)a+(3.4A,+A,)a+.., 

+ {(n—1)n4,4+ A,}0"* +... =0...(11), 
which is satisfied identically, provided 


i 1 
A,=— 7540, A,=—5 541, 
i 1 1 1 
A,=—3-GAs=F Ao A,=-7 5 = 5A, 
and, generally, 
u 1 
Asn = — (Qn — 1) 2n Ama+a=(—)” Qn! A), 


: (12). 


Le ee 
pa = 9p, (2n +1) ee, (2n+1)! ce 
We thus obtain the solution 
; oF ae 
eae -F+H--) ~Ai («5 +e - i) (18). 
The series in brackets are easily seen to be convergent, and 
their sums therefore continuous, for all values of x, 
It has been shewn in Art. 182 that the complete solution 
of (10) is 
y=Acose+ Bsine .........c0.005 (14). 
Hence, given A, and A,, it must be possible to determine 
A and B so that the expressions (13) and (14) shall be 
identical, 


ae 36 
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For example, putting A,=1, A,=0, we must have 


eee Tne ...=Acosa+Bsing, 
and, changing the sign of 2, 

1 oe ot | Bsi 

5, Paes cosa—Bsinz. 
Hence we must have B=0, and putting «= 0, we find A=1. 
We thus obtain the formula 
ee ee 15 
ld? Set a tLe Pea Gore no (15). 


In the same way, if we put A)= 0, A, =1, we find A=0, 
B=1, and therefore ' 


: oe 
BIN = Eg ove Sneha (16). 


The foregoing method is, for various reasons, not always 
practicable. It may also lead to a solution which is in- 
complete; thus in the case of the linear equation of the 
second order, the method may yield only one series, with one 
arbitrary constant. This occurs not infrequently in the 
physical applications of the subject. The solution may, 
in this case, be completed, at least symbolically, by the 
method of Art. 185, 3°. 


200. Expansions by means of Differential Equa- 
tions. 

The method of the preceding Art. may sometimes be 
utilized to obtain the expansion of a given function in a 
power-series, provided we can form a linear differential 
equation, with rational integral coefficients, which the 
function satisfies*. 

For example, les y=(L42)™.....ceeseeeeeseneeenees (1), 


where m may be integral or fractional, positive or negative. 
Taking logarithms of both sides, and then differentiating, we 
have 


waald Movt:) method was first employed by Newton, to whom the series for 
cosz and sinz are also due. The manner of obtaining these series was, 
however, different. 
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or (142) 94 — my =0 eeenpe ress caesst ys (2). 


Assuming 
y= Ayt+ Ayo + Agx? + ...4+ Ant™ +... crease (3), 
and substituting, we have 
(14 2) (A, + 2A+...4 nAnz™™ +...) 


—m(A,+ A, + Ape? +... + Ana” +...)=0, 
or 


(A, — mA,) + {24,—(m—1) Aj} & + {3.45 —(m—2) A,} a+... 
+ {nA,—(m—n+1) A, 4} a74+...=0...... (4), 
which is satisfied identically provided 


A, =F As, 
m—1 m(m—1 
vine RSE ae oS Ae 
_m—2 , _m(m—1)(m—2) 
AS 3 oe 1.2.3 Ap, 


and, generally, 


_m—nt+1 _m(m—1)...(m—n-+1) 


ee Oe ean tn 
We thus obtain 
-1 
yn A, {14504 OS ) aay 
a erase TES) on ma -+(6), 


as a solution of (2); and it is easily verified that the series is 
convergent so long as |#|<1. 


Now if we retrace the steps by which the differential 
equation (2) was formed, we see that its complete solution is 


ONO Cli a) ie crs wenude eve tanvaes (7), 
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where C is arbitrary. Hence (6) must be equivalent to (7), 
and putting #=0 in both, we see that C=A,. Hence 
a m _m(m—1) . 
an ieee a Pew ae (8), 
for all values of # such that |a|<1. This is the well-known 
‘ Binomial Expansion *.’ 


As a further example, we take the function 


sin-? x 

y= "ica ee (9) 
Multiplying up by ,/(1 —2’), and then differentiating, we find 
dy x 1 
NO) de =a) I=’ 
or (1 — at) Yay = Tn gcsh ee retieaneces (10). 
Assuming y = Ay + Ayo + Agu? +... HAAR" + oe veer (11), 
we find 


(1 — a) (4, + 24.0 +3A5x? +... + nAnu™ +...) 
—a (A+ Act Ag+... tA,e™+...)=1 vot kon 
or (A,—1) + (24,—4p) & + (343 — 2.4;) 2? +... 
+ {nA,—(n—1) Ay} a® 2+ ... =0...(13), 
which is satisfied identically, provided 


1 

Aced Ay=54es | 

2, 2 yee e 
Aegdimg  Acsaareg go) oe (14). 
4, 2.4 Poet he 
AegAim a gt) Ago ag ee 


ee mee w eee eee ee eee eee SF eeeeeteseroereesesene 


* Newton (1676). The cases of 2 = +1 would require special investigation. 
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We thus obtain the solution 
Ore Pape: WAG) 


y= cr ee 5° +3 By 5. ie te 
AS DEO, 


+4,(145 Be Tat Tee ale (15). 


Now if we retrace the steps by which the linear equation (10) 
was formed, we see that its general solution is 


nae ey RIN An ies se.ccns ee (16)*, 
sina A 
or y= ios) + Rie ae (17), 


and, by the nature of the case, (15) must be included in this 
form. If we put x=0 in (15) and (17), we see that A=A,. The 
identity of the two expressions for y then requires that 


sin ' oe 2A 
Sie es ean Sore (18), 
a Hise arleget sae fy Sern he (19). 


These series are both of them convergent for |x|<1. 


The result (19) is a mere reproduction of the binomial ex- 
pansion of (1 -~2’)-4. 
If we put x=sin 0, the former series may be written 
6 =sin 0 cos 0 ¢ +3 sin' 0 + + sin‘ + .) are L200). 
Again, if we put tan § =z, we obtain the form 


eee once 
tan e=>ea{l+sreat os ise) top (21). 


This series has been made the basis of several ingenious methods 
of calculating 7. It may be shewn, for example, that 


dar=5 tan "7+ 2tan7%, 
whence e 


+= B03 (5) “38 Ge) °-4 

10 | *3 \100/ * 3.6 \100) ~~ 
, 30336 {+2 ( 144 el ra (02) 
100000 t' * 3 \100000/ * 3-5 \100000) **" J" 


* See also Art. 177, Ex. 2. 
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These series are rapidly convergent, and are otherwise very con- 
venient for computation, owing to the powers of 10 in the 
denominators*. 

Another remarkable series follows by integration from (18), 


EXAMPLES. LIT 


1. Prove by repeated differentiation of the identity 
el A +utoerrart..., 
1-2 
where |x| <1, that, if m be a positive integer 
m(m+1) a2 (mt ade 2) ae 


Sas 
(1 —2) 1+ma+—\—9 i 


2. If|x|<1, prove that 
tanh=! a =a + 40> + 5a? + w10. 
8. If|x|<1, prove that 
a a ax! 
ee SRO ee 
Does the result hold for ~=+1? 


. =(1+2)log(1+2)—a 


4, If|x|<1, prove that 
x? ot aff 
1.2 :3,4725.6-° 
Hence shew that 
1-4-$4+4+4-...= 43882... 


.. =x tan” x— log (1+ 2’). 


5. Prove that 
’ ib sin 2% oe x5 


Wp pt ae 
ree 3.3! 5.5! ; 


sinh « File x a 
i! ee oe ee 


* For the history of these series, see Glaisher, Mess. of Math., t. ile, 
p. 119 (1873). 


q 
2 


¢» 


a 


. peel ad Ale et Ae Te Be fee 
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6. Prove that 


Be—a B-da3 
[< de =log * + (6-0) + tae 


7. Obtain the following results by calculation from the 
series (6) of Art. 197: 


log 2= -693 147 181 
log 3=1-098 612 289 
log 4= 1-386 294 361 
log 5=1609 437 912 
log 6=1-791 759 469 


log 7=1-945 910 149 
log 8=2:079 441 542 
log 9=2:197 224 577 
log 10 = 2-302 585 093 

p= 434 294 482. 


8. Prove that log 2= Ta—2b+ 3e, 
log 3=lla—3b+ 5e, 


log 5=16a—4b+ Te, 


and thence log 10 =23a— 6b + 10c, 
1 1 1 
where Seat os 10s reiaye ice 1053605157, 
4 42 He 
b= 100 fs 2. 1007+ BUGo 0408219945, 
ae : + : = 0124225200 
“80 2.80" 3.808 


Apply this to find log 10. (Adams.) 


log 2= 7P+ 5Q+ 3h, 
log 3=11P+ 8Q+ 5R, 
log 5=16P+12Q+ TR, 
log 10=23P +17Q+10R, 


le et 1 ” : 
where P=2 (r+ santsapt ...)* 0645385211, 


9. Prove that 


and thence 


il 1 1 Nos : 
C= (a+ 3. 493 +5493 + 23 = ‘0408219945, 
1 1 1 
a ae 37101* * 5. 1618 
Apply this to find log 10, 


a‘! .) = 0124225200, 
(Glaisher.) 
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10. Shew graphically that the series in which 
Uy, (x) = (1 — a) 2 
is not uniformly convergent in the neighbourhood of «= i 
11, In the series for which 
grr grt 
ear os ae 


we have S(a) =a for values of ranging from 0 to 1 inclusively, 
whilst the series of derivatives of the several terms has the sum 1 
for 1>2>0, but the sum 0 foraw=1. Account for this. 


12. Examine the character of the convergency of the series 
for which S, (x) has the forms 


respectively. 
13. If Sa (x) = log cosh na, 
prove that S (a) =|2| for all values of a. 


14 If the series 
iy + Ay + Aig t ce FAg tone 
be essentially convergent, the series 
A, + G, COS & + Aq COS 2H + ... + Ay COS NL + «0. 

will be uniformly convergent for all values of a. 

15. If a), a, a, ... Gq, .-. be a descending sequence of 
positive qualities whose lower limit is 0, prove that the series 
| Gy + Gy COS & + Gg COS 2%+ ... +My COSNH +... 


will be uniformly convergent over any range of « which does not 
include any of the points a= 2s, where s=0, +1, + 2, + 3,... 


16. Prove that 
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17. From the formula 


Le 1-é 
dy (1—e* sin? yp)! 


for the radius of curvature of an ellipse, shew that the perimeter 
is equal to 


3, 39.5 , 3.5%. 
Pra(l—e') (145 ete et ggg Ot) 


and verify that this is equivalent to the result of Art. 196 (13). 


18. The time of a complete oscillation of a simple pendulum 
of length J, oscillating through an angle a (<7) on each side of 


the vertical, is 
ce ee 
gJo /(1—sin? fa sin? $)’ 


prove that this is equal to 


2 2 2 2 2 2 
Qa J; (2 +5,8in® Ja + 2 _ sin‘da ies sin’ 4a + :) : 


19. The perimeter of an ellipse of small eccentricity ¢ 
exceeds that of a circle of the same area in the ratio 1+ ye’, 
approximately. 


20. The surface of an ellipsoid of revolution (prolate or 
oblate) of small eccentricity e exceeds that of a sphere of equal 
volume by the fraction ;e* of itself. 


-91. Prove that 
iL 1 1 
w=2/8(I-g 5+ pg gt): 


92. Assuming the series for sin x, prove Huyghens’ rule for 
calculating approximately the length of a circular arc, viz.: From 
eight times the chord of half the arc subtract the chord of the 
whole are, and divide the result by three. 


Prove that in an are of 45° the proportional error is less than 


1 in 20000. 
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93. Obtain a particular solution of the equation 


aah WY my =0 
in the form 
me mx meat 
y=4(1-75 x 2.2?” 12, gat = 


24. Obtain a particular solution of the equation 


ap l1dd a 
drat pdr 7 O=0 
in the form g-4(1-+ — 3 
a? d: 
25. Integrate (1—2”) a2 —2 a= 0, 


by series, and deduce the expansion of sin~*w (Art. 197 (15)). 


26. Prove that y =sinh7"s 


satisfies the differential equation 


dy, 
(1 +a#) [3+ 2% 7 =0. 


Hence shew that, for |#|<1, 


3 
log iat ieee toe 


a2 Sa 
27. Obtain a solution of the equation 


5 {1-0 Tf +m a4 1) n= 0 


in the form 


m(n+1) , (n—2)n(n+1)(n+3) , 
w= A (1- "GED o OH DAO DE) a...) 


2 (iC DOy, O06 ie ae 
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28. Obtain a solution of the equation 
x (1—«x) at Teel ia\ ae =0 
peed es 


in the form 
- a8 _a(a+1)8(B+1) 
y=A(1+ fot 1.2.y(y+1) . 
a(a+1)(a+2)B(B+1)(B+2) , 
Seto yy ys 2) a+... 


29. Obtain a solution of the equation 


a 1d nr 
Get pant (#-) o=0 


in the form 
: ke? i 
$=4r (lmsyaes) 7 2.4 (2n+2)(2n+4)~ 4 


80. Obtain the solution of the equation 
PR A(n+1)dk ,,, 
a = ae FE=0 


in the form 


R=A(1 


ee Irs . ) 
~ 2 (Qn+3) 2.4 (2n+3)(Qn+5) 

ker? ky 
“say * Sa) 


+ Br-*1 ¢ 


Bir Lt y =sin (m sin™'2), 
prove that (1-22) FY ep Bam 


Hence shew that 
5 2 2 yy} 
sin m6 m?—1 sin? + 6m ahi 3 a eae 


Sete eee Bn 
2 2 (p2 — 92 
cos m= 1 — sin? 9.» 2) sin* @— s+. 


32. . Obtain a solution, by a series, of 
d’ 
(1-29) 53 +n (n— 1)y¥=0, 


and give the symbolical expression of the complete solution. 


CHAPTER XIV. 
TAYLOR'S THEOREM. 


201. Form of the Expansion. 


Let f(a) be any function of « which admits of expansion 
in a convergent power-series for all values of 2 within certain 
limits +a. It has been proved, in Art. 198, that the derived 
function f’ (x) will be-given by a similar series, obtained by 
differentiating the original series term by term, for all values 
of « between ta. By a second application of the theorem 
cited, the value of f” (x) will be obtained, for values of  be- 
tween the above limits, by differentiating the series for /” («) 
term by term. Andsoon. Hence, writing 


f(@) =A, +Awt Aw +...+ Anz” tn ann ea (1), 
we have 

f (“)= A,+2A ge +... +nApno™ +... 

f’ @)= 2.1A,+...+n(n—1) Ant” +..., 

Be AE | a os cama digs oatee aw ogek See Se Eee te ga eee Pe iy} 
f™(a)= n(n—1)...2.1Ay+..., 


Putting #=0 in these equations, we find 


Ay=f(0),Ar=f'(0), a= 35 FO) An =f 0) -(B), 


where the symbols f(0), /’ (0), £” (0), ... are used to express 
that « is put =0 after the differentiations have been per- 
formed. 
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The original expansion may now be written 


F(@)=f(0) + af (+ FF" (O) +... +2 FO) 4... 


= ihe , .- (4). 
This investigation was given by Maclaurin*. 

It will be noticed that the proof depends entirely on the 
initial assumption that the function /(«) admits of being 
expanded in a convergent power-series. The question as to 
when, and under what limitations, such an expansion is 

' possible will be discussed later (Arts. 203, 204). 

If we write OU ee) (0) scseo awa owatween wes s (5), 
we can deduce the form of the expansion of d(a+) ina 
power-series, when such expansion is possible. For if we 
write, for a moment, 


wehave (f/f(#)=¢(u), 
PO=Z ow=Z ow. = 4), 


F'(2)=F.8' =F $ (w) Mag" (w), 


and so on (Art. 39, 1°). Hence, putting «=0, u=a, we 
find 


U=aA+2, 


eee reeesseeee 


so that (4) takes the form 
$(a+2)=$(0) taf (0) +759" (4. OM (alton 


This is known as Taylor's Theorem}. We have deduced it 
from Maclaurin’s Theorem, but the two theorems are only 
slightly different expressions of the same result. Thus 
assuming (7), we deduce Maclaurin’s expansion if we put 
a=06. 

* Treatise on Fluxions (1742). The theorem had been previously noticed 
by Stirling. 

+ Given (under a slightly different form) as a corollary from a theorem 
in Finite Differences, Methodus Incrementorum (1716). 

§ The virtual identity of (4) with Taylor’s Theorem was clearly recog- 
nized by Maclaurin. 
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202. Particular Cases. 

Before proceeding to a more fundamental treatment of 
the problem suggested in the preceding Art., the student 
will do well to make himself familiar with the mode of 
formation of the series. In the following examples the possi- 
bility of the expansion is assumed to begin with; and the 
results obtained are therefore not to be considered as esta- 
blished, at all events by this method. 


Fae 5 3 f(A) HA™ ..rrssscecceerevscceees (1), 
we have 
¢’ (a)=ma™—, $" (a)=m(m—1)a™™,... 
b”™ (a)=m(m—1)... (m—n+1)a™™,... ... (2). 
Taylor's formula then gives 


(a+x2)™=a™+ mama + — a" 74? +- 200 
—1)...(m—n+1 
se mma Tim oat)) GA. as ane (3), 


which is the well-known Binomial Expansion. 

That Taylor's Theorem cannot hold in all cases, without 
qualification, is shewn by the fact that the series on the 
right-hand is divergent if |w|>|a|. For |#|<| a| the series 
is convergent, but it is not legitimate to affirm on the basis 
of the investigation of Art. 201 that its sum is then equal to 
eatin A valid proof of the equality has been given in 

rt. 200. 


eit aC) pat ae (4), 
we have f @)=4, 
and therefore fO)=1, Ff O=1. 
Maclaurin’s expansion is therefore 

ae td 

To + 1.2.3 serie = 
This is in any case a mere verification, as the series on the 
right-hand was adopted in Art. 17 as the definition of ¢. 


* There are in fact cases where Taylor’s expansion is convergent, whilst 
the sum is not equal to ¢ (a+). 


@=1l+ae+ 


- 202) TAYLOR'S THEOREM. . 575 


3°. Let FG) SOBER ia ctcen Fis otk Genes (6). 
It was shewn in Art. 63 that this makes 
f™ (a) =cos (a4 + 4n7), 
so that FO=1, fF (0)=cos hn ............ (7). 
Hence f™ (0) vanishes when n is odd, and is equal to +1 


when n is even, according as 4n is even or odd. Substituting 
in Maclaurin’s formula, we get 


Ee ko 

cos@=1—S +7, — + +(-) Oni 008 tesciwe (8) 

4°, Let FG) HSI vas crews c otsienes soaos (9). 
This makes S™ («) =sin (4 + 4n7), 


so that 
f(0)=0, f™ (0) =sin nm =sin {$ (n—1) 7 + $7} ...(10). 
Hence f” (0) vanishes when n is even, and is equal to + 1 


when n is odd, according as 4(n—1) is even or odd. Mac- 
laurin’s formula then gives 


a 


: yy . gon 7 
sing =#@—s +5, — + +(-) mary yuan ). 


The results (8) and (11) have been established rigorously 
in Art. 199, 2°. 


5°, Let F(a) = log L4G) oc ccsscnscssveseee (12). 
This makes 


Hence /(0)=0, f’(0)=1, and, for n>1, 


FO O)=(—)P AMAT) J oer eeeneee (13). 
Substituting in Maclaurin’s formula, we get 
el ih em 
log (1+2)="—-5 tqg—--t+(-" toon areeere (14). 


3 
Cf. Art. 197, 1°. ts 


When the general formula-for the nth derivative of the 
given function is not known, the only planjis to calculate the 
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derivatives in succession as far as may be considered necessary. 
The later stages of the work may sometimes be contracted by 
omitting terms which will contribute nothing to the final 
result, so far as it is proposed to carry it. 


Ex. To expand tan a as far as 2’. 
Putting JS (x) = tan 2, 
we find in succession 
S' (x) =sec? x= 1 + tan’, 
Sf” («) =2 tan x sec?a = 2 tan x + 2 tan’ x, 
t” (e) =(2 + 6 tan?x) sec? =2 + 8 tan’ x + 6 tan‘a, 
J* (a) = (16 tan a + 24 tan® x) sec? a 
= 16 tan x + 40 tan* x + 24 tan’ x, 
SY (x) = (16 + 120 tan? x + 120 tan* x) sec* x 
= 16+ 136 tan? x + 240 tanta + 120 tan®a, 
Jf % (a) = 272 tan a sec? « + &e., 
Sf"! (a) = 272 secta+cc., 


where, in the last two lines, terms have been omitted which will 
contribute nothing to the value of f“ (0). Hence 


oP (0) =0, a (0)=1, 
J" (0)=9, Sf” (0) =2, 
J* (0)=9, J* (0)=16, 
F%(0)=0,  — f*(0)=272, 


and the expansion is 
tang’ =% + = + es ot tees 
wee TERS See to 
= at dad t Peak t eat ee cee eee ees (15). 


That odd powers, only, of x would appear in this expansion 
might have been anticipated from the fact that tan « changes 
sign with a. 


203. Proof of Maclaurin’s and Taylor’s Theorems. 


Let f() be a function of « which, together with its first 
n —1 derivatives, is continuous for values of «# ranging from 
0 to h, inclusively ; and let us write 


SF (@) = Bp (@) + By (@)..crcesereveveeee. (1), 
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where 
gra 


®, (2) =f(0) + af’ (0) + sf” (0) + a aCe piv (0) 
Bole eho ces (2); 


ue. ©, (#) is the sum of the first n terms of Maclaurin’s 
expansion, and £,,(#) is at present merely a symbol for the 
difference, whatever it is, between f(x) and ®,(a). The 
object aimed at, in any rigorous investigation of Maclaurin’s 
Theorem, is to find (if possible) limits to the value of 
R,, (x); in other words, to find limits to the error committed 
when f(z) is replaced by the sum of the first n terms of 
Maclaurin’s formula. If we can, in any particular case, shew 
that, by taking n great enough, a point can be reached after 
which the values of R,,(«) will all be less than any assigned 
magnitude, however small, then Maclaurin’s series is neces- 
sarily convergent, and its sum to infinity is f(a). It is 
evident that the argument cannot be pushed to this con- 
clusion if f(#) or any of its derivatives be discontinuous for 
any value of # belonging to the range considered. 

The notion of representing a function /(«) approximately by 
a rational integral function of assigned degree, say 

Ags Are + Age + Aa i iccineen es (3), 
has already been utilized in Art. 112. The plan there adopted 
was to determine the n coefficients A,, A,, A,,....4,-, so that the 
function (3) should be equal to f(z) for m assigned values of a, 
which were distributed at equal intervals over a certain range. 
In the present case, the n values of are taken to be ultimately 
coincident with 0; in other words, the coefficients are chosen so 
as to make the function (3) and its first n—1 derivatives coincide 
respectively with f(x) and its first »—1 derivatives for the par- 
ticular value~=0. The result of this determination is, by Art. 
201, the function ®, (x). 

In the graphical representation, the parabolic curve y= ®, (x) 
is determined so as to have contact of the (m—1)th order (see 
Art. 206) with a given curve y=/(x) at the point x=0; and the 
problem is, to find limits to the possible deviation of one curve 
from the other, as measured by the difference of the ordinates, for 
values of « lying within a certain range. This is illustrated by 
Fig. 149, which shews the curve 

MANOR AT Lia Ni aaidins one nos sads int ceeds (4), 
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and (by thinner lines) the curves 
y=, y= a— fa, y= o—haP + 4D, re coorerees (5), 
obtained by taking 1, 2, 3, ... terms of the ‘logarithmic series’ 


(Art. 202 (14)). The dotted lines correspond to #=+ 1, and so 
mark out the range of convergence of the latter series ee 
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It appears, from the conditions which ®, (x) has been 
made to satisfy, that R,(#) and its first n—1 derivatives 


* This very instructive example is due to Prof. Felix Klein. 
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will be continuous from «=0 to «=h, and will all vanish 
for ¢=0. Now we can shew that any function which satisfies 
these conditions, and has a finite nth derivative, must lie 
between 


nm 1) 
A wad : 
n! n! 
where A and B are the lower and upper limits to the values 
which the mth derivative assumes in the interval from 0 to h. 


For, let F(x) be such a function. By hypothesis, we 
have 


F(0)=0, F’(0)=0, F”(0)=0,... F" (0)=0...(6), 
and ACOR PR ay 2 Bi lsy. nee. (7), 


the latter condition holding from #=0 to e=h. It follows 
from (7), by Art. 89, 4°, that 


7 ra x 
[Ade<| Fo (a)da< | Bda*, 
0 0 0 


or, since #'"-» (0) = 0, 
Ae OR CD) BO. vs ssiosenedenes om (8). 
* By a second application of the theorem referred to, we have 


[ac da< [F ™) (x) da< [ Bede, 
0 0 0 


or, since F'("—4 (0) = 0, 


2 Hal 
: A a rae LOVE ST Ea ai te aie (9). 
A similar argument applies to shew that 
Sd a 
— red See aad vorteaiead 
Ax<F (a) < Be ane (10), 
and so on, until we arrive at the result 
a” a” 
A <F@)<8, apse eapeacener (11). 


* Provided x be positive. If x be negative the inequalities must be 
reversed, but the final conclusion is unaffected. 


37—2 
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Hence we may write 


where ( is some quantity between A and B. 


In the presert application, since Pn (x) is a rational 
integral function of degree n—1, its nth derivative is zero 
(Art. 68); and the nth derivative of R,(z) is therefore, by 
(1), equal to f™ (a), if this latter derivative exist. We infer, 
then, that 


where C is some quantity intermediate to the greatest and 
least values which f™ (x) assumes in the interval from 0 to h. 
And if, as we will suppose, this latter derivative is continuous 
from «=0 to z=h, there will be some value of a, between 
0 and h, for which f” (2) is equal to C. Denoting this 


value by 6h, we have 
fete = ‘fos (hyoel ae (14), 


where all we know as to the value of 6 is that it lies between 
0 and 1. 


The formula (14) holds from # = 0 to # = h, inclusively 
Putting «=h, and substituting in (1), we obtain 


fliy=f(0)+hf' (0) + EF" Ot on Hy) 


} n id 
4. = f (Oh)...(15). 


In this form Maclaurin’s Theorem is exact, subject to the 
hypothesis that f(#) and its derivatives up to the order n, 
inclusively, are continuous over the range from 0 to h. 
The conditions, however, that /" (x) is to exist, and to he 
continuous over the above range, include the rest. 


If we write 


FAHD (GHA) ..recrcerseseeees (16), 


ow , - —_ _ 
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we deduce 


BON = (A) +h (A) +5) 9" (0) tant mT g(a) 


h™ 
+ a b”™ (A+ Oh) 000 (17), 
where as before, 1 > @>0. 


This is an accurate form of Taylor's Theorem. It holds 
on the assumption that ¢” () exists and is continuous from 
=a to x=a+h, inclusively. 


The last terms in (1 5) and (17) are known as Lagrange’s 
forms of the ‘remainder’ in the respective theorems. 


The formula (17) is a generalization of some results obtained 
in the course of this treatise. For example, putting n=1, we get 


$(ath)=¢ (a) + hd’ (at Oh) ..... eee. (18); 
and, putting n= 2, 
$(a+h)=¢ (a) + he’ (a) + fh" (a4 Oh) «00... (19). 
These agree with Art. 56 (9) and Art. 66 (23), respectively. 


Another form of remainder may be investigated as follows. 
If F (a) be subject to the conditions stated in (6), we find by an 
integration by parts 


h g\n-1 m—1 sh w\n-2 
_— (n) =— — = (n-1) 
[ (i i) FO (0) de =" i ( i) FD () dee 
vevee.(20), 


since the integrated term vanishes at both limits. Performing 
this process n — 1 times, we obtain 


iE @ Z 5) PF (2) dz = oa | F' (x) du= ie ao F(h), 


or F(h) = Gay [@- i) FP (ce) dee ......(21), 


Since the function under the f sign is continuous, we infer, by 
Art. 89, 3°, that 
Fih 
= @= yi 


where 1> 6>0. 


ms a (1 — 6)" FO) (Oh). .csecscees (22), 
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It appears, then, that the last term in (15) may be replaced by 


“et id 
esis ee O)9-1f) (OR) saceb ams oneare (23), 
and the last term in (17) by 
h” nm-1 4(n) 9 
mois (1 —0)"-2 GO) (a + Oh)... .eereeereres (24). 


These forms of remainder are due to Cauchy. 


204. Another Proof. 


‘The proof of Taylor's (or Maclaurin’s) theorem which is 
most frequently given follows the lines of Art. 66, 2°. 


Considering any given curve 
Y =f (i) -<scaneneneavensnnannsannd (1), 
we compare with it the curve 
y = Ag+ Aye + Aga? t+... + Ania” + Ano” ...(2), 
in which the n + 1 coefficients are determined so as to make 


the two curves intersect at «=0 and x=h, and, further, so _ 


as to make the values of 


dy dy ay 
adn” dae’ da 
respectively the same in the two curves at the point «=0. 
These conditions give 


Ay=f(0), Ai=f'O), A= HF" O), 


1 
Ana= rae Fe es (0) oS), 
as before, and 
S(h) = Ag+ Asht Agh? + ... + An ah" + Anh” ...(4), 
this latter equation determining A,. 


Denoting by F(x) the difference of the ordinates of the 
two curves, 1t appears that 


F(0)=0, F’(0)=0, F” (0) =0,... F® (0) =0 ...(5), 
and Eh) = 0 a ecco eee (6). 


Since F(z) vanishes for #=0 and «=Ah, it follows, under 
the usual conditions, that F’ (w) vanishes for some value of # 
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between 0 and A, say for «= 6,h, where 1>0,>0. Again, 
since F’ (x) vanishes for «= 0 and x = 6,h, F” (a) will vanish 
for some value of x between 0 and @,h, say for « = 0@,h, where 
6,>6,>0. Proceeding in this way we find that F™™ (a) 
vanishes for «=0 and w=6,_,h, where 1>0,.>0, and 
hence that 


HO (O)e) Onan csesen sine se csan es Ci): 
where 1>0>0. Now, on reference to (1) and (2), we see 
that FO (1) =f (4) — 1! Ag vrecereeceeeees (8). 
It follows from (7) that 

Les TC eee ena (9). 
Hence, substituting from (3) and (9) in (4) we obtain 


hr 


FW=fO) +f +4 f" OF Gof"? O 


+ © £0 Bh) .--+-(10), 


as before. The conditions of validity are as stated in Art. 
203, after equation (15)*. 


205. Derivation of Certain Expansions. 


We proceed to consider the value of the remainder for 
various forms of f(a), or ¢ (a); and in particular to examine 
under what circumstances it tends, with increasing n, to the 
limit 0. In this way we are enabled to demonstrate 
several very important expansions; but it is right to warn 
the student that the method has a somewhat restricted 
application, since the general form of the nth derivative of a 
given function can be ascertained in only a few cases. 
Moreover, even when the method is successful, it is often 
far from being the most instructive way of arriving at the 
final result. 


io, Wit Gy Fore ccerece eon sceness (ly 
we have 3 f™ (02) = S Sy Soap crt (2). 


* The foregoing proof is substantially that given by Homersham Cox, 
Camb. and Dub. Math. Journ., 1851. 
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Now, whatever the value of 2, we have 


since the successive fractions 


Cc L& &£ x 


i 9? ede eT 
diminish indefinitely in absolute value. Hence the expansion 


(5) of Art. 202 holds for all values of w As already pointed 
out, this merely amounts to a verification. 


mer lf i) OG ee ons ee eee (4), 
a” a 
we have nh F Ox) = 71 08 (Oa +- 4077) ....2.00000 (5). 
The limiting value of the fraction 2/n! is zero, and the 


cosine lies always between +1. Hence the expansion (8) 
of Art. 202 holds for all values of 2. 


The same reasoning applies in the case of sin. 


3°. If f(a ey oe (6), 
we find 

x” ny _m(m—1)...(m—n+1) a” 

ae o ee (1 + @x)"—™ Bil 


This may be regarded as the product of (1+ 6x)" into n 
factors of the type 


m—r+1 x m+1 x 

rpg ot (-14+7 2) 7...) 
If 1>2>0, the fraction «/(1+ 0x) lies between 0 and a, 
and since the first factor in (8) tends with increasing 
r to the limiting value —1, it appears that by taking n great 
enough the value of the expression (7) can be made ie than 
any assignable magnitude. Hence, for1 > a>0,we may write 


(l+a)"=14 ma + | 
ad infinitum. 


ee ee a a ee oe ae, 
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We cannot make the same inference when « is negative, even 
if |x|<1. For if we put «=—~,, the fraction x,/(1 — Oa) is less 
than 1 only if 6<(1—2,)/a,. And if a,> 4, we have no warrant 
for assuming that 6 lies below this value. 

Cauchy’s form.of remainder (Art. 203 (23)) is now of service. 
We have, in place of (7), 

m (m—1)...(m—n +1) (1— 6)" 2" 
1.2...(m—1) Ta aa nia 
This is equal to ma (1+ 0x)"—! multiplied into n—1 factors of 


the type 
m\ x2 — Oa 
(147). Lee (11); 


and, if |x|<1, the fraction (a— 6x)/(1+ 6x) is easily seen to be 
less in absolute value than #, whether x be positive or negative. 
Hence the limiting value of the remainder (10) is 0, so long as 
l>a>-1. 


a It FAS) MOST) ee ccve Seven: (12); 
we find = f'™ (0x) = ic ae G a aa) Peete (13). 


The limiting value of the first factor is 0, and, if a be 
positive and $1, #/(1+6x)+1. Hence the limiting value 
of (13), for n = 0, is zero, and the expansion (14) of Art. 202 
is valid from # =0 to #=1, inclusively. Cf. Fig 149. 


The above form of remainder does not enable us to determine 
the case of x negative, even when | «|<1. 
In Cauchy’s form, we have, in place of (13) 


(-1) rm (i 4 iar Sk (14), 


Tf |x| <1, the limiting value of this is 0, whether x be positive or 
negative. 


206. Applications of Taylor’s Theorem. Order 
of Contact of Curves. 


If two curves intersect in two points, and if, by continuous 
modification of one curve, these two points be made to 
coalesce into a single point P, then the two curves are said 
ultimately to have contact ‘of the first order’ at P. An 
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instance is the contact of a curve with its tangent line. And 
whenever two curves have contact of the first order, they have 
a common tangent line. 


Again, if two curves intersect in three points, and if by 
continuous modification of one curve these three points are 
made to coalesce into a single point P, then the two curves 
are said ultimately to have contact ‘of the second order’ at 
P. An instance 1s the contact of a curve with its osculating 
circle (Art. 154). 


Let us suppose that the two curves 


y= (a), Y = WV (M) -ceeereceeewecenes (1) 
intersect at the points for which =a, %, %, respectively. 
The function 

F (a) = (@) —V¥ (@) ores eeeteeereee ee (2), 


which represents the difference of the ordinates of the two 
curves, will vanish for #= %, %, %. Hence, on the usual 
assumptions as to the continuity of F(a) and F’(«), the 
derived function F” («) will, by the theorem of Art. 48, vanish 


for some value of # between a and say for =a, and ~ 
0 a, 0> 


again for some value of between 2, and a, say for =a. 
Hence, by another application of the theorem referred to, if 
F(a) be continuous in the interval from a’ to a, it will 
vanish for some value of # between a, and 2,’, say for = Tes 
Hence if, by continuous modification of one of the curves (1), 
the three points w=, a, «, be made to coalesce into the 
one point «=, the values of F'(a), F’ (a), F” (@o) will all 
be zero; te. we shall have 


b(z)=H (a), $ (@)=¥' (2), $" (@) =" @) ---B), 
simultaneously, for a = a. 


In other words, if two curves have contact of the second 
order at any point, the values of 


eee. 
Y da’ dat 
will at that point be respectively identical for the two 
curves. 


4 
- 
fF 

. 


a lh 


* . 
ee 
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Ex. To determine the circle having contact of the second 
order with the curve 


; ME GCN Mave wsecenne dons adaee neous: (4) 
at a given point. 
The equation of a circle with centre (€, y) and radius p is 

(a — £)? + (Ba ieee nnewastes inna (5). 

If we differentiate this twice with respect to x, we find 

dy 
w—£+(y-) 5 =0 ate (6), 
dy\* d?y 

13 (34) +u- ees SO, tone (7) 


In these results, y is regarded as a function of « determined by 
the equation (5). But if the circle have contact of the second 
order with the curve (4) at the point (2, y), the values of 
y, dy/dx, and d*y/dx* will be the same for the circle as for the 
curve. We may therefore suppose that in (5), (6), (7) the values 
of x, y, dy/dx, d*y/dx* refer to the curve (4). The equations then 
determine the circle uniquely, viz. we find that the coordinates of 
the centre are 


2 2 
NE oC) 
chokes du 
6 meme, ; Lan w ing Neftiners (8), 
dx dx* 
2)% 
Ge) 
and that the radius is Seater Creer (B)is 
da 


ef. Art. 152. 


The above considerations may be extended, and we may 
say that if two curves intersect in m +1 consecutive points, 
or have contact ‘of the nth order,’ the values of 

dy dy dry 
D> da’? da?“ da 
must be respectively identical for the two curves at the point 
in question. 


The investigations of Arts. 203, 204 give a measure of 
the degree of closeness of two curves in the neighbourhood 
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of a contact of the nth order. By hypothesis we have at the 
point # = a (say) 
d(@)=¥@, # =O. $” (a)=%™ (a)...(10), 
and therefore, with F'() defined by (2), 
F(a)=0, F’(a)=0, F’(a)=0,... FP” (a) =0...(11). 
It follows that, under the usual conditions, 
fjrn 
(n+1)! 
where 1>6>0. Hence, if h be infinitely small, the difference 
: 


F(a+h)= FO) (a+ Oh). ..cccees (12), ; 


of the ordinates is in general a small quantity of the order 
m+1. Moreover, it will or will not change sign with h, 
according as n is even or odd. 


For example, the deviation of a curve from a tangent line, in 
the neighbourhood of the point of contact, is in general a small 
quantity of the second order, and the curve does not in general 
cross the tangent at the point. Again, the deviation of a curve 
from the osculating circle is a small quantity of the third order, 
and the curve in general crosses the circle. See Fig. 123, p. 422. 
But if the contact with the circle be of the fourth order, as at the 
vertex of a conic, the curve does not cross the circle. The same 
thing is further illustrated in Fig. 149, p. 572, where the curves 
numbered 1, 3, 5 do not cross the curve y=log(1+«) at the 
origin, whilst the curves numbered 2, 4, 6 do cross it. | 


207. Maxima and Minima. 


If }(#) be a function of « which with its first and second 
derivatives is finite and continuous for all values of the 
variable considered, we have 


$ (ath) $(@)=hg (a) +S "(a4 Oh)... 


where 1>0>0. By taking & sufficiently small, the second 
term on the right-hand can in general be made smaller in 
absolute value than the first, and ¢ (a +h) — ¢ (a) will then : 
have the same sign as Ad’ (a), and will therefore change sign 

with h. 
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Now if }(a) is a maximum or a minimum va.ue of ¢ (a), 


the difference 
b(ath)—o(a) 
must have the same sign for sufficiently small values of h, 
whether h be positive or negative. Hence we cannot, under 
the present conditions, have a maximum or a minimum 
unless ¢’ (a) =0. 
Let us now suppose that ¢’ (a) = 0, so that (1) reduces to 


p(a+h)— o(W)=5,¢" (it Oh cst ore (2 


When h is sufficiently small, the sign of the right-hand will 
be that of ¢”(a). Hence if this be positive we’shall have 
o(a+h)>¢(a), whether h be positive or negative; te. 
(a) is a minimum. Similarly, if 6” (a) be negative we have 
a maximum. 

If p” (a) vanish simultaneously with ¢’ (a), it is necessary 
to continue the expansion in (1) further. To take at once 
the general case, if we have 


Ye 0, 6 (a) =0, 6.6" G)=0 1 a. (3), 
simultaneously, but UU OA Ke Gntvntsanedeeays de (4), 


ae (a+) — $ (a) = (44 Oh) coessee (5). 


If h be small enough, the sign is that of h»d™ (a). If n 
be odd, this changes sign with h, and we have neither a 
maximum nor a@ minimum. But if n be even, we have a 
maximum or minimum, according as @™ (a) is negative or 
positive. 

In words, ¢ (a) is either a maximum or a minimum for 
a given value of a if the first derivative which does not 
vanish for this value of x be of even order, but not otherwise. 
And the function is a maximum or a minimum according 
as this derivative is negative or positive. 


Ex. (x)= cosh & + COST. ....00200..00000000 (6). 
This makes 
¢’ (x) =sinha—sinag, ¢" («)=coshx—cosa, 
¢” («)=sinha+sinz, ¢(”)=cosh «+ cosa. 
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The first derivative which does not vanish for x=0 is $ (a). 
And since ¢'"(0) is positive, we infer that ¢(0) is a minimum 
value of ¢ (a). 


208. Infinitesimal Geometry of Plane Curves. 


Let the tangent and normal at any point O of a plane 
curve be taken as axes of coordinates; it is required to 
express the coordinates. of a neighbouring point P of the 
- curve in terms of the arc OP, =s, say. 

If, for brevity, we use accents to denote differentiations 
with respect to s, we have, as in Art. 109, 

ie == 908 Yr, Of RBI IP oan csenel (1), 
and thence 
a’ =—-snwp.’, a” =—cosp.y?-snyp.y”,... (2) 
y’=cosw.y, xy” =—sinb.?+cosp.”,... J OY” 
and so on. 

Now, by Maclaurin’s ‘Theorem, 

s 


ah ae 
cP + 79% Trine 


assent eae 
ge Io e ee eee 
where the suffix is used to mark the values which the 


respective quantities assume for s=0. But, putting ~=0 
in (1) and (2), we have 


Dol _ 1, Io” =0, axl! males i ‘ 
eres ae (4), 
Yo=0, Yo =-, Yo =— ee 
: p? ds’ 
where 1/p has been written for dy/ds. Hence 
ers _s 8 dp 
cvc=s 6ph “9p 6ptds* wom eet (5), 


where p and dp/ds refer to the origin. 


These formule are useful in various questions of ‘infini- 
tesimal geometry.’ 


a ey, © 


Ss Ey 


3 


ee ae 


Pee) ee ey ee ae 


ee ee ee a a 
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#x,1. Thus the second formula in (5) shews that the devia- 
tion of the curve from the osculating circle at O is ultimately 


since dp/ds = 0 for the circle. 


And, generally, for all purposes where s* can be neglected, 
the curve may be replaced by its osculating circle. 


£x. 2. Again, the normal at P meets the normal at O ina 
point whose distance from 0 is y+acot y. If we neglect terms 
of the second order in s, this 


p pide 
Hence the distance of the intersection from the centre of curva- 
ture at s is ultimately 


When p is a maximum or minimum we have (in general) dp/ds = 0, 
and the distance is of a higher order, the evolute having then a 
cusp at the point corresponding to 0. 


EXAMPLES. LIV. 


D2n4 24,8 

iL: cosh weos'a = 1 
é , pa eee 
ae Ne le ae tea 
: Dae® — DPap5 

2. ROR SR Ba enn 
inl Q Dak DP a5 

fee ae Reg Sey tone 


Qa® Dat Dy = 938 
3. ee eS ee eS pt 
Qa® Da 848 D387 
NOT tata] ee a dia 


esinw=x2+a2+ 
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1 a Sat 6128 
4, sec “= tot ai* erties 
5 ieee ee ee 
3 og seca=— + 75+ Gp 
6. tanh a=a2—4a'+ Pear — Bea’ + wee 
Q3q4 2°28 
7. cos*a=1—a*+ Fy — yt 
n n(3n — 2) 
8 cos" x= 1— 55 a? ra gt — 
sin «\” _ nm ,, n(5n-— 2) cs 
: (=*) =1-F 2+ 3.5! 
x a? «14a 
10. eh ean er 
i io oP nap! 
Sahas) oVetal 
HV) a at 
1: ply t et tay way 


12. tan (ja +a) = 1+ 2+ 2a? + Sar +APat +... 
13. log tan (fv + x) = 2a + $a? + Ga? +... 


‘ sg ok ‘ 
14. log sec? 40 = 1 sin O¢ 133 sin! an sin’ 6 


23 1.335 " 
i 9, 24 ft "9 26 ee 
15. If D=d/dz, prove that 
Dretoose cog (a sin a) = e% 8% cos (a sin a + na). 
Hence shew that 


etcose cos (x sin a)= 1 +"cosa+ 2 cos 2a + = 00s Bat... 
16. Draw graphs of the functions 

= - © 

pte ea or 

respectively, and compare them with the graph of sin 2, 


x, ee 


a ee eS ee eee 


b 


| 
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17. Draw graphs of the functions 
“3 ee Pat 
ape hart apr 
respectively, and compare them with the graph of cos a, 


18. If ¢ (2)=0, ‘ ¥(a)=0, 
prove that in general 
iim, $2) (0). 
“Sy (a) yf (a) 

19. Prove that, in the formula (17) of Art. 203, the limiting 
value of @, when ’ is indefinitely diminished, is in general 
1/(m + 1). 

20. Prove that when fh is sufficiently small the error in 
Simpson’s formula (Art. 112 (8)) of approximate integration is 
equal to : 


ety 
vO dit? 
nearly. 
21. Prove that the mean value of a function ¢ (a) over the 
range extending from x=a—h to w=athis 


h? We 
$(a) +558" (a) +5, 8" (a) +... 


Shew that this falls short of the arithmetic mean of the 
values at the extremities of the range by 


ha Tes, bhree 
1.3? @t+ap (at... 


22. Shew that if, from a given curve, another curve be con- 
structed whose ordinate, for any value a of a, is the mean of the 
ordinates of the first curve over the range bounded by x=a+ h, 
where / is a given small constant, the ordinate of the second 
curve exceeds that of the first by one-third the sagitta of the are 
whose extremities are x=a+h. 


23. Prove that if the expansions (4) of Art. 208 be carried to 
the order s‘, the results are 


fp sid, 
B=8— both ; 
18 18d , st - i’ 
y=h tag ea -3(F a oe) + 86.6 


L 38 
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94. If the values of x, y, referred to the tangent and normal 
-at a point O of a curve, be developed in terms of y, the inclina- 
tion of the tangent to the axis of «, the results are 


wa ppt Py 4(p- Fa) Pt ms 
y=bor they t. 


95. Prove that, with the same axes, the coordinates of the 
centre of curvature are 


26. If O, P be two adjacent points on a curve, and PQ be 
drawn perpendicular to the chord OP, to meet the normal at O 
in Q, then ultimately OQ = 2p. 

27. If equal small lengths OP, OT be measured along the are 
of a curve, and along the tangent at the point O, and if # be the 


limiting position of the intersection of PZ’ produced with the 
normal at O, then OR = 3p. 


28. The perpendicular to a chord OP at its middle point 
meets the normal at O a distance from the centre of curvature 
ultimately equal to sdp/ds, where s = OP. 


29. The tangents at two adjacent points P, Q of a curve meet 
in 7, and V is the middle point of the chord PQ. Prove that 
TV makes with the normal to the curve an angle tan~* (}dp/ds). 


30. Prove that if PQ be a small arc (s) of a curve, the are 
exceeds the chord by 3,s*/p’, and the sum of the tangents at P 
and Q exceeds the are by 35s*/p”. 


31. Prove that the form of a curve near a cusp is given by 
ay? =a, 
approximately, where a= $dp/dip. 


32. Prove that the form of a curve near a point of inflexion 
is given by 


approximately, where ¢ is the curvature. 


4 
. 
c 
% 
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33. If P be any point on a curve, the form of the evolute of 
the part near P, referred to the centre of curvature at P as 
origin, is in general given by 

ay =x, 
where a= 2dp/dy. 

34. Prove that if P be a point of maximum or minimum 
curvature, the form of the evolute is 

ay?” = x", 
approximately, where a = $d’p/dy’. 
209. Functions of several Independent Variables. 
Partial Derivatives of Higher Orders. 


If u be a function of two or more independent variables 
2, Y, «.., the partial derivatives 


ou ou 
eer ge (1) 
will themselves in general be functions of a, y, ..., and be 


susceptible of differentiation with respect to these several 
variables. 


Thus, if TONY) noha ee wideehes tare ste os (2), 
we can form the second derivatives 


3 (eu), 2@u), Bu) 0 
ae > Oy \ox/? en f inl 


or, as they are usually written, 

Ou Ou du du 2 

eM Fidutd aoa aRR Tere (3). 
It will be noticed that there is (primarily) a distinction of 
meaning between the second and third of these symbols, the 
operations indicated being performed in inverse orders in the 
two cases. It will be shewn, however, in Art. 210 that under 
certain conditions, which are generally satisfied in practice, 
the results are identical. 


The first derivatives of ¢ (a, y) are sometimes denoted by 


Dg Ce Gy)! vcbsscrueseasanns (4), 
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and the second derivatives (3) by 
bun (@, y), dya(",y), Pry (2), Pay (@, y)---O). 


These are often abbreviated into 


Pos Py ssssedseosseoncenatnden= (6), 
and Dae, Pye, Pays Pyy csecesececeeves (7), 
respectively. 
Ex. 1. Tf 96 APA ooineion ass nk son comendentaee (8), 
du = m—1, ou = mM, N—1 
we have ag mAx™ly™, E Aaa |. 5. ic pavcenge (9), 
ou Ag? a2, 
Se =m (m—1) ny, oe 1) Au™y 
Pu Pu 
Ay Bee =mnAa™ see = acy Sey eo (10). 
Et, as it z=atan 2 wand carcbncakee aden tae (11), 
OF Sy Pe 
we find Phelan Le eee Ware See (12), 


fz 2axy ez  al(yr— a (ya) _ Pz Oz —2axy 
a (+ ya?’ dyou (ty? acdy’ a? (e+?) 2 


210. Proof of the Commutative Property. 
Let th =e th (yA) os cow dnnp ccaurterbenames (1), 


and let us suppose that the functions 

qu du Pu Ou ; 
i ba? Sy* Sede? Gad ee (2) 
are continuous over a finite range of the variables, including 


the values considered. We proceed to shew that, under these 
conditions, 


U 


Ou de 
ayaa = dady (3). 


To this end, we consider the fraction 
_ beth, ytk)—po@th y-b@ythH+o@y) 
x (h, k) = ile : 


jena 
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in which @, y are regarded as fixed, whilst h, k will (finally) 
be made infinitely small. 


Let us write, for a moment, 


F(a) = (@, ytkh)— (a, Y) cecrccscaees (5). 
By the mean-value theorem of Art. 56 (8), we have 
F(a@+h)—F(e) =F! (@+ Oh). ...ccces 2(6); 


or, in full, 


{¢(e@+h, yth)—d(ath, N}—-{o(@ yth)-d(@, y)} 

=h{de(a@+Oh, yt+k)—b2(e@+O,h, y)} ... (7), 
where 1>0,>0, the value of y not being varied in this 
process. Hence 


ee ava cue Pea Set 6h, Y) (8). 


If we now write 


FA) = (lOO) ncchwnentoeca vara (9); 
we have, by a second application of the theorem referred to, 
SY th) —Ff Yale’ (y + Ook)... 02.000 (10), 


or 


Hence Vv (h, bh) = Gyz(a@+ Oh, y + Oe).....000008 (12), 
where 9@,, 0, lie between 0 and 1. 
By a similar process we could shew that 
x (h, bk) = hay (e+ Oh, y+ Ok). ...c00e (18), 
where 6,’, 8,’ also lie between 0 and 1. 


These results are exact, provided a+h, y+ lie within 
the range of the variables for which the conditions above 
postulated hold. If we now diminish A and & indefinitely, it 
follows from the comparison of (12) and (13), and from the 
continuity of the derivatives, that 


Pugh Ca = Pig (GE, Y) soassecevveres> (14), 
as was to be proved*. . 


* This proof appears to be due to Ossian Bonnet. An alternative proof 
is indicated in Art, 211. 
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It appears from (4) that 


5 ee +h, y+k)-b(a,y+k 
Litpug x (hy B) = Lit A ea A 


| Fa ath, y)—o (x, 4 
lip, Heth) 89) 
_ $y (4, y +h) = $x (a, Y) 
a Fe stage naatyhvenawaslsnany (15). 
Hence Tiny ig Hitttigg X (ley Ep ae Pigs (85 Y) wae s 22 2 ee (16). 
Similarly, we find 
lis, 9 Limigg x (A; ©) = Pay (8H) ~ 2202-0 => (17). 


If, then, we could assume that the limiting value of the 
fraction (4), when / and & are indefinitely diminished, is unique, 
and independent of the order in which these quantities are made 
to vanish, the theorem (3) would follow at once. A simple 
example shews, however, that the assumption is not legitimate 
without further examination. If 

hk ee 
S (h, &) = e+e’ 


we have 
lim,—) limpoof (4,%4)=—1, lim lim,_, f (2, &) =+ 1. 
Ex. The condition that 


Male + NYr .- sonccsnucu onsen aga (18) 
should be an exact differential (Art. 174) is 
am an 
oy = axe ry (19). 
For if the expression (18) be equal to du, we have 
du Ou 
is eS 2 
M a? gp crane ree (20), 


and therefore each of the partial derivatives in (19) is equal te 
Pu/dyda or Gu/dxdy. 

Conversely, we can shew that, if the condition (19) hold, (18) — 
will be an exact differential. Let v denote the function fMdz, 
obtained by integrating as if y were constant. We have, then, 


ov 
ane = M Dee eee mec en tee rer eseseesee (21), 
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oN a Gy 
and therefore ag = ay = andy ’ 
0 ov 
or x (y- =) =0 Lis Ere ae (22). 


This shews (Art. 56) that the function WV —@v/éy is constant so 
far as xis concerned. Denoting its value by f’ (y), we have 


ov - 
N “iy PII Mcrocs cones wk es ccicdien (23) 
Hence, if we write BE IG) tics ples en sts cone sett (24), 
we have, by (21) and (23), 
ou ou 
oni M, oie AV ear Sosa seeres saGie (25), 
and therefore Mae AN iy AU oso. a daes cares states (26)*. 


Tt follows from the above theorem that in the case of a 
function of any number of independent variables 2, y, z, ... 


the operations 
go. 20 "0 


an’ oy ’ az peoee 
or, as we may denote them for shortness, 
DEEDS MDs... 


are in general commutative, 7.e. the result of any number of 
_ them is independent of the order in which they are performed. 


For example, 
D,D,Du = D,(DyDu) = Dz (D,D,) w= DD, (Dy) 
= D,D,,D yu = ete. 


911. Extension of Taylor’s Theorem. 


Let ¢(a, y) be a function of # and y which, with its de- 
rivatives up to a certain order, is contimuous for all values 
of the variables considered. It may be required to find the 
expansion of 


P(G+N, DEK) ..cecciscernceeereees (1) 


* Cf. Murray, Differential Equations (1897), p. 197, 
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in ascending powers of h and k. We shall in the first place 
give a direct investigation of the expansion as far as the 
terms of the second degree in A and &k, 


First expanding in powers of h, we have, by Taylor's 
Theorem, 
p(ath, b+k)=¢(a,b+k)+hdz (a,b +k) 
+4 diz (a,b +k) +...... (2). 
Again, by the same theorem, 


f (a, b+ k) = ¢ (a, b) + kdy (a, b) + 4h dy (a, 6) +... 
oz (a,b+k) = dz (a, b)+hbyn (a, b) +... (3). 
az (a,b + k) = hex (a, 6) +... 
Substituting in (2), we find 
o(at+h, b+k)=¢ (a,b) + {hz (a, b) + kdy (a, b)} 
+4 (Wax (a, b) + Lhkpys (a, b) + yy (a, b)} +... (4). 


If we regard the forms of the several ‘remainders’ (Art. 
203) in the preliminary expansions, it appears that the re- 
mainder in (4) will be of the form 


5 [RI + 890% + BTR UB} oo ssseeeene (5), 


where R, S, 7, U are functions of a, b, h, k which remain finite 
when h, k are indefinitely diminished. The remainder is 
therefore of the third order in h, k. 


The conditions for the validity of the foregoing result are 
that ¢ (a, y) and its derivatives up to the third order should 
be continuous for all values of the variable considered. 


It may be remarked that in the proof of (4) it was not 
necessary to assume that 


sbi (th, BY oh 4G, BO Ree (6). 


If we had begun by expanding (1) in powers of & (instead of h) 
we should have arrived at a result similar to (4), but with 
Pay (4%, 6) in place of ¢,,.(a,6). From a comparison of the two 
forms we can obtain an independent proof of the theorem of 
Art. 210. 
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With a slight change of notation we may write (4) in the 
form 


b@+hy+h)=$ (ey) + (here) 


oy 
ee (ae Ey one 28 a +k 5) CO 


where, on the right-hand, @ stands for ¢(a, y). A more 
compact form is 
o(ethytk)= p(x, y) + (bz + ky) 
+4 (Wax t 2hkpay + h?dyy) +... 0+. (8). 

Again, if uw be any function of the independent variables 
a, y, and if, as in Art. 60, dw denote the increment of wu due 
to given increments 62, dy of these variables, the formula is 
> Sipe “i 

Ou 


bu 80 4 w by +4 a (Boy + 20 wy Oaty + “Out + 


An independent investigation, giving the general term of 
the expansion (7), is as follows. We write h = at, k= (t, 


and F@)=¢ (ath, y+k)=o(e+at, y+ Pt) ...(10). 
Regarded as a function of ¢, this can be expanded by 
Maclaurin’s theorem, and the general term is 

eae 1) 

“FF (EO ap Oe (11). 


Now if we put for a moment 2+ at =u, y+ Bt=v, we have 
Op _opdu _Ob df _Opdv _ Op (12) 
Gx dude Ou’ dy dvoy ov ; 
where ¢ is written for d(u, v). Hence 
3 opou , 0p Ov aa 
PO au at * a0 at "a0 * Bay 


(2402) Gt, 0) sesveseeee (13). 


* The extension of the investigations of this Art. to cases where there are 
three or more independent variables will be obvious. 
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The result is evidently a function of w and 9; hence, by a 
repetition of the argument, 


Fr’ =(«2 +85) (a2+85) ou 2) 


= (a 2 +82) $(u, Ai ee (14), 


and, generally, 
7) o\* 
Fm (t) 3 (# ae + B = ro) (u, v) dee vate (15), 


where the operator admits of expansion by the Binomial 
Theorem, in virtue of the commutative property of the 
operators 0/@x and @/dy. Since ¢ only occurs in the com- 
binations «+ at, y+ ft, it is evidently immaterial in (15) 
whether we put t=0 before or after the differentiations 
indicated on the right-hand side. The general term of our 
expansion is therefore 


ig oe 0 aye 1 0 re 

—— {n) = —— — + — = — — [<= 

ao (0) vi\@aa Aaa) $(7y) wi (hag ¥aq) $ (9) 
i nop n— o"p n(n —1) a Op | ) 
Pont} @ ox” ae ee da" Oy * | Oe oe dao 


re 16), 


where ¢ is now written for ¢ (a, y). 


Ex. To prove that if ¢(x, y) be a homogeneous function of 
x, y, of degree m, we have 


Cebyy F Y Giy= IMD. sence athenssuswancas (17). 
aban + 2LY Piny + Y?Pyy =m (Mm — 1) puree (18). 
The general definition of a homogeneous function of degree m 
is that if « and y be altered in any ratio p, the function is altered 
in the ratio »”, or 
op (mx, py) =p d a) re ae (19). 
In this equality, let us put z=1+¢. Since 
p(a+at, y+ yt) =o (a, y) +t (why + Ydy) 
4hE (Whom + ZY Pay + Y’Pyy) + oe 
by (8), and \ Be w) 
(1 +t)" (a, y)= (1 Or Speed buae + a ¢$, 


by the Binomial Theorem, the results (I 8) and (19) will follow, 
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on equating coefficients of ¢ and #. More generally, equating 
coefficients of ¢", and making use of (16), we find 
on a” n(n—1 a” 
no + nat y se - oF aes ae . 
=m (m—1)(m—2)... (m—n+1)¢...... (20). 

This is ‘ Euler’s Theorem of Homogeneous Functions,’ for the 
case of two independent variables. The extension to three or 
more independent variables will be obvious. 


212. Maxima and Minima of a Function of Two 
Variables. Geometrical Interpretation. 

We may utilize the generalized form of Taylor's Theorem 
to carry a step further the discussion (see Art. 59) of the 
maxima and minima of a function (w) of two independent 
variables (a, y). 

It appears from Art. 211 (9) that when 6a, dy are 
continually diminished in absolute value, preserving any 
given ratio to one another, the sign of dw is ultimately that of 


Unless 0u/d« and du/dy both vanish, the sign of (1) is reversed 
by reversing the signs of da and dy. Hence for some varia- 
tions Su will be positive, and for others negative. In other 
words, u cannot be a maximum or minimum unless we have 


simultaneously. 
Let us now suppose the conditions (2) to be fulfilled. We 
have, then, 


Ou Ou Gs ~, 
du=4 ee (da)? + 2 Sney dady + aye (yy Hove vee (3). 


When 6z and $y are sufficiently small, the sign of du will 
be that of the terms written. Now it is known from Algebra 
that the sign of a homogeneous quadratic function 


AE + QHEn + By? ...cecceereceeess (4) 
is invariable, if (and only if) 
EES Ot DA ee ae eee (5), 


* Tt is assumed in the investigation of Art. 211 that these derivatives are 
continuous and therefore finite. That is, we exclude ab initio the two- 
dimensional analogues of the cases considered in Art. 51. 
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and that the sign is then that of A (or B). We infer that 
when the conditions (2) are satisfied dw will have the same 
sign for all values of | d5x| and |Sy| not exceeding certain 
limits, provided 

rie (ey, 

Ox? Oy?” \Owdy 
and that the sign will then be that of 0°u/da and 0*u/dy’. 
And w will be a maximum or minimum according as this sign 
is negative or positive. 

ts Ou _ (Be 
ax® dy? ~ \Oxdy 
then for some values of the ratio dy/da the increment of u 
will be positive, for others negative, and the value of u, 


though ‘stationary’ (cf. Art. 50) is neither a maximum nor a 
minimum. 


If 


If 


ou fu _ (uy 
Oa? dy? \dady 


the terms which appear on the right-hand side of (3) are 
equal to + the square of a linear function of da and dy, and 
therefore vanish for a particular value of the ratio dy/dz. 
_ Since 6u is then of the third order it appears that there is in 
general neither a maximum nora minimum, but the question 
cannot be absolutely decided without continuing the expan- 
sion further. The same remark applies when the second 
derivatives 0°u/da*, Ou/dxdy, ou/dy? all vanish. 


The preceding investigation has an interesting geometrical 
interpretation. If, as in Art. 45, z be the vertical ordinate of a 
surface, and «, y rectangular coordinates in a horizontal plane, the 
first condition for a point of maximum or minimum altitude is 
that 


simultaneously. Since these equations ensure that Sz shall be of 
the second order in dz, dy, it follows that at the point (P, say,) 
in question the tangent line to every vertical section through P 
will be horizontal ; in other words, we have a horizontal tangent 
plane. 


: 
: 
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We have next to examine whether the surface cuts the 
tangent plane at P. Along the line of intersection (if any), 
we shall have 6z=0, and therefore from (3), if we put dy= méz, 
and finally make dx vanish, the directions of the tangent lines at 
P to the curve of intersection are determined by 

ez Oz Oz 
aut * ” aeay ™” * aya ™ 


This quadratic in m will have imaginary roots if 


az dz Pz \? 
ae (=a) Ba Lots. bk (11); 


the surface then, in the immediate neighbourhood of P, will lie 
wholly on one side of the tangent plane, and the contour-line at 
P reduces to a point. Hence P will be a point of maximum or 
minimum altitude according as 6°z/éx? and @z/dy* are negative or 
positive, z.c. (Art. 68) according as the vertical sections parallel 
to the planes za and zy are convex or concave upwards. If we 
imagine the axes of «, y to be rotated in their own plane, we can 
infer that every vertical section through P is in this case convex 
upwards, or concave upwards, respectively. 


; Oz Pz az \2 
But if aa ay? < (sa) Siamincsieieieie #aiweleie wee eos (12), 
the roots of (10) are real and distinct. The contour-line has a 
node at P, the two branches separating the parts of the surface 

which lie above the tangent plane from those which lie below. 

Pz Pa ( Fz ) 
aa? Oy? — a 

the roots of (10) are real and coincident. The contour-line has 
in general a cusp at P, and the question as to whether the 
altitude at P is a maximum or minimum cannot be determined 
without further investigation. 


If 


Ex. 1. Let = 2 — San? — day? + CO ..csccceeeeees (14). 
Z Oz oz 
This makes 4 3a(x—2a), 2G DH oats tetenscas (15), 
Pz Oz Oz ; 
aa = 9 (@—4), Satay i ad see eeeees (16). 


The conditions (9) are satisfied by «=0, y=0, and also by 
a=2a,y=0, The former solution satisfies the inequality (11), 
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and since 2/dy? is negative, z is a maximum. The latter solution 
comes under (12); 2 is then neither a maximum nor a minimum. 
The contour-lines for this case are shewn in Fig. 74, p. 335. 


Ex. 2. Let @ = (a? + y*)? — 2a? (a? — y?) + C..eoeee eee (17). 
Wefind 2 = 40 (x? + y'—a"), a Ly (a2 +9 +02) ......(18), 
Pz 


ies Pz 
—_ = 2 @? —_ = —_= is Gene’ . 
aa 4 (32? + y?— a’), amdy 8axy, ay 4 (a? + 3y? +47) ... (19) 


The real solutions of (9) are, in this case, x=0, y=0, and 
2=+a,y=0. The former values fulfil the relation (12), so that 
zis neither a maximum nor a minimum. The solutions x=+a, 
y =O satisfy (11), and, since they make @z/éx? positive, z is then 
a minimum. ‘The contour-lines of the surface (17) are shewn in 
Fig. 113, p. 389. The surface has two symmetrical hollows with 
the ‘bar’ between them. If we reverse the sign of the right- 
hand side of (17), we get two peaks, with the ‘pass’ between 
them. 


213. Applications of Partial Differentiation. 


Numerous problems of partial differentiation present 
themselves in geometrical and physical questions. As a 
rule, they are best dealt with as they arise; but we give 
one or two simple cases which may serve to elucidate the 
chief points to be attended to. : 

1°, Let 2 <= Ui oaticanatn wees devesunne (1), 
where v is a function of the independent variables 2, y; and 
let it be required to form the successive partial derivatives 
of u with respect to these variables. 

By Art. 39 we have 


Ou _ 


me Ore eS i ee (2), 
Again, 

2 gr). + go) = 6") (2) +4 WES -.) 
oy) So oe oa) au OU COM ae Ov 
Bob Tay t a aay ) a ant? O)anay 

Sse 


a a 
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0 0 U Ul u . u” 
Senay? Ong, t# Oes= 8" O)(S) + 8) 55) 


and so on. 


Ex.1. Let BADE — CL) ENS +66) sores avenssnsres (6), 
where the variables x and ¢ are independent. 
Putting x-—ct=u, x+ct=2, 
for shortness, we find 
Oz 5 ; 0z A ; 
ed d' (u) +x’ (u), = cg’ (2) + Cx’ (4) ..eeeee (7), 
Cz ” ” Pz ” ” 
Fe $" (u) +x" (uw), org" (u) + 8x" (u) »-.(8) 
Pz Pz 
Hence Bp nO age cece reeseenees (9) 
2°. Let iD Mey seen tes ous ses sess ces (10), 


where 2, y are given functions of the independent variable ¢; 
and let it be required to calculate the derivatives of w with 
respect to t. We have, by Art. 62, 1°, 
du _dpda _ 0b dy 
dt — Ox ‘dt a6 oy dt eraser eeroeces (1 1 
Differentiating again, we find 
u_Up de , 16 by , 4 (06) de, a 6) YG 
di 3a de * dy d& * dt\Dn) dt iy ape) 
Now, by the theorem referred to, 


d 3 me (2) da, 8 (26) dy 


dt\da) da\da/) dt ° dy \du/) dt’ 
G (0p) _ @ (0p\ du | 0 (dp) dy 
= dt alee a di * By (=e) dt* 


Substituting in (12), and recalling the commutative property 
established in Art. 210, we have 
du _i6 to , 6 dy PH (doy 5 PH dady , M6 yy 
di? da dt? dy d# ° da*\dt daudy dt dt * dy? a 
@eesceeeesoes (18). 
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The process might be continued, but it is seldom necessary 
to proceed beyond this stage. 


This process is sometimes required when we transform the 
coordinates in a dynamical problem. Thus, to change from 
rectangular to polar coordinates in two dimensions, we have 


x=reos#, y=rsin8, 


and the above method enables us to express d’a/dt? and d?y/dt? 
in terms of the differential coefficients of r and @ with respect 
to é. 


3°. Let y be a function of a, defined ‘implicitly’ by the 


equation 
D (0, f} =O. census denne talon (14); 


it is required to calculate the successive derivatives of y with 
respect to x. 


We have, as in Art. 62, 


If we differentiate this with respect to a, we find 
d@ (22) ee, 3 dy bay _9 16), 


dx \da/ " dx \dy/ dz * dy dat — 
Now, by Art. 62, 

az (5s) ~ as (Gs) + oy (ao) a 

£0)-2G)-8@)2 


Hence (16) becomes 


Op Pp dy , Hd/dy\? dh d?y 
me Seca gee () +5 ge = 0 OD) 
If we substitute in this the value of dy/d« from (15), we can 


find dy/da*, Again, differentiating (17) we could find d*y/da* 


and so on. 


The above process is sometimes useful in the geometrical 
applications of the subject. It may be noticed that (17) is 
included in (13) by putting t=a, w=0, 
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4°, Let ME Ah (EH) atostvienessccas sec (18), 


where &, 7 are given functions of # and y, and let it be 
required to calculate the second partial derivatives of u with 
respect to x and y. 


We have 
ou ey Ow _Owdk | du On (19) 
Oz Of 0a On dx’ Oy OF Oy dnoy 
O_O PE , (Ou OE , x OnE 
Oa? OF da? ' \OF Oa * OF0n Oa] Ox 
Ow 0? ( eu oF | du soe On 
On oa? ' \OEOn Ox * On? Ox) Ox 
_ Ou (0 Ou 0&0n u/d 
= 7p (=) oA aE, = oe Ae 
ouce  dud'n 
aR aE Aa =P a pee Ua 
In like manner we should find 
Ou dudEdE Gu (dE On “dE On\ | d%w0n dn 
Owdy OF Oa dy | OEOn (53 dy | oy 4 On? Ox OY 
ou OE du d'm 


Hence 


oa BE anoy + Pamauaea cee (21), 
gu _ (9 a. En, u(P) 
oy? oF (55) dE0n Oy dy On? \Oy 
Qu OE | du dy 
ee eee (22). 


Ex. 2. To change from rectangular to polar coordinates in the 
expression 
Pu a ru 
an? Oy 
Putting C= C080, SY SO BUL0 045 10isesc0 score. (24), 
we find 
Ou dwdx du dy 


oe = Feet op nee Ose “sind, 25), 


ee ss sin 0% + 008 6=) 
0 ae 00 ay 00 ole Gat ay 
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whence 


Ou dU Ou 8 Ow . AOU ou 
a, = 008 6 = —sin 8 a, oy tO et ee ee 
Hence 

ou 


Cu ( G) . 0 Cbs 
—= cos 2 — sin 6) (cos 5*— sin 0 ) 
= ar r00 or r00/ "|: (27). 


ae ) Fong ARE Ou 
ay (sin 6 5. + C08 6 =) (sin 6 5. + 008 o—) 
Tt is not necessary to perform all the operations indicated, .as 


several of the terms will obviously cancel when we form the sum 
(23). The remaining terms give 


Cet we eae ae 
ae Oy Or or POP 


wih ae 


EXAMPLES. LV. 


the eB ia ; 
v+Y 
; é ou Ou 
verify the relations aa ty ay =U, 


Cu Cu Cu 
LP Oe Once ie 
ea, 4 toy a Tae 


2. If z=0? tan) 7 — 2tan-1, 
e y 
G2 w-¥ 
prove that ay Dae 
3. If 2=F (2) + f(y) 
prove that oes 0 
ondy 


Conversely shew that, if #z/dady=0, z must have the above 
form. 
4. Prove that the equation 
Pp 1a 1e¢d 


i ce ee oe 


is satisfied by p= (4= + 5) cos n (@— a), 
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5. Prove that any differential equation of the type 
F (a+ y?) (udu + ydy)+f (*) (dy — yd) =0 


becomes exact on division by 27+ y*, 


6. Prove that 
sinh yda — sin xdy 
cosh y — cos # 
is an exact differential of a function w; and find u, 


7. If ple Bar Ps 


ae (ay? ya” 
fy Oy 
and that at (ioe 
in 12 
8. If od 1 og 1&¢_ 


ror A” 
prove that a function y exists such that 
Op =a _ Of 
@  rd0’ 700 or’ 
and that y satisfies the same partial differential equation as ¢. 
& ? 1a 
a i a y i co: 
prove that a function yp exists such that 


a Lap op _ 1 ay 


dey dy’ =ty oy Oa’ 


ay Ay Lay 
and that re es 


or if 


10. Prove that in the surface 
az= 2 y', 


the ordinate (z) is stationary, but not a maximum or minimum, 
when «=0, y=0. Sketch the contour-lines of the surface. 


39-2 
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11. Prove by means of the rule of Art. 212 that the 
parallelepiped of least surface for a given volume is a cube. 


12. If A, B, C be the vertices of a triangle, and P a variable 
point, the sum 
PA? + PB? + PC? 
is a minimum when P coincides with the mass-centre of three 
equal particles at A, B, C. 


13. With the same notation, the sum 
m,. PA?+m,. PB? +m;. PC? 
is a minimum when P coincides with the mass-centre of three 
particles m,, m., m; situate at A, B, C. 
14. Find for what values of x, y the ordinate of the surface 
z=e+y' — dary 
is stationary. 
[The values are a, a, and 0,0. The latter do not make z a 
maximum or minimum. | 
15. Prove that the ordinate of the surface 
c2z=ayr— a 
is stationary, but not a maximum or minimum, when x=0, y=0. 
Sketch the contour lines. 


16. Find for what values of x, y the function 
at + y— 2 (wy)? 


is stationary. 


[There is a stationary value when «= 0, y=0, and two minima 
when «=+ /2, y=+#,/2.] 


17. Prove that the function 
Cryer 
has a minimum value when «=0, y=0, and a stationary value 
which is neither a maximum nor a minimum when #=0, y=+1. 
18. Prove that the ordinate of the surface 
z= f (ax? + 2hay + by?) 


is in general stationary when «=0, y=0, and examine whether 
it is a maximum or minimum. Sketch the contour-lines in the 
several cases. 
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19. Find the stationary points of the function 
(a? — a?)? + (x? — a?) (y? — 8%) + (y? — 1°)’, 
and examine their nature. 
Sketch the contour-lines of the function. 


20. If u=f (%) 
du ou 
prove that aa ty a 0, 
oe Pu y fy 
and ae oA = a {(@ +4") fF" (¢ + Qay f ()} 5 
ai. Jf a=f(x'+¥'), 
prove that 
2 79 
= + oT 4 (a? + y?) f" (a? + y?) + 4f" (2? +’). 
oy deguaal bd w=f(r), 
where + =,/(x*? + y’), prove that 


Ou 


Ft pal” OES). 


23. If V,’ stand for the operator @/dx° + @/dy", prove that 


Vi log r= 0, 
where r= /{(« —a)? + (y— B)}. 
24. If u=f (a? + y? + 2), 
prove that 
Cu Ou (a ms ) ” 2 22 
at * yt * 3 ag ah (tyr ZF" (Pty tee Of (ety? +2). 
25. If u=f (r), 
where 7 = ,/(a’ + y? + 2°), sc that 
ee eta ak A 
tee aa =f" (r) += a (7). 


26. If V®stand for the operator @/dx* + /dy’ + @/d2’, prove that 
2 1 
vr ay r ? Vv’ r = 0, 
where r= W(t a)? + (yA) + (2-7) 


‘7 
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27. With the same meaning of vy’, prove that if 
vu =0, vr=0, vyuw=0, 
du dv dw 
and an Sic ay + a = 0, 
then V" (au + yo + zw) = 0. 

28. If u,v be two functions of x, y, z satisfying the equations 
vu = 0, vv =0, and if v be a function of wu, then v must be of the 
form Au +B. 

20, if x= cos 0, y=r sin 6, 


where 7, 6 are functions of ¢, prove that 


2, 2y 
A hey ic in = 55-7 (2) 


dt? de * dt? dt 
_ ae . d*y Lid dé 
— Fe sin 6+ —= de 8 G= =e (7 i) 
1 1 
30. If u=— p(ct—r) + x (ct +r), 
Ou "UL 2 ou 
prove that ap = o (Se +: m=) 
OLeLe w = tt e-a*/Axt, 
Ou |= 
prove that a “me 
32. If w= t-¥ er /Axt 
Cw Ou Jeu 
prove that =e & +. 3) : 
4 
33, Uu= xh (%) ’ 
; Ou du 
verify that wa-+y iy = nu, 
Ou Pu ee 
als 9 hp tena 2 
34. If Y — NZ =f ne os mz), 
prove that m - ue “+ ee i 


ou by 
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35. e-y=(e-a)f (Y=2), 
az dz 
prove that (x - a) = + (y-B)5=2-7- 


86. If 2«=ccoshécosy, y=csinhésiny, 
prove that 
Pu Ow Cu Pw 
—=+ =5=3¢ — cos 2y)(=5 +=3)- 
ae * ap 3c? (cosh 2é — cos 27) = + a 
37. If & 7» be current coordinates, the equations of the 
tangent and normal at any point (#, y) on the curve 


o (a, y) =0 
are (€-—%) d.+(n—-y) $,=9, 
and (€—2)/b2=(n- ¥)/by 


respectively. 


38. If y be a function of « determined by the equation 


: (x, y) = 9, : 
2, = 
prove that nt) aE aa Beas + Pa Puy 
39. Prove that the curvature at any point of the curve 
$ (x, y) =9 
is + iy Pica al 2dubyhay A gu Pyy j 
< (po + $y')3 
40. Prove that if at a point on the curve 
$ (2, y) =9 
we have $,=9, d, = 0, 


simultaneously, then two (real or imaginary) branches of the 
curve pass through that point, whose directions are given by the 
quadratic 


d dy\? 
dae + 2bay SE + bm (Ge) =O. 


Hence shew that the point is a node, a cusp, or an isolated 
point, according as 


(bay) = Pax 
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APPENDIX, 


NUMERICAL TABLES. 


Table of Squares of Numbers from 10 to 100. 


0 1 2 3 4 5 6 7 8 9 

1| 100] 121| 144] 169] 196| 225] 256] 289| 324] 361 

2| 400] 441] 484] 529] 576) 625] 676] 729] 784] 841 

3.| 900] 961 | 1024 | 1089 | 1156 | 1225 | 1296 | 1369 | 1444 | 1521 

4 | 1600 | 1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401 

5 | 2500 | 2601 | 2704 | 2809°) 2916 | 3025 | 3136 | 3249 | 3364 | 3481 

6 | 3600 | 3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761 

7 | 4900 | 5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929 | 6084 | 6241 

8 | 6400 | 6561 | 6724 | 6889 | 7056 | 7225 | 7396 | 7569 | 7744 | 7921 

9 | 8100 | 8281 | 8464 | 8649 | 8836 | 9025 | 9216 | 9409 | 9604 | 9801 

B. 1. Table of Square-Roots of Numbers from 0 
to 10, at Intervals of 1. 
0 “il 2 ‘3 “4 5 6 li 8 9 

0 0 316 | :447| 5648] -6382) ‘707 | °‘775| -887] °894] :949 
1 | 1:000 | 1:049 | 1:095 | 1:140 | 1°183 ! 1-225 | 1°265 | 1°304 | 1-342 | 1:378 
Q | 1-414 | 1:449 | 1:483 | 1°517 | 1549 | 1°581 | 1°612 | 1-643 ! 1-673 | 1-708 
3 | 1°732 | 1°761 | 1°789 | 1°817 | 1°844 | 1°871 | 1°897 | 1:924 | 1-949 | 1-975 
4 | 2:000 | 2:025 | 2:049 | 2-074 | 2-098 | 2°121 | 2°145 | 2-168 | 2:191 | 2-214 
5 | 2°236 | 2°258 | 2:280 | 2-302 | 2:324 | 2°345 | 2:366 | 2-387 | 2-408 | 2-499 
6 | 2°449 | 2-470 | 2-490 | 2-510 | 2:530 | 2:550 | 2569 | 2588 | 2-608 | 2-627 
7 | 2°646 | 2°665 | 2:683 | 2°702 | 2°720 | 2°739 | 2°757 | 2°775 | 2°793 | 2-811 
8 | 2°828 | 2°846 | 2°864 | 2°881 | 2°898 | 2°915 | 2:933 | 2:950 | 2-966 | 2-983 
9 | 3:000 | 3:017 | 3:033 | 3:050 | 3-066 | 3-082 | 3:098 | 3114 | 3180 | 3-146 
10 | 3:162 
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B. 2. Table of Square-Roots of Numbers from 
10 to 100, at Intervals of 1. 


i 
| 0 1 2 3 4 5 7 8 9 
| |] | | |] | —_ | —_ ] —_ 
1 | 3162 | 3°317 | 3-464 | 3:606 | 3°742 | 3:873 4:123 | 4:243 | 4-359 
2 | 4-472 | 4°583 | 4690 | 4°796 | 4:899 | 5-000 5°196 | 5292 | 5385 
3 | 5-477 | 5°568 | 5°657 | 5°745 | 5-831 | 5-916 6:083 | 6°164 | 6°245 
4 | 6°325 | 6:403 | 6:481 | 6°557 | 6°633 | 6°708 6°856 | 6-928 | 7:000 
5 | 7-071 | 7-141 | 7-211 | 7-280 | 7°348 | 7-416 7°550 | 7°616 | 7°681 
6 | 7°746 | 7-810 | 7-874 | 7-937 | 8-000 | 8-062 8185 | 8:246 | 8°307 
7 | 8367 | 8-426 | 8:485 | 8:544 | 8-602 | 8-660 8°775 | 8°832 | 8°888 
8 | 8°944 | 9:000 | 9-055 | 9°110 | 9°165 | 9-220 9°327 | 9°381 | 9°434 
9 | 9-487 | 9:539 | 9-592 | 9-644 | 9°695 | 9°747 9°849 | 9:899 | 9-950 


Cc. Table of Reciprocals of Numbers from 1 to 
10, at Intervals of :1. 


0 “] ae 3 4 ‘5 6 oy f 8 9 


1 | 1:000 | ‘909 | -833 | °769 | -714 | ‘667 | ‘625 | ‘588 | ‘556 | ‘526 
2| -500 | -476 | -455 | -435 | -417 | -400 | ‘385 | ‘370 | 357 | 345 
3| dda | 323 | “313 | 303 | 2947) -286 | ‘278 | 270 | :263 | “256 
4} 250 | 244 | 238 | -233 | 227 | -222 | :217 | 213 | -208 | -204 
Sree2O0N 196) 192) *189 | "18h } 182 179 | 175 |) 172 | "169 
6.| °167 | -164 | °161 | -159 | -156 | 1544 °152 | -149 | 147 | 145 
7 | 143 | -147-|*-139 | -137 | "135 | -133 | “132 | *130 | ‘128 | °127 
8 |> 125 | 123 | -122 | -120 | -119 | “118 UG Be Lid elle 
Soeeslis)| “110: | 109.) -108 | *L06 | “105 104 | -108 | :102 | *101 


D. Table of the Circular Functions at Intervals 
of One-Twentieth of the Quadrant. 


6/47 | sin @ | cosec 6 | tand cot 0 sec 0 cos 0 

0 0 oe) 0 oe) 1:000 1:000 | 1:00 
05 078 =| 12°745 079 | 12°706 1:003 ‘997 ‘95 
10 156 6392 158 6314 1012 988 90 
15 233 4284 240 4165 1:028 ‘972 ‘85 
‘20 309 3°236 325 3'078 1051 951 80 
25 383 2°613 414 2°414 1:082 924 ‘15 
30 ‘454 2°203 510 1963 1122 ‘891 ‘70 
"35 522 1914 613 1°632 1173 853 ‘65 
“40 588 1-701 727 1376 1:236 ‘809 ‘60 
“45 649 1540 854 1171 1315 “760 ‘DD 


‘50 “707 1414 | 1:000 1-000 1414 707 50 


cos 0 sec 0 cot 6 tan 0 cosec 0 sin @ 6/47 


618 APPENDIX. — 


E. Table of the Exponential and Hyperbolic Func- 
tions of Numbers from 0 to 2:5, at Intervals of -1. 


8 


AARON O 


DORDDORODODD RS 
ARONDHOCODTIHUOPWNrOOCON 


o |. {12.13 | 4 [eel eol9 lee ie 


CHONBSAPWNHH 
ZF 
D> 
S 
o 


095 

“742 
1131 
1-411 
1°629 
1°808 
1-960 
2°092 
2208 


log 10=2°303, 


182 

788 
1163 
1:435 
1649 
1°825 
1974 
2°104 
2°219 


262 

833 
1194 
1459 
1668 
1841 
1:988 
2°116 
2°230 


336 

875 
1224 
1:482 
1686 
1°856 
2-001 
2°128 
2°241 


“405 

916 
1:253 
1504 
1°705 
1872 
2°015 
2°140 
2251 


log 102= 4-605, 


470 

956 
1281 
1526 
1°723 
1887 
2028 
2°152 
2°262 


log 103 =6-908. 


531 

993 
1:308 
1548 
1°740 
1:902 
2°041 
2163 
2272 


588 
1030 
1:335 
1569 
1-758 
LOl7 
2°054 
2°175 
2-282 


642 
1-065 
1361 
1-589 
1775 
1:932 
2:067 
2°186 
2293 


INDEX. 


[The numerals refer to the pages.] 


Acceleration, 68 

angular, 69 

tangential and normal, 397 
Accidental convergence, 10 
Algebraic functions, continuity of, 26 
Amsler’s planimetre, 250 
Anchor-ring, surface of, 272 

volume of, 259 
Approximate integration, 275 
Arbitrary constants, 166 
Are of a curve, formule for, 264, 

266, 268 

Archimedes, spiral of, 354, 367 
Area, definition of, 241 

sign of, 245 

swept over by a moving line, 249 
Areas of plane curves, formule for, 

242, 247 

mechanical measurement of, 250 

of surfaces of revolution, 270 
Astroid, 359, 438 


Bernoulli, lemniscate of, 370, 389 
Binomial theorem, 564, 574, 584 
Bipolar coordinates, 386 


Calculation of 7, 278, 554 
Cardioid, 356, 358, 369, 370, 383 
Cartesian ovals, 388 
Cassini, ovals of, 389 
Catenary, 342 
are of, 265 
curvature of, 397, 400 
parabolic, 465 


Centre, instantaneous, 434, 439 
of curvature, 395, 400 
of mass, see ‘Mass-Centre’ 
of pressure, 296 
of rotation, 433 
Centrodes, 445 
Change of variable in integration, 


179 
Chord of curvature, 395, 403 
Circle, perimeter of, 5 
area of, 241 
involute of, 354, 428 
of curvature, 395 
osculating, 406 
Circular arc, mass-centre of, 293 
disk, radii of gyration of, 315, 320 
Circular Functions, continuity of, 33 
differentiation of, 71, 72, 78 
graphs of, 34 
Circular motions, superposition of, 
359 
Cissoid, 337 
Clairaut’s differential equation, 485 
Complementary function, 474, 502, 
509 


Concavity and convexity, 157 
Cone, right circular, mass-centre of, 
304, 305 
surface of, 270 
volume of, 257 
Continuity of functions defined, 15 
Continuous functions, properties of, 
17, 18, 23, 52, 54 
Continuous variation, 1 
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Conjugate point, 333 
Contour lines, 98, 605 
Convergence of infinite series, 4 
essential and accidental, 10 
uniform, 543 ‘ 
Convergence of a definite integral, 
211 
of power-series, 543 
Corrections, calculation of small, 
133, 138 
Cotes’ method of approximate in- 
tegration, 276 
Crossed parallelogram, 447 
Cubic curves, 333 
Curvature, 394, 402, 406 
centre of, 395 
chord of, 395, 403 
circle of, 395 
radius of, 395, 397, 400, 402, 406 
Cusp, 336 
Cusp-locus, 420 
Cusps, circle of, 444 
Cycloid, 347 
are of, 348 
area of, 350 
curvature of, 398, 442, 444 
evolute of, 423 


Definite integral, see ‘Integral’ 
Degree of a differential equation, 463 
Density, mean, 288 
Derived Function, definition of, 64 
geometrical meaning of, 66 
properties of, 100, 103, 104, 106 
Differential coefficients, 64, 95, 144 
Differential Equations, 456 
exact, 466 
homogeneous, 469 
integration of, by series, 559 
linear, 473, 476 
of first order and first degree, 
462 
of first order and higher degree, 
484 
of second order, 490 
simultaneous, 529 
Differentials, 132, 138 
Differentiation, 69, 71 
of a sum, product, quotient, 
etc., 73, 74, 76 
of a function of a function, 80, 
139 
of a definite integral, 219 
of implicit functions, 98, 139, 607 
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Differentiation of inverse functions, 
85 
of power-series, 557 
partial, see ‘Partial differentia- 
tion’ 
successive, 144 
Discontinuity, 21 
Displacement of a plane figure, 433 
Distributed stresses, 322 


Elasticity of volume, 69 
Elimination of arbitrary constants, 
456 
Ellipse, area of, 243, 248 
perimeter of, 267, 548 
curvature of, 398, 402, 404 
evolute of, 422 
Ellipsoid, volume of, 260 
radii of gyration of, 317, 321. 
328 
of revolution, surface of, 273 
Elliptic disk, radii of gyration of, 
316, 327 
Elliptic segment, mass-centre of, 326 
Elliptic-harmonic motion, 346 
Elliptic integrals, 268 
Envelopes, 413, 415 
contact-property of, 418 
Epicyclics, 359 
as roulettes, 448 
Epicycloid, 350 
are of, 353 
curvature of, 398, 442, 444 
evolute of, 425 
double generation of, 450 
Epitrochoid, 354 
Equations, theory of, 104, 161 
Equiangular spiral, 366 
curvature of, 399 
Even and odd functions, 41 
Evolute, 421 
are of, 425 
Exact differential, condition for, 598 
Exact differential equations, 466 
Expansion, coefficient of, 69 
Expansions by means of differential 
equations, 562 
by Maclaurin’s theorem, 573, 583 
Exponential function, 35, 560 
graph of, 38 


Flexure of beams, 299, 323 
Function, definition of, 12 
graphical representation of, 13 
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Functions, algebraic and transcen- 
dental, 26 
implicit, 97 
inverse, 44, 85 


Geometrical representation of mag- 
nitudes, 2 

Goniometric functions, 45 
differentiations of, 87 
graphs of, 86, 88 

Gradient of a curve, 67 

Graph of a function, 18 

Gregory’s series, 552 

Guldin, see ‘ Pappus’ 

Gyration, Radius of, 313 


Hart’s linkage, 381 
Hemisphere, mass-centre of solid, 
304 
mass-centre of surface of, 301 
Homogeneous differential equations, 
469 
Homogeneous functions, 
theorem, 603 
Homogeneous strain, 324, 327 
Hyperbola, area of sector of, 243 
Hyperbolic functions, 41 
differentiation of, 84 
graphs of, 42, 43 
inverse, 48 
differentiation of, 93 
Hypocycloid, see ‘ Epicycloid’ 
Hypotrochoid, see ‘ Epitrochoid’ 


EKuler’s 


Implicit functions, 97 
differentiation of, 98, 140, 608 
Indicator diagram, 211, 247 
Inertia, moment of, 313 
Infinite series, 4, 9 
addition and multiplication of, 
11, 35 
differentiation and integration 
of, 549, 556 
Infinitesimals, 61 
Inflexion, points of, 157 
Instantaneous centre, 434, 439 
‘Integrals, definite, 208, 214 
convergence of, 211 
properties of, 217, 232 
rule for finding, 221 
approximate calculation of, 275 
Integrals, multiple, 282 
Integration, 165 
by parts, 187 
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Integration by substitution, 179, 184 
of irrational functions, 176, 203 
of power-series, 549 
of rational fractions, 171, 193, 


195, 197 
of trigonometrical functions, 
182, 229 
Interpolation by proportional parts, 
156 


Intrinsic equation of a curve, 397 
Inverse functions, 44 
differentiation of, 85 
Inversion, 378 
mechanical, 380 
Involutes, 427 
Involute teeth, 452 


Leibnitz’ theorem, 146 
Lemniscate of Bernoulli, 370, 383 
Limacon, 357, 368, 383 
Limit, upper and lower, of an as- 
semblage, 3, 51 : 
Limiting values, 8, 54, 55, 58 
Limits, upper and lower, of a defi- 
nite integral, 209 
Linear differential equations of 
first order, 473, 476 
of second order, 501 
with constant coefficients, 509, 
513 
Line-density, 289 
Line-roulette, 443 
Lissajous’ curves, 344 
Logarithmic differentiation, 91 
Logarithmic Function, 46 
graph of, 47 
differentiation of, 89 
Logarithmic series, 552, 575, 585 


Maclaurin’s Theorem, 573, 576, 582 
Magnetic curves, 389 
Mass-centre, 291 
of an arc, 293 
of an area, 293, 295 
of a surface of revolution, 301 
of a solid, 303, 306 
Maxima and minima, 106, 160, 588 
by algebraic methods, 111, 136 
of functions of several variables, 
135, 603 
Mean density, 288 
pressure, 296 
Mean values, 279 
Mean-value theorems, 129, 217 
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Modulus (in logarithms) 48 
Moment of inertia, 313 
Multiple integrals, 282 
Multiple roots of equations, 161 


Newton’s treatment of curvature, 
402 


Node-locus, 420 
Node, 333 


Order of a differential equation, 
456 


Orthogonal projection, 324 
Orthogonal trajectories, 478 


Pappus, theorems of, 307 

Parabola, arc of, 265 
curvature of, 398, 402, 403 
evolute of, 421 

Parabolic segment, area of, 243 
mass-centre of, 294, 295 

Paraboloid, volume of, 259, 260 
mass-centre of, 304 

Parallel curves, 428 

Parallel projection, 324 

Partial derivatives, 95 
of higher orders, 595 

Partial differentiation, commuta- 

tive property of, 596, 600 
Partial Fractions, 172, 194, 195, 197 
Particular integral of a linear dif- 
ferential equation, 474, 502 

Peaucellier’s linkage, 380 

Pedal curves, 382 

Pedals, negative, 384 

Pericycloid, 350 

Perimeter of a circle, 5 

Planimeter, 250 

Point-roulette, 433, 440 

Polars, reciprocal, 384 

Positions, curve of, 68 

Power-series, continuity of, 547 
differentiation of, 557 
integration of, 549 

Pressure, centre of, 296 

Primitive of a differential equation, 

> 
Prismoid, volume of, 261 
Proportional parts, 156 


Quadrature, approximate, 275 


Radius of curvature, see ‘ Curva- 
ture’ 
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Radius of gyration, 313 

Rational fractions, graphs of, 28 
integration of, 171, 193, 195, 197 

Rational integral functions, 26 

Reciprocal polars, 384 

Reciprocal spiral, 368 = 

Rectification of curves, 264, 266, 

268 


of evolutes, 425 
Reduction, formule of, 189, 190, 
229 


Remainder in Taylor’s and Mac- 
laurin’s Theorems, 581, 582 
Ring, radius of gyration of By 317 
surface of a, 272, 308 
volume of a, 259, 308 
Rolle’s theorem, 105 
Roots of algebraic equations, sepa- 
ration of, 105 
Roulettes, 433 
curvature of, 440, 443 


Second derivative, 144 
geometrical meaning of, 151, 
154 
Sector of a circle, see ‘Circle’ 
Semi-cubical parabola, 336 
Separation of roots of an algebraic 
equation, 105 
of variables in a differential 
equation, 464 
Series, see ‘Convergence’ and ‘ In- 
finite Series’ 
Sign of an area, 245 
Similar curves, 376, 470 
Simpson’s rules, 260, 277 
Simultaneous differential equations, 
529 
Sin 2, expansion of, 562, 575, 605 
Sin- g, expansion of, 556 
Singular solutions, 487 
Epes, she of gyration of, 817, 


surface of, 272 
volume of, 259 
Spherical sector, mass-centre of a, 
305 


Spherical segment, volume of, 258 
a shell, radius of gyration, 
31 


Spherical surface, area of a, 272 
mass-centre of a 301, 302 
Sane wedge, mass- -centre of a, 


INDEX. 623 
Spiral, equiangular, 366 Total variation of a function, 136, 
of Archimedes, 354, 367 601 
reciprocal, 368 Tractrix, 344 
Stationary point, 396 Trajectories, orthogonal, 478 
Stationary tangent, 157, 396 Transcendental functions, 26, 33 
Stationary values of functions, 110, Triangle, mass-centre of a, 293, 294 
604 Trigonometrical Functions, see 
Subnormal, 122 ‘Circular Functions’ 
Subtangent, 122 Trochoid, 350 
Successive differentiation, 144, 589 
of a product, 146 Uniform convergence of series, 543 


Surface-density, 289 
Surface of revolution, area of, 270 Variable, dependent and indepen- 


mass-centre of, 301 dent, 12 
Variable, change of, in integration, 
Tangent to a curve, 66 179, 184 
Tangential polar equation, 371 Variation, continuous, 1, 2 
Taylors Theorem, 154, 572, 573, Velocities, component, 267, 270 
582 Velocity, 68 

expansions by, 574, 583 angular, 69 

extension of, 599 Volumes of solids, 255, 328 
Teeth of wheels, 450 - of revolution, 258 
Tetrahedron, volume of a, 257 
Theory of equations, 104, 161 ‘Witch’ of Agnesi, 337 
Time-integral, 210. Work, 210 
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